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(Heuristic) Derivation of Vlasov equation

f (x, v, t)dxdv : the total # of particles in the di↵erential volume dxdv

If collisions are neglected, particles in an element in A will wander in

continuous curves to B .

Thus, the total number in the element is conserved.

So that we have the following continuity equation:

@t f (x, v, t) +rx,v · [f (x, v, t)(ẋ, v̇)] = 0
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(Heuristic) Derivation of Vlasov equation

@t f (x, v, t) +rx,v · [f (x, v, t)(ẋ, v̇)] = 0,

note that

rx,v · f (x, v, t)(ẋ, v̇) := rx · f (x, v, t)ẋ+rv · f (x, v, t)v̇

= frx · v + v ·rxf + frv · v̇ + v̇ ·rvf .

Because

rx · v = 0

v̇ =
q

m
(E+

1

c
v ⇥ B) =) rv · v̇ = 0 if B = 0 or c = 1,

we have that

@t f (x, v, t) + v ·rxf +
q

m
E ·rvf = 0
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N-fermionic system in 3D

 t(x1, · · · , xN) =
1

p
N!

det{ei (xj)}
N
i,j=1 2 L

2
a(R3N

).

N-body Hamiltonian

HN =

NX

j=1

✓
�
1

2
�xj

◆
+ �

NX

i<j

V (xi � xj)
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Fermionic mean-field regime

Consider a system of N interacting fermions with wave function:

HN = �
1

2

NX

j=1

�xj + �
NX

i 6=j

V (xi � xj)

Ekin = h N ,
NX

j=1

(��xj ) Ni ⇠ N
5/3

Eint = h N ,�
NX

i<j

V (xi � xj) Ni ⇠ �N2

=) � = N
�1/3

HN = �
1

2

NX

j=1

�xj +
1

N1/3

NX

i 6=j

V (xi � xj)
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Time-dependent Schrödinger equation

Ekin ⇠ N
5/3

⇠ Nv
2
=) v ⇠ N

1/3

Relevant time scale ⇠ N
�1/3

N
1
3 i@t N,t =

2

4�1

2

NX

j=1

�xj +
1

2N1/3

NX

i 6=j

VN(xi � xj)

3

5 N,t ,

Setting ~ = N
�1/3

and multiplying ~2 on both sides, we get

i~@t N,t =

2

4�~2
2

NX

j=1

�xj +
1

2N

NX

i 6=j

VN(xi � xj)

3

5 N,t .



7 / 23

Particle systems

I Classical System: Follows Vlasov equation

@t f + 2p ·rqf �r(V ⇤ ⇢t) ·rpf = 0

I Quantum System: Follows N-particle Schrödinger equation

i~@t N,t =

NX

j=1

✓
�

~2
2m
�

◆
 N,t +

1

N

NX

i<j

V (xi � xj) N,t
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Problem

N-fermionic Schrödinger (S) Hartree-Fock (HF)

Liouville (L) Vlasov (V)

N!1

~!0

~=N �1/3!
0 ~!0

N!1

Figure: N-fermionic Schrödinger systems to other equations
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How can we compare two systems?

Remark that

I Classical System: Follows Vlasov equation, domain is in phase space

@t f + 2p ·rqf �r(V ⇤ ⇢t) ·rpf = 0

I Quantum System: Follows N-particle Schrödinger equation

i~@t N,t =

NX

j=1

✓
�

~2
2m
�

◆
 N,t + �

NX

i<j

V (xi � xj) N,t .

Note that

f : R3
⇥ R3

⇥ R ! R�0

 : R3N
⇥ R ! C
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Wigner-Weyl transform

Weyl transform of a function f

�[f ] =
1

(2⇡)2d

ZZZZ
f (q, p)

⇣
e
i(a(Q�q)+b(P�p))

⌘
dq dp da db.

Wigner map of an operator �

f (q, p) = 2

Z 1

�1
dy e

�2ipy/~
hq + y |�[f ]|q � yi

Let R 2 L(h) be the integral operator having kernel r

R�(x) =

Z

Rd

r(x , y)�(y)dy

Wigner transform of R

W~[R](q, p) =
1

(2⇡)d

Z

Rd

r

⇣
q +

~
2
y , q �

~
2
y

⌘
e
ip·y

dy
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Husimi measure

I k-particle Husimi measure: For 1  k  N,

m(k)
N,t :=

N(N � 1) · · · (N � k + 1)

Nk
W

(k)
N,t ⇤ G

~,

where

G
~
(q1, p1, . . . , qk , pk) :=

1

(⇡~)3k exp

⇣
�

Pk
j=1 qj

2
+ pj

2

~

⌘
.

I generalized k-particle Husimi measure: For p, q 2 R3
and  N,t 2 L

2
a(R3N

)

m
(k)
N,t(q1, p1, . . . , qk , pk) =

⌦
 N,t , a

⇤
(f

~
q1,p1) · · · a

⇤
(f

~
qk ,pk )a(f

~
qk ,pk ) · · · a(f

~
q1,p1) N,t

↵

where a
⇤
(f

~
q,p) and a(f

~
q,p) are standard creation- and annihilation-operator

respectively with respect to the coherent state f
~
q,p given by

f
~
q,p(y) := ~� 3

4 f

✓
y � q
p
~

◆
e

i
~ p·y ,

for any real-valued function f satisfying kf k2 = 1.
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Properties of k-Husimi measure

For all t � 0 and 1  k  N., the following properties hold true for m
(k)
N,t ,

1. m
(k)
N,t is symmetric,

2.
1

(2⇡)3k

R
· · ·

R
(dqdp)

⌦k
m

(k)
N,t =

N(N�1)···(N�k+1)
Nk ,

3.
1

(2⇡~)3
RR

dqkdpk m
(k)
N,t = (N � k + 1)m

(k�1)
N,t ,

4. 0  m
(k)
N,t  1 a.e.,

5. If chose f (x) = ⇡�3/4
e
�|x|2/2

, then

m
(k)
N,t =

N(N � 1) · · · (N � k + 1)

Nk
W

(k)
N,t ⇤ G

~,

where

G
~
(q1, p1, . . . , qk , pk) := (⇡~)�3k

exp
�
� ~�1

(
Pk

j=1 |qj |
2
+ |pj |

2
)
�
.
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Main goal

Vlasov Equation: For given initial data m0, let mt be the solution to the

following Vlasov equation

(
@tmt(q, p) + p ·rqmt(q, p) = rq

�
V ⇤ %t

�
(q) ·rpmt(q, p),

mt(q, p)
��
t=0

= m0(q, p),

where %t(q) :=
R
mt(q, p)dp.

Goal: To prove that m
(1)
N,t converges to mt in the sense of distribution as

N ! 1.
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Theorem (L. Chen, J. L. , M. Liew (AHP 2021))

Let m
(1)
N,t := mN,t be the 1-particle Husimi measure and suppose the

following assumptions hold:

(1) VN is the truncated Coulomb potential with �N := N
�✏

, 0 < ✏ < 1
24 .

(2) For fixed T > 0, let  N,t 2 F
N
a , t 2 [0,T ], be the solution to the

Schrödinger equation with the Slater determinant as the initial data .

(3) f � 0 is a compact supported and it is in H
1
(R3

) with kf k2 = 1.

(4) Let mN be the initial 1-particle Husimi measure with L
1
-weak limit

m0 and satisfies the uniform bound:

ZZ
dqdp (|p|

2
+ |q|)mN(q, p) < 1.

Then, mN,t has a weak-? convergent subsequence in

L
1
((0,T ]; L

1
(R3

⇥ R3
)) with limit mt , where mt is the solution of the

Vlasov-Poisson equation with repulsive Coulomb potential in the sense of

distribution.
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Truncated repulsive Coulomb potential

We consider the mollification of repulsive Coulomb potential, i.e.

VN(x) = (V ⇤ G�N )(x)

where V (x) = |x |
�1

and G�N (x) :=
1

(2⇡�2
N )

3/2 e
�(x/�N )

2
.

Remark

krVNkL1  C��2
N ,

we will set �N ⇠ N
�✏

with 0 < ✏ < 1/24.
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Proof strategy

Recall,

m
(1)
N,t(q, p) =

⌦
 N,t , a

⇤
(f

~
q,p)a(f

~
q,p) N,t

↵

where  N,t is the solution to the Schrödinger equation.

Taking the i~@tmN,t and divide both side with i~, we will obtain the

following term:

@tmN,t(q, p) + p ·rqmN,t(q, p)�rq ·
�
~ Im

⌦
rqa(f

~
q,p) N,t , a(f

~
q,p) N,t

↵�

=
1

(2⇡)3
rp ·

Z
dw1du1dw2du2dq2dp2

⇣
f
~
q,p(w)f ~q,p(u)

⌘⌦2

⇥

Z 1

0
ds rVN

�
su1 + (1� s)w1 � w2

�
h N,t , aw1aw2a

⇤
u2a

⇤
u1 N,ti

where we denote

⇣
f
~
q,p(w)f ~q,p(u)

⌘⌦2
:= f

~
q,p(w1)f

~
q,p(u1)f

~
q2,p2(w2)f

~
q2,p2(u2).
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Proof strategy: Vlasov equation with remainders I

@tmN,t + p ·rqmN,t =
1

(2⇡)3
rq(VN ⇤ %N,t)rp ·mN,t +rq ·

eR+rp · R,

where %N,t(q) :=
R
dp mN,t(q, p), eR and R = Rs +Rm are given by

eR := ~ Im
D
rqa(f

~
q,p) N,t , a(f

~
q,p) N,t

E
,

Rs :=
1

(2⇡)3

Z
dw1du1dw2du2dq2dp2

⇣
f ~q,p(w)f ~q,p(u)

⌘⌦2

⇥
 Z 1

0
ds rVN

�
su1 + (1� s)w1 � w2

�
�rVN(q � q2)

�
�
(2)
N,t(u1, u2;w1,w2),

Rm :=
1

(2⇡)3

Z
dw1du1dw2du2dq2dp2

⇣
f ~q,p(w)f ~q,p(u)

⌘⌦2

⇥rVN(q � q2)


�
(2)
N,t(u1, u2;w1,w2)� �

(1)
N,t(u1;w1)�

(1)
N,t(u2;w2)

�
.
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Proof Strategy

Lemma

For g 2 C
1
0 (R3

) and

⌦~ := {x 2 R3
; max

1j3
|xj |  ~↵},

it holds that for every ↵ 2 (0, 1), s 2 N, and x 2 R3
\⌦~,

����
Z

R3

dp e
i
~ p·x

g(p)

����  c1~(1�↵)s ,

where the constant c1 depends on the compact support as well as the

W
s,1

-norm of the test function g .
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Proof strategy

For ',� 2 C
1
0 (R3

), there exists a positive constant K such that

����
ZZ

dqdp '(q)�(p)rq ·
eR(q, p)

����  K~ 1
2�,

����
ZZ

dqdp '(q)�(p)rp · R(q, p)

����  K
�
~ 1

4� + ~ 3
4�

�
.

This show that the residual terms converge to zero in the sense of

distribution.

Remark

The constant K is depends on k'kW 1,1 , kr�kWs,1 with s depends on

↵1 and ↵2, supp�, kf kL1\L2 , supp f , and krVNk1.
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Proof strategy

Lemma

Assuming that VN(x) � 0 and the initial total energy is bounded in the

sense that
1
N h N ,HN Ni  C , then the kinetic energy is bounded as

follows

h N,t ,K N,ti  CN.

Lemma

For t � 0, we have the following finite moments:

ZZ
dqdp (|q|+ |p|

2
)mN,t(q, p)  C (1 + t),

Theorem (mixed-norm estimate)

For given suitable condition, we have the following estimate

✓ZZ
dw1du1

h
Tr

(1)
���(2)N,t � !(1)

N,t ⌦ !(1)
N,t

��(u1;w1)

i2◆ 1
2

 CtN,

where the constant Ct depends on potential V and time t.
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Thank you

Grazie

⇣¨i»‰
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