Manifestations of dynamical localization
in the random XXZ spin chain

Abel Klein

University of California, Irvine

with Alexander Elgart and Giinter Stolz
Many-body localization in the droplet spectrum of the random XXZ..., arXiv:1703.07483
Manifestations of dynamical localization in the disordered XXZ spin...., arXiv:1708.00474

Quantissima in the Serenissima Il
Mathematical challenges in classical & quantum statistical mechanics
Venice, 21-25 August 2017

Abel Klein Dynamical localization in the disordered XXZ spin chain


http://arxiv.org/abs/1703.07483
https://arxiv.org/abs/1708.00474

The random XXZ quantum spin chain Hamiltonian

The infinite XXZ chain in a random field is given by the Hamiltonian

H, = Z {% (I —ofofy) — i (ofof1 + Uf/cr,}-;l)} + )\Zw;/\/i,
icZ icZ

acting on ®;;, C?, C? = C? for all i, where
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The random XXZ quantum spin chain

The random XXZ quantum spin chain Hamiltonian
The infinite XXZ chain in a random field is given by the Hamiltonian

H, = Z {% (I —ofofy) — i (ofof1 + U?/U,}-;l)} + )\Zw;/\f;,
iz =
acting on ®;;, C?, C? = C? for all i, where

@ 0%, 07,07 are the Pauli matrices—c7, 07,07 act on Cz;
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The random XXZ quantum spin chain

The random XXZ quantum spin chain Hamiltonian
The infinite XXZ chain in a random field is given by the Hamiltonian

H, = Z {% (I —ofofy) — i (ofof1 + J?’U,)-/H)} + )\Zw,-/\f,-,
iz =
acting on ®;;, C?, C? = C? for all i, where

@ 0%,0”,07 are the Pauli matrices—o%, 07, 07 act on C?;

Q N =3(1-07) = (8 (1)> is the local number operator at site /.

1
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The random XXZ quantum spin chain Hamiltonian

The infinite XXZ chain in a random field is given by the Hamiltonian
H, = Z {% (I —ofofy) — i (ofof1 + J?’U,)-/H)} + )\Zw,-/\f,-,
icZ icZ
acting on ®;;, C?, C? = C? for all i, where

@ 0%,0”,07 are the Pauli matrices—o%, 07, 07 act on C?;

Q N =3(1-07) = (8 (1)> is the local number operator at site /.

i

© A > 1 (Ising phase of the XXZ chain);
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The random XXZ quantum spin chain Hamiltonian

The infinite XXZ chain in a random field is given by the Hamiltonian
H, = Z {% (I —ofofy) — i (ofof1 + J?’U,)-/H)} + )\Zw,-/\f,-,
i€z icZ
acting on ®;;, C?, C? = C? for all i, where

@ 0%,0”,07 are the Pauli matrices—o%, 07, 07 act on C?;

Q N =3(1-07) = (8 (1)> is the local number operator at site /.
© A > 1 (Ising phase of the XXZ chain);
©Q ) > 0 is the disorder parameter;
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The random XXZ quantum spin chain Hamiltonian

The infinite XXZ chain in a random field is given by the Hamiltonian
H, = Z {% (I —ofofy) — i (ofof1 + U’}-/UI)-/+1)} + )\Zw,-/\/,-,
i€z icZ
acting on ®;;, C?, C? = C? for all i, where

@ 0%, 07,07 are the Pauli matrices—c7, o7,

o7 act on C?;

Q N =3(1-07) = (8 (1)> is the local number operator at site /.

© A > 1 (Ising phase of theIXXZ chain);

©Q ) > 0 is the disorder parameter;

@ w = {wj};cy are independent identically distributed random variables
whose probability distribution p is absolutely continuous with a
bounded density, with {0,1} C supp p C [0, 1].
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The random XXZ quantum spin chain Hamiltonian

The infinite XXZ chain in a random field is given by the Hamiltonian

H, = Z {% (I —ofofy) — i (ofof1 + Jf’al)fﬂ)} + )\Zw,-/\/,-,
i€z i€z
acting on ®;;, C?, C? = C? for all i, where

y

@ 0%,0”,07 are the Pauli matrices—o%, 07, 07 act on C?;

Q N =3(1-07) = (8 C1)> is the local number operator at site /.
© A > 1 (Ising phase of theIXXZ chain);

©Q ) > 0 is the disorder parameter;

@ w = {wj};cy are independent identically distributed random variables
whose probability distribution p is absolutely continuous with a
bounded density, with {0,1} C supp p C [0, 1].

H,, is a self-adjoint operator on an appropriately defined Hilbert space .
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The random XXZ quantum spin chain Hamiltonian

The infinite XXZ chain in a random field is given by the Hamiltonian

H, = Z {% (I —ofofy) — i (ofof1 + Jf’al)fﬂ)} + )\Zw,-/\/,-,
i€z i€z
acting on ®;;, C?, C? = C? for all i, where

y

@ 0%,0”,07 are the Pauli matrices—o%, 07, 07 act on C?;

Q N =3(1-07) = (8 C1)> is the local number operator at site /.
© A > 1 (Ising phase of theIXXZ chain);

©Q ) > 0 is the disorder parameter;

@ w = {wj};cy are independent identically distributed random variables
whose probability distribution p is absolutely continuous with a
bounded density, with {0,1} C supp p C [0, 1].

H,, is a self-adjoint operator on an appropriately defined Hilbert space .
We have o(H,)={0}U {1 - %,oo) almost surely.
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XXZ chain Hamiltonian in finite intervals

Consider the finite interval [-L, L] = [-L,L]NZ, L € N, and set

L-1 L
HLL) = Z {% (I - UizUiZ+1) - ﬁ (070t + U,}/Uﬂl)} +A Z wilNi
i=—L i=—L
+BWN_L + M) on HP = & C?

ie[—L,L]
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XXZ chain Hamiltonian in finite intervals

Consider the finite interval [-L, L] = [-L,L]NZ, L € N, and set

L-1 L
HLL) = Z {% (I - UizUiZ+1) - ﬁ (070t + U,}/Uﬂl)} +A Z wilNi
i=—L i=—L
+BWN_L + M) on HP = & C?

ie[—L,L]

o We fix 3> 3(1— %), so

o(HP) = {0} U {[1- %,00) No(HP)} .

Abel Klein Dynamical localization in the disordered XXZ spin chain



XXZ chain Hamiltonian in finite intervals

Consider the finite interval [-L, L] = [-L,L]NZ, L € N, and set
L-1

L
HLSL) = Z {% (I - UiZUiz+1) - ﬁ (070t + UIYUIYH)} +A Z wilNi
i=—L i=—L

+BWN_L + M) on HP = & C?

ie[—L,L]

o We fix 3> 3(1— %), so

o(HP) = {0} U {[1- %,00) No(HP)} .

@ Unique ground state ¢y = @ZJ(()L) determined by N;v¢o = 0 for all /.
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XXZ chain Hamiltonian in finite intervals
Consider the finite interval [-L, L] = [-L,L]NZ, L € N, and set
L-1

L
HLSL) = Z {% (I - UiZUiz+1) - i (070t + O-I}/O--IY*F].)} +A Z wilNi
i=—L i=—L

+BWN_L + M) on HP = & C?

ie[—L,L]

o We fix 3> 3(1— %), so

o(HP) = {0} U {[1- %,00) No(HP)} .

@ Unique ground state ¢y = @béL) determined by N;v¢o = 0 for all /.

@ The spectrum of H(L) = H&L) is almost surely simple, so that its
normalized eigenvectors can be labeled as g, E € o(H(D).
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The droplet spectrum

The droplet spectrum for the free (A = 0) XXZ spin chain is given by

h=[1-%20-3)).
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The droplet spectrum

The droplet spectrum for the free (A = 0) XXZ spin chain is given by

h=[1-%20-3)).

We set
ho=[1-%02-0)1-%)] fr 0<s<1.
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Droplet localization

The droplet spectrum

The droplet spectrum for the free (A = 0) XXZ spin chain is given by

h=[1-%20-3)).
We set

ho=[1-%02-0)1-%)] fr 0<s<1.
Note that
hsCh if 0<6<1.
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The droplet spectrum
The droplet spectrum for the free (A = 0) XXZ spin chain is given by
h=[1-%20-3)).
We set
ho=[1-%02-0)1-%)] fr 0<s<1.

Note that
hsCh if 0<6<1.

Given an interval /, we set
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The droplet spectrum
The droplet spectrum for the free (A = 0) XXZ spin chain is given by
h=[1-%20-3)).
We set
ho=[1-%02-0)1-%)] fr 0<s<1.

Note that
hsCh if 0<6<1.

Given an interval /, we set

and let
G ={g:R — C Borel measurable, |g| < x/}.
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Droplet localization

Theorem (Localization in the droplet spectrum)

[m] = =
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Theorem (Localization in the droplet spectrum)

There exists a constant K > 0 with the following property:
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Theorem (Localization in the droplet spectrum)

There exists a constant K > 0 with the following property:
IfA>1 A>0,and 0 < d < 1 satisfy

A(S(A — 1))2 min {1, (5(A — 1))} > K,
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Droplet localization

Theorem (Localization in the droplet spectrum)

There exists a constant K > 0 with the following property:
IfA>1 A>0,and 0 < d < 1 satisfy

A(S(A — 1))2 min {1, (5(A — 1))} > K,

there exist constants C < co and m > 0 such that we have, uniformly in L,
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Droplet localization

Theorem (Localization in the droplet spectrum)

There exists a constant K > 0 with the following property:
IfA>1 A>0,and 0 < d < 1 satisfy

A(S(A — 1))2 min {1, (5(A — 1))} > K,

there exist constants C < co and m > 0 such that we have, uniformly in L,

El >INl INel | < Cem™i I forall ij e [~L, L],
EEU’L&(H(L))
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Droplet localization

Theorem (Localization in the droplet spectrum)

There exists a constant K > 0 with the following property:
IfA>1 A>0,and 0 < d < 1 satisfy

A(S(A — 1))2 min {1, (5(A — 1))} > K,
there exist constants C < co and m > 0 such that we have, uniformly in L,
E S INwell INell | < Cem™ =l forall i j e [-L, L],
Eeo—ll’é(H(L))

and, as a consequence,

E ( sup H./\/',-g(H(L))./\/}Hl) < Ce~™i=l for all i,j e [-L,1].
8EC 5
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Droplet localization

Theorem (Localization in the droplet spectrum)

There exists a constant K > 0 with the following property:
IfA>1 A>0,and 0 < d < 1 satisfy

A(S(A — 1))2 min {1, (5(A — 1))} > K,

there exist constants C < co and m > 0 such that we have, uniformly in L,

El Y |Nwell [Njgell | < Cem™ I forall i, j e [-L, L],
EEU’I,(S(H(L))

and, as a consequence,

E ( sup HJ\/',-g(H(L))/\/}Hl) < Ce~™i=l for all i,j e [-L,1].
8EC 5

We will say that we have droplet localization in an interval | if the
conclusions of the theorem hold in the interval /.

Abel Klein Dynamical localization in the disordered XXZ spin chain



Best possible interval for droplet localization

We proved droplet localization on intervals

ho=[1-%.02-00-3)]c[1-4.20-3).
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Droplet localization

Best possible interval for droplet localization

We proved droplet localization on intervals

ho=[1-%.02-00-3)]c[1-4.20-3).

Droplet localization for the random XXZ spin chain (in the sense of the
Theorem) is not possible outside the droplet spectrum.
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Best possible interval for droplet localization

We proved droplet localization on intervals

ho=[1-%.02-00-3)]c[1-4.20-3).

Droplet localization for the random XXZ spin chain (in the sense of the
Theorem) is not possible outside the droplet spectrum.

Theorem

Suppose we have droplet localization in the interval | = {1 — %, @}.

v
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Droplet localization

Best possible interval for droplet localization

We proved droplet localization on intervals

ho=[1-%.02-00-3)]c[1-4.20-3).

Droplet localization for the random XXZ spin chain (in the sense of the
Theorem) is not possible outside the droplet spectrum.

Theorem

Suppose we have droplet localization in the interval | = {1 — %, @}.
Then

©<2(1-4),

>

v

Abel Klein Dynamical localization in the disordered XXZ spin chain



Best possible interval for droplet localization

We proved droplet localization on intervals

ho=[1-%.02-00-3)]c[1-4.20-3).

Droplet localization for the random XXZ spin chain (in the sense of the
Theorem) is not possible outside the droplet spectrum.

Theorem

Suppose we have droplet localization in the interval | = {1 — %, @}.
Then

©<2(1-4),

>

that is, we must have

I=1h;s forsome 0<6<1.
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Preliminaries

¢ H = H,, will be a random XXZ spin chain satisfying droplet localization
in the interval | = | 5 = [1 — %, (2-0)(1— %)]
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Consequences of droplet localization

Preliminaries

¢ H = H,, will be a random XXZ spin chain satisfying droplet localization
in the interval | = | 5 = [1 — %, (2-0)(1— %)]

¢ P = x5(HW) for B C R, with PP = PP for E € .
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Preliminaries
¢ H = H,, will be a random XXZ spin chain satisfying droplet localization
in the interval | = I 5 = [1 - % 2-0)01- %)]

¢ P = x5(HW) for B C R, with PP = PP for E € .

¢h=[.c-0)1- Y] ~ul = PL=PPPD.
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Preliminaries

¢ H = H,, will be a random XXZ spin chain satisfying droplet localization
in the interval | = | 5 = [1 — %, (2-0)(1— %)}

¢ P = x5(HW) for B C R, with PP = PP for E € .

¢hb=1[0,2-0)(1-%)|~{ul = PP =p1+P".

o
¢ A local observable X with support J C [—L, L] is an operator on
®j€JC2, considered as an operator on (L) by acting as the identity on
spins not in J. We always take J to an interval. Supports of observables
are not uniquely defined.
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Preliminaries

¢ H = H,, will be a random XXZ spin chain satisfying droplet localization
in the interval | = | 5 = [1 — %, (2-0)(1— %)}

¢ P = x5(HW) for B C R, with PP = PP for E € .

¢hb=1[0,2-0)(1-%)|~{ul = PP =p1+P".

o
¢ A local observable X with support J C [—L, L] is an operator on
®j€JC2, considered as an operator on (L) by acting as the identity on
spins not in J. We always take J to an interval. Supports of observables
are not uniquely defined.

¢ Given a local observable X, we will generally specify a support for X,
denoted by Sx = [sx, rx]. We always assume () # Sx C [—L, L].
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Preliminaries

¢ H = H,, will be a random XXZ spin chain satisfying droplet localization
in the interval | = | 5 = [1 — %, (2-0)(1— %)}

¢ P = x5(HW) for B C R, with PP = PP for E € .

¢hb=1[0,2-0)(1-%)|~{ul = PP =p1+P".

o

¢ A local observable X with support J C [—L, L] is an operator on
®j€JC2, considered as an operator on (L) by acting as the identity on
spins not in J. We always take J to an interval. Supports of observables
are not uniquely defined.

¢ Given a local observable X, we will generally specify a support for X,
denoted by Sx = [sx, rx]. We always assume () # Sx C [—L, L].

®If0>1, we set ijg = (Sx)g = [SX — U, rx —i—ﬁ] N [—L, L].
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Preliminaries

¢ H = H,, will be a random XXZ spin chain satisfying droplet localization
in the interval | = | 5 = [1 — %, (2-0)(1— %)}

¢ P = x5(HW) for B C R, with PP = PP for E € .

¢hb=1[0,2-0)(1-%)|~{ul = PP =p1+P".

o

¢ A local observable X with support J C [—L, L] is an operator on
®j€JC2, considered as an operator on (L) by acting as the identity on
spins not in J. We always take J to an interval. Supports of observables
are not uniquely defined.

¢ Given a local observable X, we will generally specify a support for X,
denoted by Sx = [sx, rx]. We always assume () # Sx C [—L, L].

®If0>1, we set ijg = (Sx)g = [SX — U, rx —|—£] N [—L, L].
4 Given two local observables X, Y we set dist(X, Y) = dist(Sx,Sy).
Dynamical localization in the disordered XXZ spin chain



Time evolution in an energy window

The time evolution of a local observable X under H(1) is given by

7(X) = 7 (X) = ™ Xe Y for ¢ e R
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Consequences of droplet localization

Time evolution in an energy window

The time evolution of a local observable X under H(1) is given by

7(X) = 7 (X) = ™M Xe MY for teR.

Since we only have localization in the energy interval /, and hence also in

lo, we should only expect manifestations of dynamical localization in these
energy intervals.
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Time evolution in an energy window

The time evolution of a local observable X under H(1) is given by

7(X) = 7 (X) = ™M Xe MY for teR.

Since we only have localization in the energy interval /, and hence also in
lo, we should only expect manifestations of dynamical localization in these
energy intervals.

Thus, given an energy interval J, we consider the sub-Hilbert space

Ran PSL), spanned by the the eigenstates of H(L) with energies in J, and
localize an observable X in the energy interval J by considering its
restriction to Ran PSL),

x; = P xpb),
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Time evolution in an energy window

The time evolution of a local observable X under H(1) is given by

7(X) = 7 (X) = ™M Xe MY for teR.

Since we only have localization in the energy interval /, and hence also in
lo, we should only expect manifestations of dynamical localization in these
energy intervals.

Thus, given an energy interval J, we consider the sub-Hilbert space

Ran PSL), spanned by the the eigenstates of H(L) with energies in J, and
localize an observable X in the energy interval J by considering its
restriction to Ran PSL),

X; = PO xpP®.
Clearly 7t (X)) = (e (X)),
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Consequences of droplet localization

Non-spreading of information in the interval I,

o (w1 =
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Consequences of droplet localization

Non-spreading of information in the interval I,

Theorem

There exists C < oo, independent of L, such that for all local observables
X, teR and ?¢ >0,
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Consequences of droplet localization

Non-spreading of information in the interval I,

Theorem

There exists C < oo, independent of L, such that for all local observables
X, t € R and (>0, there is a local observable X,(t) = (X,(t)),, with
support Sx g,
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Consequences of droplet localization

Non-spreading of information in the interval I,

Theorem

There exists C < oo, independent of L, such that for all local observables
X, t € R and (>0, there is a local observable X,(t) = (X,(t)),, with
support Sx ¢, satisfying

E (sup H(Xg(t) =7t (X)),
teR

1) < C[[X[le 1.
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Consequences of droplet localization

Non-spreading of information in the interval I,

Theorem

There exists C < oo, independent of L, such that for all local observables
X, te€R and (>0, there is a local observable X,(t) = (X,(t)), with
support Sx ¢, satisfying

E (sup H(Xg(t) =7t (X)),
teR

1) < C[[X[le 1.

X;=(X,), = the theorem holds with / substituted for /.
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Consequences of droplet localization

Zero-velocity Lieb-Robinson bounds

o (w1 =

a
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Zero-velocity Lieb-Robinson bounds

Theorem
The following holds uniformly in L:
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Zero-velocity Lieb-Robinson bounds

Theorem
The following holds uniformly in L:

. (S“{g e (X0), Y/]|I1> < C||X|]| Y|[e~smdistXY)
te
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Zero-velocity Lieb-Robinson bounds

Theorem
The following holds uniformly in L:

E (squll[Tt (X/),Y/HII) < C|IX]|||| Y ||e~8mdist(X.Y),
te

E (suﬂg 17t (Xi) s Yio] — (¢ (X) PoY — YPore (X)),Hl) (1)
te
< X[ Y [le~smdisttX.Y),

E < sup ||[[7e (Xi,) , 75 (Y3)] 5 Zlo]||1>

t,seR

< CHXH ” YH ||Z||e—%mmin{dist(X,Y),dist(X,Z),dist(Y,Z)}‘

o
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Zero-velocity Lieb-Robinson bounds

Theorem
The following holds uniformly in L:

- (S“{é Ire (%) Y/1||1> < CIIX|IY flesmeisxY),
te

E (fgﬂg 17t (Xio) > Yio] = (72 (X) PoY — YPore (X))/H1> (1)

—Lmdis
< C[IX]|[|Y|le™s M),
E <sup [ (X/o),TS(Y/o)]aZ/o]||1>
t,seR

< CHXH || YH ||Z||e—%mmin{dist(X,Y),dist(X,Z),dist(Y,Z)}‘

Moreover, the estimate (1) is not true without the counterterms.

v
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Correlators

We define the truncated time evolution of an observable X in the energy
window / by (H = HM),

7 (X) = etiXe i where H; = HP;.
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Consequences of droplet localization

Correlators

We define the truncated time evolution of an observable X in the energy
window / by (H = HM),

7 (X) = etiXe i where H; = HP;.
Note that (7/ (X)) = (7 (X)), = ¢ (X)).
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Consequences of droplet localization

Correlators

We define the truncated time evolution of an observable X in the energy
window / by (H = HM),
7 (X) = etiXe i where H; = HP;.

Note that (7/ (X))I = (7:(X)), = 7 (X)).

The correlator operator of two observables X and Y in the energy window
I 'is given by (P, =1— P))

Ri(X,Y) = PIXPYP = (XY), — X Y.
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Correlators

We define the truncated time evolution of an observable X in the energy
window / by (H = HM),

(X)) = et Xe= ™1 \where H, = HP,.
Note that (7/ (X)) = (7 (X)), = ¢ (X)).

The correlator operator of two observables X and Y in the energy window
I 'is given by (P, =1— P))

Ri(X,Y) = PIXPYP = (XY), — X Y.

If E is a simple eigenvalue with normalized eigenvector g, we have, with
RE(X7 Y) = R{E}(Xv Y),

tr (Re(X,Y)) = (Ye, XYE) — (VE, XVE) (VE, YVE).
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Correlators
We define the truncated time evolution of an observable X in the energy
window / by (H = HM),

7 (X) = etiXe i where H; = HP;.

Note that (7/ (X)) = (7 (X)), = ¢ (X)).
The correlator operator of two observables X and Y in the energy window
I 'is given by (P, =1— P))

Ri(X,Y) = PIXPYP = (XY), — X Y.

If E is a simple eigenvalue with normalized eigenvector g, we have, with
RE(X7 Y) = R{E}(Xv Y),

tr (Re(X,Y)) = (Ve, XYbE) — (e, XE) (VE, YVE).
We are interested in quantities of the form (K C /)

Re(rl (X).Y) = (7 (X)Y) = (7 (X)) . Yic = (L (X) Y), =7 (Xc) Yic-

Abel Klein Dynamical localization in the disordered XXZ spin chain



Consequences of droplet localization

Dynamical exponential clustering

Theorem

For all local observables X and Y we have, uniformly in L,

m]

(=)

a
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Dynamical exponential clustering

Theorem
For all local observables X and Y we have, uniformly in L,

E(S“P > !”(RE(THX)’Y))\)scuxuuvuemdist(xv”,

R Ecg(HW)
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Dynamical exponential clustering

Theorem
For all local observables X and Y we have, uniformly in L,

E(S“P > !”(RE(THX)’Y))\)scuxuuvuemdist(xv”,

R Ecg(HW)

Elsup > [tr(Re(re (X)), YD)l < C|IX||||Y ||~ mdistX.Y),
teR Eco (HD)
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Consequences of droplet localization

Dynamical exponential clustering

Theorem

For all local observables X and Y we have, uniformly in L,

E (S”P > fer(Rete! (X),Y))\) < CIIX[|Y e~ mdistXY),

R Ecg(HW)

R Ecq(HWD)

E (Sup > ltr(Re(m (X/),Y/))|) < CX|| Y [|e=mdistXoY)
and

E <sup tr (R,(Tt’ (X), Y))D < CHX”Hy”e—mdist(x,y)'
teR
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Consequences of droplet localization

General dynamical clustering

m]
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Consequences of droplet localization

General dynamical clustering
Theorem

Fix an interval K = [1 — %x,0] C h 5, and a € (0, 1).

m]
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Consequences of droplet localization

General dynamical clustering
Theorem

Fix an interval K = [1 — %,0] C h 5, and o € (0,1). There exists i > 0,
such that for all local observables X and Y we have, uniformly in L,
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Consequences of droplet localization

General dynamical clustering

Theorem

Fix an interval K = [1 — %,0] C h 5, and o € (0,1). There exists i > 0,
such that for all local observables X and Y we have, uniformly in L,

<§2£HRK( tK(X)7Y) - (TtK(X)POY"‘TtK(Y) POX)KH)

< C(1-+In (min {1Sx], Sy [}) X[ Y [le” PstX )"
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Consequences of droplet localization

General dynamical clustering

Theorem

Fix an interval K = [1 — %,0] C h 5, and o € (0,1). There exists i > 0,
such that for all local observables X and Y we have, uniformly in L,

<§2£HRK( tK(X)yy) - (TtK(X)POY"‘TtK(Y) POX)KH)

< C(1-+In (min {1Sx], Sy [}) X[ Y [le” PstX )"

Moreover, the estimate is not true without the counterterms
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General dynamical clustering

Theorem

Fix an interval K = [1 — %,0] C h 5, and o € (0,1). There exists i > 0,
such that for all local observables X and Y we have, uniformly in L,

© (spJe (700 ) - (s 00RY 1 2ox),

teR

< C 1+ In (min {|Sx| Sy 1) X[ Y fle~MEstxvD*,

Moreover, the estimate is not true without the counterterms.

While it is obvious where the first counterterm comes from, the same is
not true of the second, where the time evolution seems to sit in the wrong
place: it is 7/ (Y) and not 7/ (X).
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General dynamical clustering

Theorem

Fix an interval K = [1 — %,0] C h 5, and o € (0,1). There exists i > 0,
such that for all local observables X and Y we have, uniformly in L,

© (spJe (700 ) - (s 00RY 1 2ox),

teR
< C 1+ In (min {|Sx| Sy 1) X[ Y fle~MEstxvD*,

Moreover, the estimate is not true without the counterterms.

While it is obvious where the first counterterm comes from, the same is
not true of the second, where the time evolution seems to sit in the wrong
place: it is 7/ (Y) and not 7/¢ (X). It turns out this term encodes
information about the states above the energy window K, and the
appearance of 7/C (Y) is related to the reduction of this data to Po.
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Some flavor of the proofs

Decomposition of local observables

o (w1 =

a
Abel Klein Dynamical localization in the disordered XXZ spin chain



Decomposition of local observables

Given a local observable X, we define projections P(ix) by

PY= & L(1+07) and PX=1-p).
JESX
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Decomposition of local observables
(X)

Given a local observable X, we define projections P’ by

PY= & L(1+07) and PX=1-p).
JESX

Note thatP <ZI€S _/\[ and P( )P _P P( ) =0.
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Decomposition of local observables
(X)

Given a local observable X, we define projections P’ by

PY= & L(1+07) and PX=1-p).
JESX

Note thatP <ZI€S _/\[ and P( )P _P P( ) =0.

We have X' =3, hery ) X2b  where X = P‘-S,X)XPI(JX)_
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Some flavor of the proofs

Decomposition of local observables

Given a local observable X, we define projections P(ix) by

P =R l1+o7) and PY)=1- PP
JESX

Note that P < ZIES _/\/ and P( )P — P P( ) =0.
We have X =3, by ) X2b where X2b = P‘-S,X)XPl(?X)_
Moreover, since PSFX) is a rank one projection on Hs,, we must have
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Some flavor of the proofs

Decomposition of local observables

Given a local observable X, we define projections P(ix) by

P =R l1+o7) and PY)=1- PP
JESX

Note that P <Z,€3 N; and PR Py = poPX) = 0.
We have X =3, peqp_y X>,  where X0 = PYIXPL.
Moreover, since PSFX) is a rank one projection on Hs,, we must have
Xt+ = (xPY), where (x €C, [¢x| <[IX].
In particular,

(X=¢x)"" =0 and [X—¢x| <2)X],

so we can assume X =0 in the proofs.
Dynamical localization in the disordered XXZ spin chain



Consequences of droplet localization

Lemma

Let X, Y be local observables, { > 1. Then

E ( sup
gEGy,

E (HP(_Y)P(_X)P/OHJ < Ce—3mdist(X,Y)

‘P(_X)g(H) P(_Y) H1> < Ce™m dist(X,Y)

E <sup P( ) (Sx‘l) ) < Ce ™
1€G, 1

E ( sup Sy g(H)P( ) < Ce—m(dist(X,Y)—2£)
geG 1 o
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Non-spreading of information- Sketch of proof

To prove: Given a local observables X, t € R and ¢ > 0, there is a local
observable X,(t) = (X,(t)), with support Sx / satisfying

<supH (Xe(£) = 7 (X)),

< X5,
teR 1
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Some flavor of the proofs

Non-spreading of information- Sketch of proof

To prove: Given a local observables X, t € R and ¢ > 0, there is a local
observable X,(t) = (X,(t)), with support Sx / satisfying

<5UPH (Xe(t) — 7 (X ))/0

teR

Sketch of proof: Let Sx = [sx, rx], recall Sx ¢ = [sx — ¢, rx + {], and set

O =[-LL\Sx e =[-Lsx—5)U(rx+3,L]

TZS)(’gﬂO:[Sx—E,Sx—%)U(rx-l-%,rx—i-f]
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Non-spreading of information- Sketch of proof

To prove: Given a local observables X, t € R and ¢ > 0, there is a local
observable X,(t) = (X,(t)), with support Sx / satisfying

<5UPH (Xe(t) — 7 (X ))/0

teR

Sketch of proof: Let Sx = [sx, rx], recall Sx ¢ = [sx — ¢, rx + {], and set

O =[-LL\Sx e =[-Lsx—5)U(rx+3,L]
TZSXJQOZ[Sx—E,Sx—%)U(rx-l-%,rx—i-f]

We first prove that

E ( sup
teR
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Some flavor of the proofs

We now observe that for all observables Z we have
(@] (@] 0) =
P zplO) = 7p(@) — plO) 7,

where Z is an observable with S5 = Sy ¢ and 1Z]| < 11Z]|.
2
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Some flavor of the proofs

We now observe that for all observables Z we have
1) o 0) 3
P zplO) = 7p(@) — plO) 7,

where Z is an observable with S5 = Sy ¢ and 1Z]| < 11Z]|.
2
We conclude that

E ( sup
teR

(P97 () - 7))

) < C[[X[le 1

IO].
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We now observe that for all observables Z we have

P zplO) = 7p(@) — plO) 7,

where Z is an observable with S5 = Sy ¢ and 1Z]| < 11Z]|.
2
We conclude that

E ( sup
teR

Since PiO)Tt (X},) does not have support in Sx ¢, we now define

(P97 () - 7))

) < Cl|X e ™.

IO].

Xo(t) = PSLT)TT(\)G) for teR,

an observable with support in S, ( UT = Sx_,
2
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We now observe that for all observables Z we have

P zplO) = 7p(@) — plO) 7,

where Z is an observable with S5 = Sy ¢ and 1Z]| < 11Z]|.
2
We conclude that

E ( sup
teR

Since P(+O)Tt (X},) does not have support in Sx ¢, we now define

(P97 () - 7))

)scwxm—$m.

IO].

Xo(t) = PSFT)TT(\)G) for teR,

an observable with support in Sy ¢ UT = Sx ¢, and prove
’2

E ( sup
teR
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Some flavor of the proofs

The following lemma is an adaptation of an argument of Hastings , which
combines the Lieb-Robinson bound with estimates on Fourier transforms.
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Some flavor of the proofs

The following lemma is an adaptation of an argument of Hastings , which
combines the Lieb-Robinson bound with estimates on Fourier transforms.

Lemma

Let o € (0,1), and consider a function f € C2°(R) such that

’?(t)’ < CGre ™It forall |t > 1.
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Some flavor of the proofs

The following lemma is an adaptation of an argument of Hastings , which
combines the Lieb-Robinson bound with estimates on Fourier transforms.
Lemma

Let o € (0,1), and consider a function f € C2°(R) such that
’?(t)’ < Cre~™1" forall |t] > 1.

Then for all local observables X and Y we have, uniformly in L,
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Some flavor of the proofs

The following lemma is an adaptation of an argument of Hastings , which
combines the Lieb-Robinson bound with estimates on Fourier transforms.
Lemma

Let o € (0,1), and consider a function f € C2°(R) such that
’?(t)’ < Cre~™1" forall |t] > 1.
Then for all local observables X and Y we have, uniformly in L,
HXf(H)Y - /Re—"f”vf, (X) F(r)dr

,Ac
< GIXI Y (1+][[F|,) e micse”,
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Some flavor of the proofs

The following lemma is an adaptation of an argument of Hastings , which
combines the Lieb-Robinson bound with estimates on Fourier transforms.
Lemma

Let o € (0,1), and consider a function f € C2°(R) such that
’?(t)’ < Cre~™1" forall |t] > 1.
Then for all local observables X and Y we have, uniformly in L,
HXf(H)Y - /Re—"f”vf, (X) F(r)dr

;2‘
< GIXI Y (1+][[F|,) e micse”,

XF(H)Y — /R ey T, (X)F(r)dr = /R e 7, (X), Y]F(r) dr.
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Some flavor of the proofs

The following lemma is an adaptation of an argument of Hastings , which
combines the Lieb-Robinson bound with estimates on Fourier transforms.
Lemma

Let o € (0,1), and consider a function f € C2°(R) such that
’?(t)’ < Cre~™1" forall |t] > 1.
Then for all local observables X and Y we have, uniformly in L,
HXf(H)Y - /Re—"f”vf, (X) F(r)dr

;2‘
< GIXI Y (1+][[F|,) e micse”,

XF(H)Y — /R ey T, (X)F(r)dr = /R e 7, (X), Y]F(r) dr.

The commutator can be estimated by the Lieb-Robinson bound.
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Some flavor of the proofs
Lemma

Let K =[O0, ©2] and f € C°(R) with supp f C [ar, br].

m]
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Some flavor of the proofs
Lemma

Let K =[O0, 03] and f € C°(R) with supp f C [af, br]. Then for all
local observables X and Y we have

/R (e ™yr, (X)), H(r)dr = /R (™Y (P72 (X)) F(r)dr,

o« = = z 9a
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Some flavor of the proofs

Lemma

Let K =[O0, 03] and f € C°(R) with supp f C [af, br]. Then for all
local observables X and Y we have

/R (e ™yr, (X)), H(r)dr = /R (™Y (P72 (X)) F(r)dr,

where
Kr =K+ K —suppf C [20¢ — bf, 20, — a¢].

[} [ = =
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Some flavor of the proofs

Lemma

Let K =[O0, 03] and f € C°(R) with supp f C [af, br]. Then for all
local observables X and Y we have

/R (e ™yr, (X)), H(r)dr = /R (™Y (P72 (X)) F(r)dr,

where
Kr =K+ K —suppf C [20¢ — bf, 20, — a¢].

For E, E' € K we have
P ( / =My r (X)F(r) dr) Pe — PeYF(E + E' — H)XPg:
R

— PeYP F(E + E' — H)XPg: = Pe ( / MY (P} 7, (X) ?(r)dr) Per.
R
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Interval for droplet localization- Sketch of proof

To prove: Droplet localization in | = {1 — %,@1] — 0;< 2(1 _ %)
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Interval for droplet localization- Sketch of proof

To prove: Droplet localization in | = {1 - %,@1} — 01 <2(1- %).

Sketch of proof: Let ©g =1 — % and suppose ©1 > 20g. Let
K= [@0,@2], where ©g < ©; < ©1, and € = min {@1 — 2@2,@0} > 0.
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Some flavor of the proofs

Interval for droplet localization- Sketch of proof
To prove: Droplet localization in | = {1 - %,@1} — 07 <2(1- %)
Sketch of proof: Let ©g =1 — % and suppose ©1 > 20g. Let

K= [@0,@2], where ©g < ©; < ©1, and € = min {@1 — 2@2,@0} > 0.

Fix a Gevrey class function h such that

. 1
0<h<1,supphC (—¢,¢), h(0)=1, and ‘h(t)‘ < Ce~cltl?
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Some flavor of the proofs

Interval for droplet localization- Sketch of proof

To prove: Droplet localization in | = {1 - %,@1} — 01 <2(1- %).

Sketch of proof: Let ©g =1 — % and suppose ©1 > 20g. Let
K= [@0,@2], where ©g < ©; < ©1, and € = min {@1 — 2@2,@0} > 0.
Fix a Gevrey class function h such that

. 1
0<h<1,supphC (—¢,¢), h(0)=1, and ‘h(t)‘ < Ce~cltl?

Note that Py = h(H).
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Some flavor of the proofs

Interval for droplet localization- Sketch of proof

To prove: Droplet localization in | = {1 - %,@1} — 07 <2(1- %)
Sketch of proof: Let ©g =1 — % and suppose ©1 > 20g. Let

K= [60,92], where ©g < ©; < ©1, and € = min {@1 — 2@2,@0} > 0.
Fix a Gevrey class function h such that

. 1
0<h<1,supphC (—¢,¢), h(0)=1, and ‘h(t)‘ < Ce~cltl?

Note that Py = h(H).
Let X, Y be local observables with X™" = Y™ = 0. The Lemmas yield

[(XPoY) il = [(Xh(H) Y )|l
. 1
< CIX| Y e ™ @YD L Chsup ||(YPi, 7+ (X))l
reR

where K}, C [290 —£,20, —|—€] - [@0,6)1] =1.
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We can prove

’ <s‘éﬂ§ [(YP: (X))KH> < CIX| Y e smasten,

o (w1 = = =
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We can prove

= (sup 7P Nl ) = €xt 1
reR
so we conclude that

Fmdist(X,Y)
?

. 1
E([[(XPoY)kl) < CIX| ||| e~ maldist(X.¥)>

o (w1 =

a
Abel Klein Dynamical localization in the disordered XXZ spin chain



Some flavor of the proofs

We can prove
; (s“" 1VPrr- (X»K\') < CJIX| |y e dmdstn),
reR
so we conclude that

E(|[(XPoY)ill) < C[IX]||| Y] e~ maldistX:¥))2

In particular, it follows that we have, uniformly in L,

JE(H(J,.XP(S“UJ.X)KH)gce—mﬂ“—fl)% forall ije[-L L. (2)
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Some flavor of the proofs

We can prove
B (Sgﬂg (VP (X»KH) < CIXyfemsmesOen,
;

so we conclude that
E(I(XPoY)kll) < CIX] ||| el V)2,
In particular, it follows that we have, uniformly in L,
JE(H( XP(L ) H) < Ce_’"2(|’_1|)2 forall i,je[-LL]. (2)

But we can show that for all i,j € Z with |/ — j| > Rk, we have

& (iminf| (o7 A155) ) 2 2 > 0 ®)
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We can prove

; (Sé{i |V <X>>K>|> < CIX Yo bmemoxy),
r

so we conclude that
E(I(XPoY)kll) < CIX] ||| el V)2,
In particular, it follows that we have, uniformly in L,
JE(H( XP(L ) H) < Ce_’"2(|’_f‘)2 forall i,je[-LL]. (2)

But we can show that for all i,j € Z with |/ — j| > Rk, we have

= (imind (o7 #875), ) 2 > ®)

(2) and (3) give a contradiction — ©; < 20,.
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