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Outline
� Setting: family in Fock space pΨtqtPR � F , generated by

Hamiltonian H via iBtΨt � HΨt

� Problem: formal expression H is ill–defined as operator
� (Standard) solution by cutoffs Λ P r0,8q:rHcutoff :� lim

ΛÑ8
W�1

Λ pHΛ � cΛqWΛ

(WΛ : F Ñ F : dressing operator, cΛ: counterterm)
� When removing cutoffs, W formally leads out of Fock space
� We use Fock space extensions EF (or xH ,F ) to directly

define rH :�W�1pH � cqW
� [L. 2020]: Construction of rH using F for W : Weyl trafo
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Outline

DF

Fock space F

UV rDF s
DF

U�1
V

UV

pH � cq

EF

� We consider quadratic Hamiltonian H

� Can be diagonalized by Bogoliubov transformation V
(algebraic modification of H)

� Goal: find implementer W � UV (operator), such thatrH :� U�1
V pH � cqUV is diagonal

� D impl. UV : F Ñ F ô Shale–Stinespring condition holds
� New result [L. 2022]: D ext. impl. UV : F � DF Ñ EF

for bosonic V under very mild assumptions
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Fock Space Descriptions

� First description: by configuration space Q:

q P Q � QpXq �
8§
N�0

XN

N � 0 N � 1 N � 2 N � 3

� F :� L2pQq is called Fock space
� Separable L2pXq allows for basis pejqjPN, so w.l.o.g. X � N

� Second description: consider
occupation number configs
Qoc �

 pNjqjPN |
°
j Nj   8(

� Then, F � L2pQocq j

Nj

0

1

2

1 2 3 4 5 6
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Quadratic Hamiltonians
� Creation/annihilation operators for f � pfjqjPN P `2:

a:pfq �
¸
j

fja
:
j apfq �

¸
j

fjaj

� Quadratic Hamiltonian (�: bosons, �: fermions) looks like:

H � 1
2

¸
j,kPN

p2hjka:jak 	 kjka
:
ja
:
k � kjkajakq

� H is element of �–algebra A (infinitely) generated by a:j , aj
� a:j , aj satisfy commutation relations (CR)

ra:j , a:ks� � raj , aks� � 0, raj , a:ks� � δjk

with rA,Bs� � AB �BA and rA,Bs� � AB �BA
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Bogoliubov Transformations
� Consider the transformation VA : A Ñ A, a7pfq ÞÑ b7pfq with

b:pfq � a:pufq � apvfq, bpfq � apufq � a:pvfq
where u, v : D Ñ `2 with D � `2: dense and f P D

� Translating a:pf1q � apf2q into F � pf1,f2q P `2 ` `2 we
identify VA with

V �
�
u v
v u



� V (or VA) is called Bogoliubov transformation if b:, b still

satisfy the (CR), and the same if V is replaced by V�

u�u	 vT v � 1 u�v 	 vTu � 0
uu� 	 vv� � 1 uvT 	 vuT � 0
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Diagonalization
� Action of VA on quadratic Hamiltonians is simple:

H � 1
2

¸
j,kPN

p2hjka:jak 	 kjka
:
ja
:
k � kjkajakq

� Consider rH :� VAH. If we identify H with the block matrix

AH �
�
h 	k
k 	h



then A

rH
� V�AHV

� Certain AH allow for diagonalization (Stone’s theorem), so

DV : A
rH
�

�
E 0
0 	E



ñ rH �

¸
jPN

Eja
:
jaj

� In many cases, diagonalized rH is densely defined and
self–adjoint
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Standard Implementation
� If DUV : unitary with U�

VHUV � rH, then dynamics of H andrH are equivalent (U�
Ve

�itHUV � e�it
rH)

� We say that UV implements V and V is implementable iff
DUV unitary : UVa

:pfqU�
V � b:pfq, UVapfqU�

V � bpfq
� [Shale, Stinespring 1962]: V � p u vv u q implementable
ô trpv�vq   8

� [Lill 2022] (old): V implementable in extended sense for v�v
having arbitrary discrete spectrum

� [Lill 2022] (new): bosonic V implementable in extended
sense for generic v�v

σpv�vq
0

σpv�vq
0

σpv�vq
0

[Shale, Stinespring 1962]

Ñ8
[L. 2022] (old)

Ñ8
[L. 2022] (new)
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Standard Implementation
� Constructing UV : F Ñ F (unitary) works by finding

Bogoliubov vacuum ΩV P F with

bpfqΩV � 0 @f P `2, pUVΩ :� ΩVq
� Fact: If trpv�vq   8, then D bases pf jqjPN, pgjqjPN, s.th.

(writing bj :� bpf jq, aj :� apgjq and with µj , νj P R, µ2
j � ν2

j � 1):

b:j � pµja:j � νjajqΩV � 0

j

Nj mode split

0

1

2

1 2 3 4 5 6

b6, b
:
6

N6

0

1

2

ν

µ

0 1

1

µj

νj
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Standard Implementation
� ΩV is product of pairs Kp2q P `2 b `2, normalized by c0 P R,

with Kp2q � �°
j
νj

2µj
gj b gj :

ΩpNq
V �

#
c0

?
p2m!q
m! pKp2qqbSm if N � 2m

0 if N : odd

� Kp2q is int. kernel of O : `2 Ñ `2 with 2OJuf � �vJf
(Here, J : `2 Ñ `2, Jf � f is the complex conjugation operator.)

� Now, bpfqΩV � �
apufq � a:pvfq�ΩV with

apufqΩV � 2
¸
j

pJufqjKp2qpj, j1q � 2OJuf � �vJf

� apufqΩV cancels a:pvfqΩV , so bpfqΩV � 0
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Standard Implementation

� Knowing ΩV , we can define UV : DF Ñ F via
UVpa:j1 . . . a

:
jN

Ωq �pUVa
:
j1
U�1

V qpUV . . .U�1
V qpUVa

:
jN
U�1

V qpUVΩq
:�b:j1 . . . b

:
jN

ΩV

� DF :� span
 
Ψ P F | Ψ � a:j1 . . . a

:
jN

Ω
( � F is dense

ñ UV can be defined on all of F
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Implementation beyond Shale-Stinespring
� Fact: }Kp2q}`2b`2   8 ô trpv�vq   8
� If σpv�vq is arbitrary, even pgjqjPN may fail to exist
� However, O with 2OJuf � �uJf still exists
� Use Schwartz kernel theorem: Let D be a nuclear space

(“test functions”) and D1 its dual space (“distributions”).
Then, any O : D Ñ D1 has an integral kernel KO P D1 bD1

� We choose:

D :� c00 � tf : NÑ C | fj � 0 finitely oftenu
E :� D1 � tNÑ Cu

so D � `2 � E is a nuclear rigging
� We have O : D Ñ E , so KO P E b E exists
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Extended State Space
� For accommodating ΩV , we define:

EpNq :� tNN Ñ Cu � EbN EF :�
8à
N�0

EpNq

� Thus, KO P Ep2q � E b E and ΩV P EF for

ΩpNq
V �

#
c0

?
p2m!q
m! pKOqbSm if N � 2m

0 if N : odd
� Problem: annihilation operators may produce divergent sums
� “Extended State Space” EF is a technical construct,

rigorously accommodating (possibly divergent) sums

ΨpNqpj1, . . . , jN q �
¸
LPN0

¸
jN�1,...,jN�LPN

ΨpN�Lq
pLq pj1, . . . , jN�Lq

with ΨpN�Lq
pLq P EpN�Lq
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Main Result
Definition (Extended Implementation)
UV : DF Ñ EF implements V in the extended sense on EF iff

UVa
:
jU

�1
V

rΨ � b:j
rΨ, UVajU�1

V
rΨ � bj rΨ @rΨ P UV rDF s, j P N

Theorem ([L. 2022] Main Result)
Any bosonic V � p u vv u q with u, v : D Ñ `2 is implementable in the
ext. sense on EF .

� [L. 2022]: For σpv�vq being discrete, ext. impl. works for
bosons and fermions on F–extensions:

� xH : Infinite tensor product space following [v. Neumann
1939], also used by [Blanchard 1969], [Fröhlich 1973],
[Könenberg, Matte 2014]

� F : Vector space related to EF

� Problem for fermions: O is unbounded, ΩV is more technical
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Proof Outline and Comments

Lemma (a:j, aj are well–defined)
For j P N, we have a:j : EF Ñ EF and aj : EF Ñ EF

� Definition of UV : DF Ñ EF via

UVpa:j1 . . . a
:
jN

Ωq :� b:j1 . . . b
:
jN

ΩV

Lemma (Condition for extended implementation)
If for UV as constructed above, we have bjΩV � 0 (@j P N)
and U�1

V exists, then UV implements V in the ext. sense
� bjΩV � 0 follows from 2OJuf � �uJf (same proof as for

trpv�vq   8)
� Existence of U�1

V ô injectivity of UV . Relies on }O} ¤ 1{2
and establishes the main theorem
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What about the Counterterm c?

� Quadratic Hamiltonians come in different shapes: we used

H � 1
2

¸
j,kPN

p2hjka:jak 	 kjka
:
ja
:
k � kjkajakq

� With raj , a:ks� � δjk, we may also write

H � 1
2

¸
j,kPN

phjka:jak 	 kjka
:
ja
:
k � kjkajak 	 hjkaja

:
kq � c

with c � °
j hjj � trphq

� c R C may appear (“infinite constant”)
� But c is an infinite sum, so c P EF
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Examples for Ext.–Diagonalizable H
� Quadratic Bosonic interactions for εp P R, κ P R

H � 1
2

¸
pPZ3

�
2pεp � κqa:pap � κa:pa

:
�p � κapa�p

	
� BCS model [Haag, 1962] (spin–1{2 fermions),
εp P R, ∆̃p P C

H �
¸

pPZ3

�
εpa

:
p,Òap,Ò � εpa

:
p,Óap,Ó � ∆̃pa

:
p,Òa

:
p,Ó � ∆̃pap,Òap,Ó

	
� Extended field QED model (fermionic),
εp,�ptq P R, fpptq P R

Hptq �
¸

pPZ3

�
εp,�ptqa:pap � εp,�ptqb:pbp � fpptqa:pb:p � fpptqapbp

�
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Thank you for your attention!
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