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(Heuristic) Derivation of Vlasov equation

f(x,v, t)dxdv: the total # of particles in the differential volume dxdv
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v

If collisions are neglected, particles in an element in A will wander in
continuous curves to B.

Thus, the total number in the element is conserved.

So that we have the following continuity equation:

Oef(x,v, t) + Vi - [f(x,v, t)(%,V)] =0



(Heuristic) Derivation of Vlasov equation

8tf(x, v, t) + vx,v : [f(X, v, t)().(’ V)] = O’

note that

Vi - F(x,v, t) (%, V) 1= Vi - f(x,v, )X+ V, - f(x,v, t)V
=fVy-Vv+v - Vyif +fV,-v+v-V,f.

Because
Vx-v=0
. q 1 . .
v:—(E+Ev><B) = V,-v=0 ifB=0orc=o0,
m
we have that

Def(x,v, t) + v - Vyf + %EV\,f —0



N-fermionic system in 3D

1
Vel ) = o det(es o)) s € L(R™M)

N-body Hamiltonian

ﬁ:( XJ>+AZV Xi — x;)

1<J



Fermionic mean-field regime
Consider a system of N interacting fermions with wave function:

:_7ZAX]+)\ZV Xi — X;)

i#J

N
Evin = (n, Y (= Dy)tbn) ~ N°/°

j—l

lnt— d’Na/\ZV —XJ Z[)N>N)\N2

i<j

= A= N"1/3
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Time-dependent Schrodinger equation

Egin ~ N°/3 ~ NV2 = v ~ NY/3

Relevant time scale ~ N—1/3

N
. 1
N%lat'@/JN,t: E E ij + 2/\/1/3 E VN Xj) 'l/}N,h
Jj=1 i#j

Setting i = N~'/3 and multiplying A2 on both sides, we get

[ B2 M ;N
hdebn.e = |~ ;AXJ + 35 ; Viv(xi — ) | Un,e-



Particle systems

» Classical System: Follows Vlasov equation

Oef +2p-Vof —V(Vpy) Vpf =0

» Quantum System: Follows N-particle Schrodinger equation

N h2 1 N
oWy = Z <_2mA) Wy + N Z V(xi — Xj)wN,t

Jj=1 i<j



Problem

N— o0
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Figure: N-fermionic Schrédinger systems to other equations
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How can we compare two systems?

Remark that
» Classical System: Follows Vlasov equation, domain is in phase space
Oif +2p-Vof =V(Vxp) - Vpof=0
» Quantum System: Follows N-particle Schrodinger equation

N

. 2 -
lhatWNvt = Z <2[‘nA> w[\ht + )\Z V(X,' - Xj)\uN,t'

j=1 i<j
Note that

fiR3xR3x R — Rxg
V:RNVNxR->C



Wigner-Weyl transform

Weyl transform of a function f

®[f] = ﬁ//// f(q,p) (e"(a(Q—q)“’(P—P”) dgdpdadb.

Wigner map of an operator ¢
fla.p)=2 [ dye /" (g yiolfa—y)
Let R € L(h) be the integral operator having kernel r

RO = [ rlxy)oly)dy

Wigner transform of R

1 h N
Wi[RI(q, p) = (2r)? /Rd f(q +5ya- §y> e dy



Husimi measure
» k-particle Husimi measure: For 1 < kK < N,

o NN-1)-(N—k+1) L
mSV,)t — Nk gi’

where
k
i1 a4+ sz>

1
G"(q1.p1, - - s PK) ZZWGXP(* 5

> generalized k-particle Husimi measure: For p, g € R3 and ¢y, € L2(R3N)

k
mg\l,)t(qlvpla""thk) <w’V t;d (q1 p1) ’ (fqz7pk) (fqri Pk) ’ a(fq?,p1)¢N7f>

where a*(f]')) and a(f]")) are standard creation- and annihilation-operator
respectively with respect to the coherent state fq’?p given by

_3 y—q ip.
f;fp()_hflf(\/ﬁ)eh”y,

for any real-valued function f satisfying ||f||, = 1.



Properties of k-Husimi measure

Forall t > 0and 1 < k < N., the following properties hold true for m%()t

1 mgv)t is symmetric,

—wk S+ [(dgdp)®*m{y), = ML (ki)

(27rh s [ dakdpi ms\,)t (N — k +1)m}y; (k 1)’

0< mfv)t <1la.e,

If chose f(x) = n=3/4e=X"/2  then

o & w0

o _N(N=1)--(N=k+1)
(_’)t: Nk W,E,}*gr,

where .
G"M(qrs p1s- -+ ks pi) = (Th) " exp (= B2y g + pi]?))-



Main goal

Vlasov Equation: For given initial data mg, let m; be the solution to the
following Vlasov equation

{&mt(q, p)+p-Vame(q,p) = Vq(V x0¢)(q) - Vome(q,p).
me(q,p)|,_, = mo(a, p),

where 0:(q) := [ m:(q, p)dp.

Goal: To prove that mg\:,l)t converges to m; in the sense of distribution as
N — oo.



Theorem (L. Chen, J. L., M. Liew (AHP 2021))

Let mg\})t := my,;+ be the 1-particle Husimi measure and suppose the

following assumptions hold:
(1) Vi is the truncated Coulomb potential with By := N7, 0 < € < 2.

(2) For fixed T >0, let Wy, € FN, t € [0, T], be the solution to the
Schrodinger equation with the Slater determinant as the initial data .

(3) f >0 is a compact supported and it is in H*(R3) with ||f||, = 1.

(4) Let my be the initial 1-particle Husimi measure with L*-weak limit
mq and satisfies the uniform bound:

/ dadp (|p[2 + |a))mw(q, p) < oc.

Then, my ; has a weak-x convergent subsequence in

L>((0, T]; LX(R3 x R3)) with limit m;, where m; is the solution of the
Vlasov-Poisson equation with repulsive Coulomb potential in the sense of
distribution.



Truncated repulsive Coulomb potential

We consider the mollification of repulsive Coulomb potential, i.e.
Vin(x) = (V * Gg, )(x)

where V(x) = [x|7! and Gg, (x) := We*(xwm)z.

Remark

IV Vil < CBy2,
we will set By ~ N~ with 0 < € < 1/24.



Proof strategy

Recall, .
mS\I,)t(qa ,D) = <7/}N,ta a*(fq?p)a(fq;?p)q/jN,f>

where Wy ; is the solution to the Schrodinger equation.
Taking the ihd;my ;: and divide both side with i, we will obtain the
following term:

8tmN,t(qa p) + p- vqu,t(Qa p) - vq . (hlm <an(fth)w/\l,ta a(fqh;p)wl\/,f>)

)

1
= va . /dW]dUldWQdUquQdPQ (fq'?p(w)fq’?p(u)

uz "

1
X / ds VVN(sul +(1-95)wy — W2)<\UN7t, Ay, aw,ay, a5 Vi t)
0
where we denote

h 3\ %2 h TR\ ch e
(fq,p(w)qufp(“)) = fop (W) (un)f, o, (w2) £ L, (u2).



Proof strategy: Vlasov equation with remainders |

Oemn.t +p-Vemu: = VoV % ont)Vp - My + Vg - R+V, R,

1
(2m)?
where on,¢(q) :== [ dp mn.:(q, p), R and R = Ry + Ry are given by
R :=hlm <vqa( W, a(fl )W, t>

.\ ®2
/dWldUldWQdUQdC[QdPQ( o(w )fq’?p(u)>

s = 2 )3
X [/ ds VVy(su1 + (1 — s)ws — w2) — VVp(q — Clz)] 7,(\,27)t(u1, u; wi, wa),
0
1 " —\ ®2
R i= (553 /dwlduldwzduquzdpg (Fr o) ()

x VVn(g — q2) [75\/2,):(“17 up; wi, wo) — ’Y,(\}’)t(ul; w1)'y,(\,17)t(u2; Wz)} .



Proof Strategy

Lemma
For g € C§°(R3) and

= 3, | < R
Qp = {x e R, 1rgj.ag><3l>9| < h®},

it holds that for every o € (0,1), s € N, and x € R3\Qp,

/ dp e%”'xg(p)’ < etk
]R3

where the constant ¢, depends on the compact support as well as the
W**°-norm of the test function g.



Proof strategy

For ¢, € C§°(R?), there exists a positive constant K such that
~ 1
’// dqdp W(QW(P)V«J'R(%P)’ < Kh2™,

‘// dadp #(q)(P)V - R(q,p)’ < K(RY™ +Ri7).

This show that the residual terms converge to zero in the sense of
distribution.

Remark
The constant K is depends on ||| 1.0, [|V@||\ys With s depends on
a1 and az, supp @, ||f]];ccq2, supp f, and ||V V|| s.



Proof strategy

Lemma
Assuming that Viy(x) > 0 and the initial total energy is bounded in the
sense that %(WN,’HN\UN} < C, then the kinetic energy is bounded as

follows
(Wn,e, KW ) < CN.

Lemma
For t > 0, we have the following finite moments:

/ dadp (|9] + [pI?)mu.c(q.p) < C(1 + 1),

Theorem (mixed-norm estimate)
For given suitable condition, we have the following estimate

1
2\ 2
(//dwldul Tr ) |7 ®w,\,t| ug; Wl)} ) < GN

where the constant C; depends on potential V and time t.
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