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Overview

This talk describes some observations | made when trying to relate
different approaches to the bosonic ensembles of quantum statistical
mechanics.

| learned about cycle statistics and large-deviation principles
[Ginibre, Pule, Dorlas, Ueltschi, Betz, Adams, Konig, . . .]
from Stefan Adams and Wolfgang Konig.

| also learned a lot from Joel Feldman about the work of
T. Bataban, J. Feldman, H. Knérrer, E. Trubowitz (BFKT)
on the interacting Bose gas in the thermodynamic limit.

Original aim: simplify some of the technique of BFKT, find a loop re-
presentation in the presence of a condensate.

Related, independent work by Frohlich, Knowles, Schlein, Sohinger
has been reported by Vedran Sohinger at this meeting.
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Motivations for this work

directly relate and compare:
functional integral and interacting Brownian motion representations
criteria for BEC: U(1) breaking and occurrence of infinite cycles

kinetic term p?/(2m) <+ Brownian motion

BEC sound wave ¢|p| <> what kind of process?

Results so far

Functional integral technique: representation of canonical ensemble
integrals with real Gaussian measures
easy proof of time-continuum limit
uniform bounds, no large-field analysis

prove analyticity and decay of correlations by convergent expansions
<> persistence of gaps

derive a (stochastic) process in a condensate background



Setup and Notations

Space: any finite (large) graph X, e.g. X = nZ¢/LZ%.
Use notations fx fx for (weighted) sums on X, bilinear form (f | g)x = fx fx 9x -
H=D(X.0), 7' =@'H  Tp=@ 7

|X\+N—1> .

The N-boson space ﬁgv) has finite dimension ( X|-1

g is infinite-dimensional even if X is finite.
Vacuum vector Q = (1,0,0,...) € Fp.
Py projector to the N-particle subspace J@g\[) of Zp.
_ _ —d
CCRalgebraa,a, —aja, =0, aXa; — a;aX =n"%xy-
(<

The local density operators n, = ala_: %, N L%(BSN) satisfy

|ng]| =N and nm,=nyn, forallx,yeX.



Hamiltonian

Single particle Hamiltonian: self-adjoint, non-negative operator £
e.g. the graph Laplacian —A, or —A 4+ W (x), W external potential.

Two-body interaction v: a pair of particles at sites x and y contributes v, € R to the
energy. vy y = Vyx. Thus v is a self-adjoint operator on C*.

If X is a torus, v is called translation-invariant if v, 4, = Vi for all z. Then also use
the notation vy, = v(x — y).

We will not need translation invariance here.

H:H0+Vwith
Hy=(a [€a)x and V=1i(n|vn)x

The case v = 0 describes free (i.e. noninteracting bosons).
Assume throughout that v > 0.

Hy and V, hence H, all commute with N, hence map ff](gN) to itself.



Canonical ensemble

Flg 2 = Trg, [e™ ™ FPy] (8 > 0 the inverse temperature)

Z. = zNPX) = [1)v8X) canonical partition function

(B = - [Fl 7

- canonical expectation value
c

Grand-canonical ensemble
The grand-canonical partition function at chemical potential p is

Z (BpX) Z eB“NZ (N8, X) _ = Trz, [e—ﬁ(ﬁ—#N)} ,
N=0

and the grand-canonical expectation value is defined similarly.

To explain the integral representation of the Bose ensembles,
it is useful to look at a complex field theory first.



Gaussian, a.k.a. Hubbard-Stratonovitch Transform
Q+Q'>0,D=Q" dup(9,9) = detQ e Do, Doy = ] “575=.

2(7,7) = /d/w(qb 6) e~(97. VIo?) (10)+(G.)
Let V > 0, then e~ (4% VIR — [ dyp, () ei®I9P),

(110) = [ G = (6. ho)
so by Fubini’s theorem
2(J,J) = det Q / v (h) / o~ (B.Q=IMO)+ID)+BI) Dy
— [ ) o7 @) der(@(@ i) ).

and e.g.

wmw—%i%ﬂhhmj/wmm[@—m>mwemmwwx



Formal expansion with loop-vertices

=1
— Trlog(1 — ihD) = > —Tr[(ihD)"
n=1

3

so Trlog generates ‘loop-vertices’, and

(Q —ih)~" = D + DihD + DihDihD + ...

generates ‘path-vertices’ for the integral over h.



Uniformity
Q=P —iR,P=P >0and R= R' So P = B> with B= B >0, and
Q—ih=B [1-iC(h+R)C] B. C=pB"

Thus (Q — ik)~! exists and is bounded uniformly in h. The Neumann expansion can be
done to finite order, with a remainder term that is uniformly bounded in h. Since

~Trlog(1— hD) = [(1 —1hD) D], =1 [(Q —ih)],,

and higher derivatives with respect to h are uniformly bounded in h, the Brydges-
Kennedy formula gives a convergent expansion for the correlation functions, provided
that D = Q! is regular.

We will now see that integral representations hold for the quantum many-boson ensem-
bles, with similar uniformity properties.



Double-Gaussian integral representation

Theorem 1 Assume thatv > 0. Set ho = 0. For 3,7 € {0,...,(} let

Q(h)yy = by L = Gyaay € Ve

(N,8,X,)

Then ZNP%) — limy_yo0 Z¢ where'

N
Z&OX0 = lim [ dpr(h) / Da e~ (@M @) (Arlaox
Va:|az |<R

If€ > 0, then Re (a | Q(h) a)x is strictly positive,
so the integral over a converges absolutely
and R — oo can be taken.

ZONAX0 _ / dwv(h) [ Do (a0 @)z (@rlao)x”

¢ l _ ¢
"Da =[] d¥a, =[] [] “55%=  duy(h) = IT dyuv(h)
]:

7=0 7=0 xeX



Covariance

The operator Q(h) is upper triangular: setting A, = e =€ iveh,

t —A, 0 0 ... 0
1 —4A, 0 ... 0
g
h) = _r
Q(h) €=7
0 0 0 1 —A,
0 0 0 0 1 |

The covariance C(h) = Q(h)™! exists, is upper triangular, and given by a terminating
Neumann series.

C(h) is entire analytic in h. In fact, for every finite ¢, it is a trigonometric polynomial in
h.

Note that det C(h) = 1 and that Q has no periodic boundary condition in time.



Remarks on the proof

Sl

¢
: By, B :
Use the Lie product formula e # <— <e_7H°e_7V) . Recall the notation ¢ =

l—00

All n, commute, so by the spectral theorem
eV — e—e(n|vn)x _ /d/,bv(h) eiﬁ(h\n)x _ /d’uv(h) e(aﬂ iveh a)x

dp, = normalized, centered Gaussian measure on RX with covariance v.

Coherent states v(a) = e@2)x O with the properties’

a.v(a) = ayy(a) e(@'K Xy (a) = y(®a) if X is bounded.

lg, = }%glgo d*a [kq) (K| Trz,A = J%E};o / d*a (K, | A K,)
Cr* Cr*

Va,a' € C* (y(d) | Pay(a) = 7 (@ | a)x" .

Cr={2€C:|z| <R}



The oscillatory a-integral

Integration over h leaves over an integral over a,

Z = /Dae G’IQ ) ( ) (ag|a0)

N!

Both the kinetic and the interaction term are complex-valued — this is a complex oscilla-
tory integral.

For vy y = vdyy, the interaction is V(a) = ¢ 3 [ W(a, 1 1a,), where

U(z) =—Ind(z), B(z) = Z ﬁ ok evn?

Thus the positivity of the operator V is lost here.

We will see how to recover it shortly.



The h-representation

The a-integral in Z. = [ duy(h) [ Da e~@eM) o)z W}V—ORXN is Gaussian as well. At ¢ > 0
it is absolutely convergent. The factor (a | ag)x” leads to a permanent:

N
N,B,X,0)
Z( B ' Z / /dNV HC (OXk de(k)) .
k=1

O'ESle
Denote ( = [ F(h)dpy(h) and
c@]\I>(C]]l_ Z / Hc.jxn ]Xﬂ'(n)
meS N Y XN n=1

Then 1
ZC(Nﬁ,X,Z) — il <<@N,XC(h)O,E>h



The random walk representation

Recall Q(h),, =0, 1 — 6,41y o—€€ oivehy,

The Neumann series for C(h) = Q(h)~! corresponds to a random walk expansion

—iy/eh; (yM
C(h>(Oxk) Cxory) = ZH yﬁk)p:é") o~ Wehi(y;)

y(F) j=1

where y*) = (y(()k), . .ygk)) is a walk x;, = X, (i) with transition amplitude

l
—e&
= € (R) (k)
H( y] 1Y

J=1



An easy exercise in Gaussian integration gives

Theorem 2

N
1 V(1) ()
N0 = 3 / S ™) T P®)
) k=1

oeSN " YD), y(N)

XN
y<k) :Xk%Xo_<k)

with?

Yy =5 Y [v (s -y )

1<k,k’'<N YT

This is the random walk representation that replaces the interacting Brownian motion
for € > 0. It converges to the IBM representation as € — 0.

L E(r) =e3, Fleg)



Uniformity

Lemma 1 [f € generates a stochastic process (i.e. (¢"7¢),, > 0 forall T > 0 and all x,y),

then forall y > ), allx,x' € X, and all h

0] < [CO G000 ] = (e9795)

’
X,X

Proof. Writing out the matrix products

= & 1T €7, &%

yix—x j=5+1

By hypothesis

|C(h)(,x

<. H ), 1y, = CO) a0, 0rx)

yix—x' j=7+1



An absolutely convergent a-integral

Theorem 3 Let v be translation invariant, & > 0 and v > 0, and £ generate a stochastic
process. Then, up to an explicit constant, 28N s the limit ¢ — oo of

3099 = [ Dae S La(s) (o))"

with the action Sx given by

Sx(a) = / {@) [ [(=0: +v(0) + £D)a)(7))x + (Ja()P| v |a(T)[*) < }
Here O denotes the discrete forward time derivative

1
(aTa) (Ta X) = —<CL(T + € X) - CL(T, X))
€
with the boundary condition a(f + ¢,x) = 0, and

w@mnmzl/u—€%@—wav+aw.

€



Remarks

If v > 0, the quartic term is strictly positive, so the integral converges absolutely.
The limit remains unchanged if (£(9a)(7,x) is replaced by (£a)(7,x) in the action.

The v(0) can be removed by normal ordering of V.

In the translation-invariant case

Se(a) = / / a(7,%) [(=0, + v(0) + £©)a(,x)
| el v =) Ja(r )P



Idea of the proof

The main idea is to avoid estimating oscillatory integrals and instead use the h-
representation.

o—cllas PV [af?) _ / Ayt (h,) eVEllas?)

gives a quadratic form

Qa(h),y =6,y (1 1\/_h ) = 0y1y € et

Taking out the factor from the diagonal gives

Ql(h)m/ = 5],3’ - 5g+1,j eieg (1 - i\/E hj)il
Observe that
(1 —ivehy) " — eV = Oe)

By the resolvent identity, the uniform bounds for C and C;, and an additional integration
by parts, one can estimate the difference of permanents of C and C;.



Grand-canonical ensemble

Recall that Z#) = S efulN Z(NAX),
N=0

Absorb the prefactor by a shift £ — £, = £ — ji. Then resum

[e.9]

1 _
_ al@lao)x
E N ag | ao =€

N=0

This produces the standard periodic boundary condition in the quadratic form of the a
fields, hence the standard time-ordered Green function, and

Z;NB X,0) / d/,Lv(h) . Da e—(d|l€(h) a)x

with



Theorem 4 Assume that £, > 0. Then

(N.BX,0) .

the integral for the grand canonical partition function Zg is absolutely convergent.

The grand-canonical covariance G(h) = K(h)™!

« exists for all h, and has a norm bounded uniformly in h
« isanalyticin h if |[Im h,«| < V€€ min, Where €., is the smallest eigenvalue of €.
« If £, generates a stochastic process, then for all j > 3, allx,x' € X, and all h,

Vh e R*: |G(h)(u0.ra)| < G(0) (0.t ) -




Comparing canonical and grand-canonical

the canonical covariance C(h) has only forward propagation in time

the grand-canonical G(h) has forward- and backward propagation
detC(h) =1 but det G(h) # 1.

In Feynman graph expansions this implies the absence of loop vertices in the canonical
ensemble (fixed particle number implies absence of pair creation!)




Generating functional for correlations

Let m = p + iv be a complex chemical potential and
Ki(Euh) =1 =N e CeVh R Gy (E,,h) = Ki(E4,h) 7!

Partition function with sources .J, J

Z(mBX0(

( (@l (B )a)x+ (Ta)x+([a)x Da>

=/
</ (TG (€ sh) ) detgw(c‘/’wh)>h
</ WO(JJh)>

Wo(J, J,h) = (J | G (Eu,h)J)x + TrinC — Trin(1 — #*RC)
C = (1 - Ne €elveh)-1

h

with



Decay of Correlations

Theorem 5 Assume that space X is a regular lattice, that £ generates a stochastic process
and € > 0, and that the covariance for v.= 0 (noninteracting particles) has exponential
decay. Assume that v, ,, also decays exponentially in |x — y|.

There is pig < 0 s.t. for all ;1 = Re m < pq and all sufficiently small |v|
Z{mBXO (T JY is analytic inm, B, J, J
the connected correlation functions

62n

- —  Z(J.J) |,
5‘]€,m1-'.5J07$;L n g( ) )lJ—J_O

. /
Gom(x1, ..., Tp; 2y, ... x))

have exponential tree graph decay, uniform in X and in (.



Cycle Summations

Every permutation contributing in the sum for the permanent consists of K > 1 cycles with
lengths k1, ..., kK. Then

I
NE
_\H
M
o

3 Pux [C(E W )o™)

With this, the grand canonical partition function becomes

. o) 1,81/n
Zéﬁ’“+1”’x’f><ﬂ>=<2$ 2 H T (C(E s >>
_ h

K1,k g EN k=1

< Trln( emuc(gu,h)o,g))K>
K= 1

<e Trin(1—eB7C( swh)”)>h

(det(

det(1 — ¢#C(E,,h)o)” 1>h

h



Cycle Summations

Thus the cycle expansion is simply an expansion of Trlog, as it arises from integrating

out the a fields, .
Zg(ﬁ,wrw,xl) (H) = (det G(€,h)),

namely, the expansion in the term that creates the periodic boundary condition.
As long as this expansion converges, the expected cycle length is finite.
Thus: infinite cycles occur when one reaches the convergence radius of the expansion.

Does this also correspond to a phase transition?

It does, if the closest singularity is on the positive real axis.



Condensate and Bogoliubov modes

Orthogonal decomposition a = b+ ¢
¢ = (¢;)rer is independent of x and (1 | b(7))x = [ b(r,x) = 0.

The canonical partition function then becomes

N R— j—
3= X" ) ovimn / Dle e () c(0) YN (e)
K=0

with

1 K
VIO =y [Dvetvaravoao (L [aE0.9)

Summation over K < the condensate plays the role of a particle reservoir: if K < N,
the b-subsystem becomes effectively grand canonical.



Quadratic form and Bogoliubov spectrum

The action

As(b,0) =~ / [4e(r)Plb(r, ) = e(r)2b(r, %) — () b, x)?|
+ [@0) ] (-0, + i)

is a c-dependent quadratic form in b.

The lower eigenvalue exhibits the Bogoliubov spectrum: for time-independent ¢ = ¢y and
kinetic term p? in the continuum limit,

Ep(p) = |p|vw? + p?

where w? = 2v]|col?.



Positivity and slow decay

Lemma 2 Forallt > 0, the z-space kernel of e IPIV¥+* s positive,

The decay is, however, slow since already

= TR ford=3
eHPl(x, ) = 1 C
G ) I(4) 7 —t - ford>3.

(2 +[x—y[?) 2

This slow decay suggests that a stochastic representation as a random walk in a fluctua-
ting condensate background has long jumps, hence differs from the one corresponding
to Brownian motion.

The cubic term Aj also leads to branching and coalescence, corresponding to processes
where one of two scattering particles emerges from, or gets absorbed in, the condensate.



Concluding comments

The coherent-state functional integral has a rigorous mathematical justification.

It allows to derive the interacting random walk (Brownian motion) representation
straightforwardly.

The proof of the existence of the time-continuum limit, with a variety of actions, for

many-boson functional integrals is now as simple as in the fermionic case.

The method, in particular the uniform bounds for the covariance, also allow to prove
decay of correlations.

Standard random-walk expansions converge only in the unbroken phase.

A similar expansion in presence of a condensate involves processes with branching and
coalescence, and long-range jumps. This creates infrared divergences in expansions,
which make renormalization necessary.



