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EXAMPLE { (Bernooig- Zhang- Hughes) Model

On l47E )
,

two right shift op . : eyez std . basis d- Ñ

(R.gl/)CH-=Ycx-eji)(xc-7I,j-- 1,2)

Define on VERY Q2
,
AER

, G. 62,9 Pauli mat .

H±B"£ :=aI@§ + [R , @ {lg-ioi-Rzxkk-iEI-h.ca/--(aItRefRi+Rz} )④§tImfR , } + Em{Rz}④9

REGA } = 'zCA+A*)
,
Im{A} _=¥fA-A* )

FAI : If A -1-0,1=2 , F gap for H±B"£ about zero

energy .



If 3- gap , define Hall conductivity
21T Gale --2ñitr( PIA,P] , [dz.PT] )

= index CPIPE.FI Edimker F- clinker F* E X

w/ P :=✗c→◦ , (A) U ≤ eipliargcxitixz) )

hj-XN.IT;) j=ls2

FAI : 2tGtall•

-11

-12 { %
-1

This is the simplest non-trivial IQHE tight- binding model
.



Now make this model Time-Reversal- Invariant (TRI) :

full Berneuig- Zhang- Hughes Model

On 147<7×062×062
, define

HBHZ :=(aHtAe{R,tRz})④g④I+Im{Ri } 9 J+Im{Rz } 9×011

Nele : HB*Z is NOT block diagonal → spin not

conserved .

FAI : If a -1-0,1=2 , HBHZ has a gap about zero
.

Define Time- Reversal- Symmetry ④ :-61×01@ C- ios )
↑
complex- conj . et scalars

④2 = - I → Fermionic TRS
.

FAI : [ HBHZ , ⊕ ] -0 → G+aeeCHB"-2-1=0 Ya .



FU - KANE - MELE (2007 ) have defined another topological

index in this context - 7↳-tealned index counting whether

edge states are unpaired .

FKM i-indexzcp-E.pt)=([climber F)mod 2) £74
P = 4. ,

CHI U = egpliarglx,-11×21)

FKM a

1- I

-12 { %



DISORDERED VERSION

Let fwkl} ,*ze be an HD
seq . af RV. w/ some

nice prob . measure P .

HBHZ , dis . i. = HBHZ + wl# 11×09×011

Effect : make the parameter
"

a
"

teary randomly across sites
.

Depending on p , HBHZ 'd" will exhibit

Anderson localization about zero .

12 *¥✗* '

z ☆aHBHZ,dis.)



Results about general models :

Theorem# : If It exhibits Anderson loc . about zero
,

I and 74 indices remain well-defined ,
obey a bulk-edge correspondence, and are

independent of The choice of Fermi energy
within

The localized interval f- the mobility gap) .



TECHNICAL DETAILS



DEI: AE@ (tha )) is called weakly- local iff AEWLOC iff
F2EN : V ✗EN

, 3- (✗ C- Coins) :

HA×yH ≤ [ ✗ ( 1+11×-4115×11 -111×111+3

For
any interval AER ,

let B.CA) be the set of

Msrbl . f
"

f :A→e : ① f is const . above

and below A.

② llfllx ≤ 1.

DEI : H=H* has a deterministic mobility gap on A

if ① f-(A) EWLOC with estimates uniform as f) c-BIN .

② CHINA has finite degeneracy .



Note : Xoxo , C- B
,
CA) ⇒ PEXc.rs,◦, CH) C- WLOC when

It has a det . mob. gap on

some ADO .

Thin:(Aizenman- Graf , Graf-Elgort-Schenker , . . .
)

PEVVLOC ⇒ FEPUPTPT is Fredholm
.

Proof : Puptpt is Fredholm iff [BUT c- Cpt .

Indeed
,

Then PU*P+Pt is the parametrix :

I - (puptptcpuxtptpt) =P - pUPU*p
= P(UU* - UPU*jp=puptu*p

= [Peu]ptu*p
But [Afc#1) c- Cpt . whenever PEVVLOC and

Ifa - figs / ≤ D
.



SULE basis (Simon et al . . . )

{4n}n is a SULE basis for It on A

Iff 3- hoc . centers {xnbn ≤ Kd and ZEN : V. ✗ > 0

3- (✗ c- 10.x) : 11%1×111 ≤ fact -111×-1%11)
-✗
( 1-1111%115

Lemma : If It has a det . mob . gap on A then

3- SULE basis
.



STABILITY THEOREM

Let fred and Pp := Xc-rs.gr, CH) .

Thm If It has a dei
.
mob

. gap on A then

AJ-gr-indexmcpuupp-P.net )
is constant .

Pfd Let
µ

'
>
µ , P - Py ,

Q :=Py . - P

☒ U := PUP -1 Pt
.

ftp.U-PUP-QUQ-CP-QK-PUQ-QUP
But PUQ is Cpt . . Indeed :

IPUQt-QUAPUQ-QCUIU.gg)Q



⇒ index
,z,ftp.U-iudexeaPUP-QUQ-CP-QJlkerCPUP-QUQ-CP-QK/=(kerPUP ) ( her QUQ)

≤⑥er Au ) ⑦ (her Qu )

But index
,z,

A-⑦ B = index,z,A + index
,z,
B (mod 2) .

Hence V.T.si index,qQU = 0 whenever Q projects

within the mobility gap .

Is QU -11 compact ? NI .

By the above
, 7 SULE basis for imlQ] .

Define It :imlQ→imCQI

4in ↳ etpliarglcxniticxnlz ) )
\kocalizatiouctr.tt

is unitary on imCQ) ⇒ index,§QVQ -1011-7--0 .



Claim : QCU- it )Q=- Qlegpciargc# + i #4) - egpliarglcxnsiticxnlz ) ) )Q

is apt .

Proof : Tn decays Very quickly away from ✗n anyway . . .

But index
,

is stable under apt . perturbations .



OPEN PROBLEM

① Define a new metric d on @Clark}@62 ) s:L .

§ := { H=H*EB(l2tk4@ IN ) / Pvptpt is Fredholm }

is an open set .

② Show that set of path - connected components 1%18 )

induced by d is bijective w/

72 IQHE

7L TRI

via indexes -

③ Relation of d to transport coeff . / moments of ¥ ?



EDGE SYSTEMS

• Al

/ / /1/11/11 11 1 12 1 I / c c c ,
a
%

VACUUM

Ñ := 1472✗ A)④ IN

1 : 1472 ✗All ↳ 14724 G injection
(extend by Zero)

.

If A acts on H
,

1*1-12 acts on Ñ
( Dirichlet restriction

.



As a rule
,
if It has a (spectral / mobility )

gap , 1*11-1 does NOT
.

However
, 1%91-71 - fa*Hz) →0 ( into bulk)

for any smooth f.

⇒ If supplf)EA , then fa*Ht) decays into

bulk
.

Dep Ñ=Ñ*EBCÑ) has a balk- spec . -gap on A iff

(g
'
-g)CIF) decays into bulk where

of ≈ smooth version of ✗c- o.o)

with spplgz-g) ≤ A .



Unfortunately for the mob . gap regime this

cannot work
, since then

,
It has eigenvalues

in A which are centered everywhere, so

②2-g) (H) -1-0 and does not even

decay into bulk.

Intrinsic def . for the edge ? ? ?

DEI: t↑=Ñ*ED(Ñ) has a bulb-mob . -gap on A iff

] bulk Hamiltonian KEBIR) W/ moh. gap on A

such that Ñ -1*42 → 0 (into bulk) .

This implies first def .



EDGE INDEX

'
am

lQHf= : Edge hall conductivity

2-11%6=211-1719,419)i[A ,Ñ ] )
¥Ég .

"

= index IN epl-zu-igCHTM.int ) c- 7L

FKM_ : $ trace formula .

Define indexafhepl-zu-igCHTM.int )
Relies on [A , 1- e-

""&"' ] c- Cpt .

⇐
2-g) CHT decays in 2 direction



NOT true in mob . gap regime .

idea : Remove localized balk slates from got) :
Since I K w/ mob. gap on A :

IT - AKI → 0 into the bulk

Ñ :=1*✗*Ck)1

In spec . gap regime, Ñ=I as Xaeck) - I .

Consider F^:= a. e-
Ziti ÑJCHIÑA

,
-1Mt .

Thy ? F^ is Fredholm and its index is indep . of K
as long as Ñ - 1*k2 →0 into bulk

.

Thin. ? indexer, F = indexes, E if 4^-1*11-1→ 0
.


