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Lattice Monotonicity Theorems for Height F "'s

Goat : Understand height -functions w/ new tools.

An example : The RAF .

☒ = IV. E) finite graph

Y : ✓→ 7L random field , assoc.

partition f
"

:

2-
KARA

✗
:= Kpl-214, -b4 >)
Y:V→K : 41,50

w/ 14
,
-All> = (Q - g)

2

.

{ay}tE

Def. : A " lattice " in Rin is a set

2 :={Lie / reek " }
where LEMatn×nCA) specifies the

lattice .

Example : ☒ L=Hn×n → 2=72
"



☒ n= 1-

L = 2 } 2--272 .

For
any lattice 2 and AeMatn×nCR:A≥0 ,

define the random variable ✗ c-L via

the assoc. part . fn :

Zane ⇐ E. e-"" Ahsan
✗ c-I

Cf 2- a. an = S dye
-1-2<4^-4>an

YEAH

Using 4 one
may obtain :

① The TLGF on G=CV, E)

Let n := IVI
.

Set up a bij . y :
V54, . . .in }

.

Induces a bin
. iso . y^ : 14h -5 Rn

.

A := - Ajay "

L '=

rjxar.li/-)j-'TEEB.e
.

Can also instead choose :



P := proj .
onto her C-b)

= - {4 : 4--0 }

L =) Pty .

② The Coulomb
gas on A- IV. E)

Same as before , but A-= I" fast .

Basic object of study : M.AE

tt HERE
,

MA ,z[U] := F-a ,z[ explore,4> an ) ] .

Interesting because monotonicity of MGF

implies monotonicity of 2ⁿᵈ moment
, e.g . .

Lemma (RSD) ?

MMMM ≤ FM[u+u]M[U-U
Pref : 22 := 2+02

MHIMHL-za.gg?jze-H4A+d-4>+4%114



U ⇐¥ / In Hn ] is unitary
1n=¥

⇒ 14,A⊕A4 > = {UH, UA⊕AU*U4 >
[u,A⊕A]-0¥ {UH

,
A-0A V4 )

= 1-211-4
,
A ATQ )

4%1,4 > = <Ul:| .ua
= :< 11:/ it " >

e- 1-14-14 A ATH
-H[%:] , TO >

=

4£22

= e-HIYA-0^-41-1<1%1%1,4 >
= :*

14-1-22

But 1-22 = ¥•,_
(22-1W)?

⇒ * =
we-2122 yay

,

e- "
"↳ A-0^-14-1<1%-21,4 }

IT e-
H%A4> - Hair>=E

.

WE2/22 -21-4+-0} 4£22-1W



⇒ When 0=0 we get

Mth] = Z-a.EE, e- 4-14^-4>+11%412
WE2/22 4£22 -1W

Applying Cauchy - Schwarz on ☒ we

get :

④ ≤ IT e- 4-14^-41+1174>12)
"

2-t{n±U4(WF.FI/2z4e22+w
"

¥ ? Let M,2 be two lattices
.

We
say

M is a sub- lattice of

2 iff MEL as stets of

RT
.

Example : 1274"≤ 7L
"

.

Thin
.

(RSD) : If MEL then

Manto] ≤ Maisie] Creek )

Proof : Write 2=w¥•µ Mtw _



2-µZzMake] =

=/ €. I, e-
1^-1" / Zu Mato]

WEIN 4th -1W

= -2,2€, e-
≤ A"

'MufAw]Muto]#
WEEK

≤AÉufAw→
≤ {(Mnf- Aw -10]tMuFAw -0] )

Ty?_? 1- Mu[-Aw+u ]

=ZmZz Make] .
☐%

Corollary :( Gaussian domination)

µ%GFiG[y] ≤ µFFG[U] INEPT )

Pref : Ñ¥F' to] =

M-xqp-i-qmtot.MG?-FiGlO--l.iugyM.xs,p-t(z-i7L)'" to]



Since ☒ 1-(2-52) '" E ☒1-(2%2)"'

whenever I ≥j , we get the

result .

LemmaCR : w/ IHF the Hessian of

a function F : pin→ ok
,

F) ijlxl = Jjfkx)
(PF ) ;WE if)l✗)

↳ IHMIU] ≥ lHM[o ] -1MEur PIMM mm)*

Proof : F :Ñ✗Ñ→R

Fluid :=M[u+a]M[u-u]-Mlu]2M[of ≥o

FINO)= 0 → 0=0 is a min . tell

→ CHF /MOI ≥ 0

But { t.HFIUod-MM.lt/MluJ-Mfu32rHMG]
- T.MN ☒ Path]* .



Corollary : F-[ e'
"" '
14m47 ] ≥ Mtu]Ek4MH

for any
M ≥o .

Pneof : HMM = F-[ e'"4>4×04*7

PMIU] = ☒ [ e'
" '"'
4)

tr CMN ) ≥ 0 It M ,N≥o

Corollary : t A ≤ B

MB.LK] ≤ Maybe] total

Proof : Define the homotopy
[oil] ≥ two c-At G-E) B = : At .

V.Tis
. F- MA, ,z to] ≤ 0 .

But

27mA
, ,zf0] - EA, ,yK4dA-BM] Mando]

-EA
,
,zK4CABI4> e'

" '" '
] ≤ 0

.

Corollary :(on)3At•E%GF'G[ cnx-hyp]



is monotone decreasing .

Minorization

Lammers ' new dela . proof only works for
graphs of degree 3

.

How to generalize it ?

Lattice monotonicity &
"

Minorization
"

.

Them : Let G-ME ) be a doubly periodic
planar graph of degree d> 3

.

Then 3 graph Aid of Max. deg . 3
sit .

M%aF.GG] ≥ Mf%%iÉ[a] .✗

Proof :@ Divisibility property for RAF :

apt 'zXln×-uyM=F÷YdqyéÑn×-%yi+
+My-2kg5]Myer

② May convert each Hayek to

tag C-A



Via Gaussian dom
.
above

.

This would only lower the MGF
.

③ May take coupling on vertices

7m27

to get homogeneous couplings .

This would only lower the MGF
.

Note That only adding vertices alone

w/o modifying couplings would heighten
The MGF !

Condie : •
±

.

nx my flowers MGF
.1

27 27
B-•-•

Nx My ny

If we add a mid -point on entry edge

of IG , Then each original edge is now

The center of a star -graph ,
and this tiles our new graph :



sᵈ÷ÉÉ
•

• 3

4

S'd

Important : Identifying vertices f- sub- lattice

monotonicity ) makes MAF
go

down
.

Idea : By consecutively splitting edges

and identifying Vertices
, S'd may

be replaces by a tree of

Max dog .
3 whose root is @

The original vertex and whose

leaves are the leaves of 8D
.

Algorithm : l :=%dT
① die

. each edge of S'd into

l sub - edges to get a

tree side .



② All closest vertices to the

root of side are grouped
into two and each group

identified.

② Repeat w/ NNN d- root

③ Continue b- 1 times
,

possibly avoiding some

restrictions if deal
.

☐%

'

¥:& •

* F. ¥
-¥→
•\

.

~'
•

A:&
•
.

• .FI:*
.

•

Sd Sdd

d=6
e.IF1=3
•y

→

÷:*.
Final tree



Open Question : Spectral lattice monotonicity
Let ↳ME Matnxncr) S.t.

L≥M

(Note : ↳ M S.A
. NOT

necessary for
concept of lattice )

This does NOT imply that LEM

unless L=2M 3- ✗ EM≥i .

Nonetheless
,

is it true that

Ma ,z[U] ≤ Manlio] ?

Why ? The spectrally- smaller the lattice ,

the less severe the restriction ,

the larger the fluctuations .

Why is it interesting ?

✗ ¥F[Guilt] -1 "ElÉ±[ tie,-A-' 477=5-1-97-40,419
May be recast as



Ax :=fÉ
,
2 :=FñkiÑ

↑
away from Ker -A .

F-
it,AiL[194>2) + F- ±,A;iz[194>7=11011?

If AKI
, A

>
≤ Ai

'
Thanks to RG

JKKN
'77

pgetk-E.CC- b) = [0,4cL]
.⇒i÷÷É→k=E .

:::Annealed RSD Theory
- RKUF Numerical

DEF (Annealed Gauss . int .)

U :K→R is an annealed Gaussian int .

iff =] non-neg . Borel msr
. µ

on [0 , ) :

x

e-
"I'

= / e-
≤ "t dpiuix) thank)

7=0

Random height f
"

4 :V→7L w/ assoc .

part . f
"

7jʰUFG ⇐ €
,

IT e-
V14-91

4 :V→% :& / gv=o
{My}EE



Examples : ④ The NGF is a IVF

w/ Mair - & .

④ The TLBF (dual ef XY model ) :

[ modified Bessel f-?
e- UN := Iqcp)

is a HUF
.

1h is related to the card . dist . of

the norm of 2D BM .

☒ ✓
✗ Ig) : -_ 7111th ✗ c- (0/2)

is a TLUF
, via Bernstein's thin .

]- lattice version of The UVF !

Let L be a general lattice

( subset of RT
, n ≤ IVI ) .

2%0942 ⇐ IT e-
V14 -%)

✗EL day }EE

i
defines adjacency structure

on Lr .



Thielannealed sub- lattice monotonicity ) :

If MEL Then

MKUFiGiM[y] ≤ MURAL to]
V VERY

.

Proof : Use ordinary RSD sub- lattice

and FKG
prop . of coupling

const
.

Divisibility holds for RBF too
.

Postulate it for IVF .


