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Classical Heisenberg model

H=Hg(o)==)_ ox-0,
X).y

X, y neighbouring vertices in finite graph G
oy € S?

1
Measure with density : ?e_ﬂ H

Z g f(S2)G e_/BH(U)dO'



Classical bilinear-biquadratic model

H=Hey =~ cos(6) ox -0y +sin(6) (ax  ay)° (1)

x,y neighbours in G; o, € S?; measure density %e‘ﬁ"’
¢ € [0, 2m)



Quantum Heisenberg model

H=Hs=-> S«'S,
Xy

X,y neighbours in G
H an explicit matrix, acts on Hilbert space &), ¢ C25+1
S e %N the spin number



Quantum bilinear-biquadratic model

H=Hgy=—> cos(¢) Sx-Sy +sin(¢) (Sx:Sy)*
Xy

¢ € [0,27); H acts on @, C>+!
Set S = 1: Most general SU(2)-invariant system



Ground state phase diagram in Z3

H=Hgqs=— Zcos(gb) Sx Sy, +sin(®) (Sx - Sy)?
Xy

¢=-—m - $=0

. . g
Antiferromagnetic 7 Ferromagnetic
y

Staggered Nematic ¢ =—

ol



Ground state phase diagram in Z3

H=Hgqs=— Zcos(gb) Sx Sy, +sin(®) (Sx - Sy)?
Xy

Néel , € (2,m] —— p=1
DLS 1978; Lees 2016 ¢ = —7 . 6=0
Antiferromagnetic /// Ferromagnetic

Staggered Nematic p=-%



Ground state phase diagram in Z>

H=Hgqs=— Zcos(gb) Sx Sy, +sin(®) (Sx - Sy)?
Xy

Nematic , 0 < cos(¢) < 1sin(¢)

Ueltschi 2013

Néel , ¢ € (2,n] —— Jp=1
DLS 1978; Lees 2016 ¢ = —x . 6=0
Antiferromagnetic /// Ferromagnetic




Ground state phase diagram in Z>

H=Hgqs=— Zcos(gb) Sx Sy, +sin(®) (Sx - Sy)?
Xy

jus
~/ Nematic , 0 < cos(¢) < 3 sin(¢)
2 Ueltschi 2013

Néel , pc(2,n] —— V= Néel(l) , ¢ =73

DLS 1978; Lees 2016 ¢ = —7 ¢=0 Ueltschi 2013

. . .
Antiferromagnetic 7 Ferromagnetic




Ground state phase diagram in Z>

H=Hgqs=— Zcos(gb) Sx Sy, +sin(®) (Sx - Sy)?
Xy

Nematic, ¢ € (5,75 +¢€) \(ﬁi
Lees 2014

Néel , g (2,n] —

DLS 1978; Lees 2016 ¢ = —7

s

,
i
b=z

Antiferromagnetic -~
.

¢=0

Ferromagnetic

Nematic , 0 < cos(¢) < 1sin(¢)

Ueltschi 2013

Néel(!) , ¢ =T

Ueltschi 2013



Method + history

H=Hgy=— Zcos(¢>) Sx Sy, +sin(®) (Sx - Sy)?
X,y

Method is algebraic



Method + history

H=Hgy=—> cos(¢) Sx-Sy +sin(4) (Sx:Sy)?
X,y

Method is algebraic
¢ = /4 Bjornberg



Method + history

H=Hgys=— Zcos(qS) Sx S, +sin(®) (Sx - Sy)?
Y

Method is algebraic
¢ = /4 Bjornberg
Probabilistic representations: Téth, Aizenman-Nachtergaele, Ueltschi, others



Method + history

H=Hgy=—) cos(¢)Sx-S, +sin(¢) (Sx- S,)?
x.y

Method is algebraic
¢ = /4 Bjornberg
Probabilistic representations: Téth, Aizenman-Nachtergaele, Ueltschi, others

Random walk on S,, or Brauer algebra: Alon-Kozma, Berestycki-Kozma, others



Complete graph results

H=Hggy = —Zcos(d)) Sx-S, +sin(®) (Sx-Sy)?: G=K,
Xy



Complete graph results

H=Hgy=—) cos(¢) Sx-S, +sin(¢) (Sx:Sy)*; G =K,
X,y

B
Explicit formula for the free energy: lim,_ % log Tr [e_ nH]



Complete graph results

H=Hgy=—) cos(¢) Sx-S, +sin(¢) (Sx:Sy)*; G =K,
X,y

B
Explicit formula for the free energy: lim,_, % log Tr [e_ nH]

Ground state and finite temperature phase diagrams; critical temperatures



Complete graph results

H=Hggy = —Zcos(gb) Sx-S, +sin(®) (Sx-Sy)?: G=K,
Xy

8
Explicit formula for the free energy: lim,_ % log Tr [e_ nH]

Ground state and finite temperature phase diagrams; critical temperatures

Magnetisation, total spin



Complete graph results

H=Hgy=— Zcos(d>) Sx-S, +sin(®) (Sx-Sy)?: G=K,
Y

B
Explicit formula for the free energy: lim,_ % log Tr [e_ nH]

Ground state and finite temperature phase diagrams; critical temperatures

Magnetisation, total spin

— lim L _B (i)
¢(/37<Z5,h)—nll_>rrgonlogTr lexp( nH+h;5X )]

0o

m=m(f,¢) = %|h=0



Ground state phase diagram on the complete graph

H=Hgy=— Zcos(gb) Sx Sy, +sin(®) (Sx - Sy)?
Xy

¢ =

INJE]

N o
N
Il
ENE

Nematic

,
.

¢p=-—m $=0
. /
Disordered .
/ Ferromagnetic
/
/

/

/

/

sin(¢) = 2 cos

/

Fourth Phase ¢ = —

ol



Ground states: Z3 vs the complete graph

H=Hgy=— Zcos(gb) Sx Sy, +sin(®) (Sx - Sy)?
Xy

G = Kn ¢ = g
0=3
Nematic 4
b= —x . $=0
Disordered .
/ Ferromagnetic

//
/

/

/

sin(¢) = 2 cos

/

Fourth Phase ¢ = *g

G=173 p=73 Nematic
7
=T
¢=—7 d N
$=0
Antiferromagnetic 7 Ferromagnetic




Ground state and finite temperature diagrams

H=Hgy=— Zcos(d>) Sx Sy, +sin(®) (Sx - Sy)?
Xy

¢ =

ud .
5 Bsin(¢) =1
0=3
L7 Nematic
. y log(16), log(16
R omatic > . (log(16), log(16))
)
¢=—m $=0 B cos(¢)
Disordered ,’ Ferromagnetic
/ Ferromagnetic Disordered
/
2 —2x -3
/
/
sin(¢) = 2 cos . (0,-3)
/
Fourth Phase ¢=—735







On the complete graph

H=Hgy=— Zcos(qS) Sx-S, +sin(®) (Sx - Sy)?

Theorem (R. 2020)
Let G = K,,.

B
| -2
nIL>rTo]oE log Tr {e n

= m?éAg (sm(gb)z + (cos(p) — sin(¢@))y ) Zx, log x;
1

(xy

where A = {(x1,x2,x3,y) € [0,1]* : x5 =1, x > xi41, y < x1 — x3}
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