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N
Hall effect

o Hall effect (Edwin Hall 1879):

@3 J2

e Linear response (weak E):

J1 = O’11E s JQ = O’21E .
011 = longitudinal conductivity, o921 = —o12 = Hall conductivity.
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Integer quantum Hall effect

e von Klitzing '80. Experiment on GaAs-heterostructures (insulators)

021

measurement

classmal prediction

T

(p = density of charge carriers.) IQHE: g9 = % “n, n € 7.

e Theory for noninteracting systems: Laughlin 81, Thouless et al. '82 ...

Rigorous results: Avron-Seiler-Simon 83, Bellissard et al. '94,
Aizenman-Graf '98 ...
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Bulk-edge correspondence

e Halperin ’82. Hall phases come with robust edge currents.

»

Figure: Magnetic field points out of the screen.

e Edge currents are necessary to preserve gauge invariance.
Essential feature of the gauge theory of states of matter [Frohlich '91]
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Bulk-edge correspondence: rigorous results

e Halperin ’82. Hall phases come with robust edge currents.

e Hatsugai '93; Schulz-Baldes et al '00, Graf et al. ’02: bulk-edge duality.

2
o192 = % Zwe we = (chirality of the edge state) € {—1,+1}

Figure: (a) : 012 = &, (b) 012 =—5, (¢) : 019 = 0.

e Graf-P. "13: extension to quantum spin Hall systems.
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Bulk-edge correspondence: rigorous results

e Halperin ’82. Hall phases come with robust edge currents.

e Hatsugai '93; Schulz-Baldes et al '00, Graf et al. ’02: bulk-edge duality.

2
o192 = % Zwe we = (chirality of the edge state) € {—1,+1}

Figure: (a) : 012 = &, (b) 012 =—5, (¢) : 019 = 0.

e Graf-P. "13: extension to quantum spin Hall systems.

e Many-body interactions?
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Interacting systems
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Interacting systems

Lattice fermions

e Interacting electron gas on Ay, = [0, L]*> C Z2. Fock space Hamiltonian:
M=) al Hyy(@iaz, +X> > 1z, (& §)ng,, — pN
z,5 p,p’ 7,9 p.p’
H, v finite-ranged, p € {1,..., M} = internal degree of freedom.
e H is equipped with cylindric boundary conditions:

(0,L) (L, L)

Figure: Dotted lines: Dirichlet boundary conditions.

e Translation invariance in x; direction: pr/(am Y) = Hppr (21 — Y1522, y2).
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Interacting systems

Lattice fermions

e Interacting electron gas on Ay = [0, L]> C Z2. Fock space Hamiltonian:
H= Z Z a;i:ppr/ (@ Pagz , + A Z Z Nz, pVpp (T, YN0 — PN
Z,9 p.p’ .95 p.p’
H, v finite-ranged, p € {1,..., M} = internal degree of freedom.
e Assumption. For periodic b.c., o(H®") is gapped.
Instead, edge states might appear in o(H).

0 - 0 E 0
K /n K/ K/

o £(ky) = eigenvalue branch of H (k). The corresponding edge state is:
Ga(k1) = ™M™ &, (k) ,  with &, (k) ~e™ 2
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Interacting systems

Edge transport coefficients

o Let € o(H®).
e Edge transport. Perturb at distance < a from x5 = 0. Linear response?

(0,L) (L, L)

(0,a")

O ——

(0,0) (L,0)

e Interesting physical observables: charge density and current density,

_ + - 7 _
= E az 0z , = E E €; Zaf+e oHpp (Z+6;,%)az , +hel].
p

1=1,2 p,p’
Their support will be x5 < o', with L > a’ > a > 1.
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Interacting systems

Edge transport coefficients

o Let € o(H®).
e FEdge transport. Perturb at distance < a from x5 = 0. Linear response?

e Edge charge susceptibility:

0
“T(n,p1) = Z/ dt et ([A5() , =0 ) o

At =3 caiprass (Yoo =limp 1 oo L1 Tr - e AH1N) /25 )
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Interacting systems

Edge transport coefficients

o Let € o(H®).

e FEdge transport. Perturb at distance < a from x5 = 0. Linear response?

e Edge charge susceptibility:

‘(mp1) /’dwm<<%>A3mm

~<a

nﬁl = szga ﬁphzw ( . )oo = lim@L_)oo LilTI‘ . eiﬁ(ﬂfﬂN)/Zg,L.

e Charge conductance and Drude weight:

0
Gp) = [ 0.5

zwfmm>—-—z/ dt e (0, (1), 5 Do + A°]

with A% = ([X <a,j1 01 oo- Spin transport: n — ny —ny, j — jr — jy.
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Interacting systems

Bulk transport coefficients

The response to bulk perturbations is expected to be edge-independent.

Kubo formula: bulk conductivity matrix.

7= 3{/ 0 at e {[Gi(e) GE + (X, 5512 |

n—0t N —o0
F=Yade ()8 =limp o L2Tr - e AL i) zlPer)

Bachmann-de Roeck-Fraas ’17, Monaco-Teufel '17: derivation of Kubo
formula for gapped many-body lattice models.

Hastings-Michalakis '14, Giuliani-Mastropietro-P. '15: quantization of
o12 for A # 0. [HM]: gapped H. [GMP]: A\ < gap(H).

Giuliani-Jauslin-Mastropietro-P. ’16: Hall transitions in the
Haldane-Hubbard model: A>>gap(H).
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Interacting systems

Noninteracting edge transport

e Let A = 0. Define p = (1,p1). Edge transport coeflicients:

a,a’ We p1 a.a’ ..
’ = - - R ) t t
£“* (p) . 2r i+ v + Ry (p) (susceptivity)
' w —in o
G (ZZ) = 2; m + RaGa (E) (conductance)
! | _7’77 a,a’ .
Do = E R} Drud ht
(p) 27|- Zin + vop + R35" (p) (Drude weight)

ve = velocity of edge state, we = sgn(ve), limg ar— o0 limy—o Rg’a/ (p) = 0.
e Bulk-edge correspondence:

G= lim lim lim G (n,p) = We

a,a’ =00 n—0+ p1—0 27
e

= 012
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Interacting systems

Interacting edge transport: Bosonization

e Edge transport coefficients ~ correlations of 0, ¢¢, 0y, ¢°,

with ¢¢ = bosonic free field with covariance [Wen, ’90]:

We 1

Qe+ Je'— e -
Oy 0mp) = Oec 27 p1(—in + vep1)

e Bosonization. Mapping of interacting, relativistic fermions in free bosons
with interaction-dependent parameters: “n. — Oy, ¢°”.

e The mapping in free bosons breaks down for nonrelativistic models.
Nonlinearities produce quartic interactions among bosons.

e FExact computation of the transport coefficients for A # 07

e From now on: one edge state per edge (spin degenerate).
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Interacting systems

Reference model: Chiral Luttinger liquid

e Chiral Luttinger liquid. Massless 1 4+ 1-dim. Grassmann field:

re dk . _
Sé f) (w) = Z/RQ (271_)2 wgg(—lko + ’Ukil)’lﬂ&g .

Noninteracting density-density correlation function:

A I —ipo—vp
. (ref) — 0 1
iy 570—p) 27|v|Z2 —ipg + vpy

e Expect. Lattice edge states effectively described by interacting xyLL:

re dk . _ dp .
St f)(w) = Z/R2 (27)21@,0(*%0 +vk1)¢E,U +g2? /R? W’w(ﬂ)"L -p

for suitable bare parameters Z, v, g (and suitable regularization scheme).
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Interacting systems

Theorem 1/2: Charge transport coefficients

Theorem (Antinucci-Mastropietro-P. ’17)

There exists Ao s.t. for || < Ao:

a,a’ w P1 a,a’
5 _ R%
K (na pl) p 7”7 I Uc(/\)pl + g (B)
g w _7/77 a,a’
G®a -+ R%
(n,p1) T —in 4+ ve(A)p1 + R @)
/ v, )\ —1 il
D% (n,p1) = 2 ) ! + Rp" (p)

™ _7;77 + Uc(/\)pl
ve(A\) = renormalized charge velocity, limg 4/ — oo limgﬁo Rg’“/ (Q) =0

Rimks.

e v.(A\) = analytic function of A, given by an explicit, convergent series.
e Results valid for the full lattice model.

e Similar expressions for spin coefficients, with v.(A) = vs(A)Fvc(A).
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Interacting systems

Theorem 2/2: Spin-charge separation

Theorem (Antinucci-Mastropietro-P. ’17)

Let x = (20, &) with xg = imaginary time. For |A\| < Ao and x # y:

(Tay 0 ) = Z e @ g, ()6, ()
<oty VIvs(@o — yo) + iw(zr — y1)][ve(xo — yo) + iw(z1 — y1)]
+R,p (x,y)

where: &€ = &¢(krp); Z=Z(\)=1+0(\); kr =kp(\) = k% +0O(N)

Ce—lr2—y2]

(o — y0)2 + (71 — y1)2||%+9 ,

|Rpp/(x,y)| < H 0>0.

Rmks.

e v, = spin velocity, v. = charge velocity, v.(A\) —vs(\) = % +0(\?)
e Similar result for xLL: Falco-Mastropietro ’08.
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Interacting systems

Remarks

e The result implies that:

’ w
G= 1 lim lim G*%(, = =z
pam T, T G (0 p1) .

= 0'12(/\:0)

~
bulk-edge corresp.
The interacting bulk-edge duality follows from 012(0) = o12(\) [GMP].
o Similarly, let:

k= lim lim &% (n,p1), D= lim lim D*(n,p1).

a,a’ =00 py,n—0+ a,a’—00 n,p; =0+

Then: % =2, “Haldane relation”, valid for Luttinger liquids.

e Benfatto-Falco-Mastropietro ’09-’12: Haldane relations for general,
nonsolvable lattice 1d systems.
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Interacting systems

Remarks

e The result implies that:

’ w
G= 1 lim lim G*%(, = =z
pam T, T G (0 p1) .

= 0'12(/\:0)

~
bulk-edge corresp.
The interacting bulk-edge duality follows from 012(0) = o12(\) [GMP].
o Similarly, let:

k= lim lim &% (n,p1), D= lim lim D*(n,p1).
a,a’ =00 py,n—0+ a,a’—00 n,p; =0+
Then: % =2, “Haldane relation”, valid for Luttinger liquids.

e Benfatto-Falco-Mastropietro ’09-’12: Haldane relations for general,
nonsolvable lattice 1d systems.

e Proof based on RG methods and Ward identities.
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Sketch of the proof

Sketch of the proof
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Sketch of the

proof

Part 1/3: Wick rotation

e Analytic continuation to imaginary times. We have:

/ dtem( (),A1<a_p1 o0 —z/ dteﬂnt(n<a( it); i _pl)oo

=T

C

o Errors (dotted red) estimated via bounds on Euclidean correlations:

—iB

(AT — it)B)g,| < (A(—it)A(—it)*) 1 (B*B)/}
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Sketch of the proof

Part 2/3: Computation of Euclidean correlations

e Model can be studied via RG. Problem: v* interactions are marginal.
Falco-Mastropietro ’08: vanishing of the beta function of xLL.
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Sketch of the proof

Part 2/3: Computation of Euclidean correlations

e Model can be studied via RG. Problem: v* interactions are marginal.
Falco-Mastropietro ’08: vanishing of the beta function of xLL.

e Comparison between reference and lattice model:
o0
/ dt 671P0t<ﬁ<a( ) Jl 7;01)00 _

S Zo(w2) Za(y2) / At P iy, (i) ) 0D A% RO (p)

zo<a
y2<a’
|Zi(m2)‘ < Ce_cwzv |Aa7a/| < 07 |Ra7a/(]2)| < Ca|12|07 and
S 1 1 —ipy—
/ dt eiwot(ﬁp ( Zt) n_m) (vef) _ 7,-p0 UsP1
0 20| Z2 14 7 —ipo + vepr
with: Vg = U, T =55, z—“:ﬁ—:
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Sketch of the proof

Part 2/3: Computation of Euclidean correlations

e Model can be studied via RG. Problem: v* interactions are marginal.
Falco-Mastropietro ’08: vanishing of the beta function of xLL.

e Comparison between reference and lattice model:
o0
/ dt efipot<ﬁ<a( ) Jl 7;01)00 _

> Zo(w2) Zi(y2) / dt &P iy, (—it) 3ty ) O + A RO (p)

zo<a
y2<a’
|Zi($2)‘ < Ce_cwzv |Aa7a/| < 07 IRaﬂ/(Q)' < Ca|12|07 and
/00 dt e= ot (p, (—it);h_, )0 = L 1 Zo = v
0 P P 27r|v5\Z2 14+ 7 —ipy + vepr
with: Vg = U, T =55, z—“:ﬁ—:

e We are left with computing the renormalized parameters.
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Sketch of the proof

Part 3/3: Ward identities

e All unknowns parameters can be computed thanks to Ward identities.
Setting x = (¢, %) = (w0, Z):
2mv 221+ 1

iazo<Tnx ;ny>oo + 655 . <T;x ; ny)oo =0= A® =

x2=0
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Sketch of the proof

Part 3/3: Ward identities

e All unknowns parameters can be computed thanks to Ward identities.
Setting x = (¢, %) = (w0, Z):
2mv 221+ 1
with Z; = Y00, Zi(wa). Also, let z = (xq,x1). Vertex Wls:

x2=0

iazo<Tnx ;ny>oo + 655 . <T;x ; ny)oo =0= A® =

du(Tjuziay i oo = i[0xz(Tay ,af )oo = byz(Tay ,af )oo]
. e ref _ { — ref — ref
(100 + 81)<Tn57¢£,g¢£o)< ) = Z0+0) [%&(TWEJW;J( ) — 6g»£<ng,o'¢£o'>( >]
Implication:  Zyo=Z(1+7), Z1 = Zv.(1—7).

e These relations allow to prove the universality of edge conductance G.
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Conclusions

Conclusions

e From a rigorous viewpoint, a lot is known for noninteracting topological
insulators, much less in the presence of many-body interactions.
e Today: interacting Hall systems with single-mode edge currents.
(a) Edge transport coeflicients, bulk-edge duality, Haldane relations.

(b) Two-point function: Spin-charge separation.

e Open problems:
(a) Multi-edge channels topological insulators?
(b) Weak disorder?
(¢) FQHE...?
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Thank youl

Ma
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