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Landauers Principle

Landauer ‘61

e Small system § interacting with environment £ of
hamiltonian hg at temperature 37!

2 Venice, 22/8/17



Landauers Principle

Landauer ‘61

e Small system & interacting with environment £ of
hamiltonian hg at temperature 37!

Initial state p' and Gibbs state & = exp|—Bhs]/Z
Evolution of S+ & : unitary op. U on Hs® Heg
Final states p' = Tre(Up' @ £U*) , ¢ = Trg(Up' @ £U)

2 Venice, 22/8/17



Landauers bound
e Decrease of entropy: ASs := S(p') — S(p')

e Increase of energy:  AQg := Tr(heé') — Tr(he')
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Landauers bound
e Decrease of entropy: ASs := S(p') — S(ph)

e Increase of energy:  AQg := Tr(heé') — Tr(he')

* Computation: [ASS +o0 = 5AQ£]

with entropy production o= S(Up' ® & U*|p' @ &) > 0

where S(n|v) :=Tr (n(logn — log 1/)) > 0 relative entropy
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Landauers bound
e Decrease of entropy: ASs := S(p') — S(ph)

e Increase of energy:  AQg := Tr(heé') — Tr(he')

* Computation: (ASS +o= 5AQ£]

with entropy production o= S(Up' ® & U*|p' @ &) > 0

where S(n|v) :=Tr (n(logn — log 1/)) > 0 relative entropy

Landauer’s bound: [AQgZ 6_1A5'5]
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Adiabatic saturation of the bound

e Infinite dimensional Hg¢ Jaksic & Pillet ‘14

e Time dependent Hamiltonian hge +hs+ v(t/T)
adiabatic scaling T—o0

o Let Upr = Up(T), formally.
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Adiabatic saturation of the bound

e Infinite dimensional Hg¢ Jaksic & Pillet ‘14

e Time dependent Hamiltonian hge +hs+ v(t/T)
adiabatic scaling T—o0

o Let Upr = Up(T), formally.

Then: [ iy o7 = 0 ]

Benoist, Fraas, Jaksic & Pillet ‘16

Full statistics in:
4 Venice, 22/8/17



Repeated Interaction Systems

Kimmerer, Maassen ‘00, Attal, Pautrat ‘05, Bruneau, J., Merkli ‘06-14

e Structured environment &:
Infinite chain of independent quantum “probes”

E=E+E+E+  Ept+Err

e Small system § interacts with the probes in sequence
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Repeated Interaction Systems

Kimmerer, Maassen ‘00, Attal, Pautrat ‘05, Bruneau, J., Merkli ‘06-14

e Structured environment &:
Infinite chain of independent quantum “probes”

E=E+E+E+  Ept+Err

e Small system § interacts with the probes in sequence

e.g. Meschede et al ‘85
Haroche et al ‘01

e Example: "One atom MASER"
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Probe & | Ery he *
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¥ Tr(exp —Brhe,) >
Akvk
Pk—1
S, hs
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o S \ -EA. 1. ]l‘g}. | £k+13 hfgk 1
Probe & %\ - e +
VoQ
N @

gi ': exp _,Bkhffk
Pk—1
S,hs
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< § 25/1- -1./15\_ gk+17h’5~
Probe & %\ N L . @
06 &
O@®

fi .: exp _erhSk

k Tr(exp —fBrhe, ) ~——
Ui = exp (= ii(hs @1d+1d © he, + M) |y 0
State of S after k probes: o
O = Trgk(Uk(pk—l ® fk)Uk) S, hs
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Probe &

. exp —fihe,

Sk 1= Tr(exp —Brhe,)

Uy = exp (— itk (hs ® Id + 1d ® hg, +Akvg)) Ak Uk
State of S after k probes: =
Ok = Trgk(Uk(pk—l ® §k)Uk) S, hs

Trace class op. Z;1(Hs)

Li: Ti(Hs) — Z1(Hs)
n — Trgk(Uk(ﬂ@)g;g)UI:)

s.t. Pk = ﬁkﬁkgl - Lyp!

Venice, 22/8/17



Reduced Dynamics Operator Ly

e Completely positive & trace preserving (CPTP)

e Contraction operator on Zi(Hs): || Lk |, <1

e Admits an invariant state:

e Spectrum:

r 1esp(Ly)

sp(Lk)
R

B
S

1 >
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Landauers principle for RIS Step by step

e Entropy balance eq.: ASk + ox = BrAQk
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Landauers principle for RIS Step by step

e Entropy balance eq.: ASk + ox = BrAQk

T T T
e First T steps: Z ASk + Z O = Z BrAQy
k=1 k=1 k=1

N——r

= O
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Landauers principle for RIS Step by step

e Entropy balance eq.: ASk + ox = BrAQk

T T T
o First T steps: Z ASy + Z O = Z BrAQk
k=1 k=1 k=1

N——

= O

e Landauers bound for RIS:

T
S(p') = S(p) <) BrAQy
k=1

8 Venice, 22/8/17



Adiabatic changes in probes

e Sampling from C? functions on [0, 1]
0,1] 5 s = L(s) € B(Zi(Hs))
£k — £k,T .= £(l€/T)
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Adiabatic changes in probes

e Sampling from C? functions on [0, 1]
0,1] 5 s = L(s) € B(Zi(Hs))
Lk — £k,T .= £(/€/T)

e Example: slow variation of temperatures only
k

Brr = B(7)

e Variations are O(T™)

9 Venice, 22/8/17



Discrete Non-Unitary Adiabatic Thm.

Assumptions for all s€[0,1] :
e L(s)isC’ (simplif.)
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Discrete Non-Unitary Adiabatic Thm.

Assumptions for all s€[0,1] : 1R

e L(s)isC’ (simplif.) /
'\ R
» spr L(s) =1 \ T
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Discrete Non-Unitary Adiabatic Thm.

Assumptions for all s€[0,1] : 4R
e L(s)is C’ (simplif.) /

)\ R
e spr L(s) =1 \ ——
e Simple periph. spectrum, sp L(s)NS1

& P(s) the proj. on spL(s) NSt is C?
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Discrete Non-Unitary Adiabatic Thm.

Assumptions for all s€[0,1] : 4R
e L(s)is C’ (simplif.) /

*\ R
QSPI'E(S):]_ B
e Simple periph. spectrum, sp L(s)NS1

& P(s) the proj. on spL(s) NSt is C?

e With Q(s):=1d—-P(s), £:= sup spr L(s)Q(s) <1

s€[0,1]

10 Venice, 22/8/17



Ergodicity assumption Simplif.

o Let P(s) <-> {1} = spL(s) NSt <=> piTlV:P(s)pi?lv
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Ergodicity assumption Simplif.
o Let P(s) <-> {1} = spL(s) NSt <=> piTlV:P(s)pi?lv

and p' a faithful state

[ pr =Ly Lap' = pilcll/VT+O(1/(T(1 —0)) + (%) }
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Ergodicity assumption Simplif.
o Let P(s) <-> {1} = spL(s) NSt <=> ,OSW:P(S),OL‘“’

and p' a faithful state

(oo~ o

e Rem: control over L.L;_1---L1 In general

e Unitary discrete Dranov, et al ‘98, Tanaka ‘11
Non-unitary Abou-S. et al ‘05, J. ‘07, Avron et al ‘12, Schmidt ‘14

11 Venice, 22/8/17



Two step Measurement Protocol

Horowitz, Parrondo ‘13

e Assume he, = 5%, E,§k>n,§k) , &k = exp(—Brhe,)/ 2y
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Two step Measurement Protocol

Horowitz, Parrondo ‘13

e Assume =4 EF , &k = exp(=Brhe,)/Z
e Lot A= (A) (A) , B=Y :U?(;B)’]Tz(B) on S
& {hé‘k}ke{l,...,T} on &
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Two step Measurement Protocol

Horowitz, Parrondo ‘13

e Assume hgk: = Z'Ciizl E,L(k)H,Ek) , gk = eXp(_ khgk, /Zk:

e Lot A= (A) (A) , B=Y MgB)WfEB) on S
& {hé'k}ke{l,...,T} on &
e Protocol: measure A &{hg, } at initial time,

evolve & measure B &{hg, } at final time 7.
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Two step Measurement Protocol

Horowitz, Parrondo ‘13

e Assume Zz 1 E gk = eXp( Bkhgk /Zk:

e Lot A= (A) (A) , B=Y :U?(;B)’]Tz(B) on S
& {hé‘k}ke{l,...,T} on &

e Protocol: measure A &{hg, } at inifial time,

evolve & measure B &{hg, } at final time 7.

e QM Proba. IP(T)( b,fz:j) of outcomes is

[ 107 Uy (Y 11 (¢ 9Z) (D ST - U niP w11 ) |

where ==@®;_ &, i= ()i, , T;=1 @I . oI

19 Venlce 22/8/17T



Fluctuations in Landauers Principle

e Quantum Trajectory

W = ((]J7 b, ;, ;) OF pf‘Oba [Pg) (CL, b7 ’_.’7 7)
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Fluctuations in Landauers Principle

e Quantum Trajectory

w=(a,bi,j) of Proba.  P3 (a,b,i,7)
o Let Yi=pBhs,, Y=%,,Y% & comm. hyp.
Consider
T f
bl p'b s
ortw) =S AEY - B~ g SER o= @b
k=1
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Fluctuations in Landauers Principle

e Quantum Trajectory

w=(a,bi,j) of Proba. P (a,b,7,7)

¢ Let Yi=5Bhe, Y=3, Y% & comm. hyp.
Consider
T
bl p'h > =
or(w) = ZB (E(k) Ez(f)) — log éa‘ziaé w=(a,b,i,7).
k=1

T
e Fact [E[P(T) or(w ZBkAQk — (S(p") = S(p) = ZO’C
k=1

e Rem: sfrai‘egy from  Benoit, 1I=3rc1cxs, Jaksic, Pillet '16 Venice, 22/8/17



Distorted Reduced Dynamics Operator

e Simplif: A=I, B=1 & measure Y =3, v, only

e RV:Variation AY =Y|r—Y| Yo = 22215k Ez(f)
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Distorted Reduced Dynamics Operator

e Simplif: A=1, B=1 & measure Y =3, Y, only
e RV:Variation AY =Y|r—-Y] Y = ZA-T;:1ﬁk Ez(f)

e Characteristic Function

¢T( L mAY Z |];) —’ _-’ 7” J”_'J*)
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Distorted Reduced Dynamics Operator

e Simplif: A=I, B=1 & measure Y =3, v, only

e RV:Variation AY =Y |r—-Y|o Y = Zgzlﬁk Ez(f)

e Characteristic Function

(bT( L mAY Z |];) —’ _" ’” J”_'J)

e Computation: ¢ér(a) :tl“s((ﬁT,T(Oé)O'“OEl,T(a))Pi) where

[ Lrr(a):petrg, o [Ulp ® &) (1@ e UL (1 @ )] J

e Rem: AKin to Jaksic, Pillet, Westrich ‘14 |
14 Venice, 22/8/17



Distorted Reduced Dynamics Operator Li(«)

- (L4 (0))
e Perturbation: " ZE(CZ(OK))

a e C, |Of‘ small

/\iR

er() ev. of largest modulus
ek.,(()) =1

15

Venice, 22/8/17



Distorted Reduced Dynamics Operator Li(«)

Sp z:k(o 1R

e Perturbation:
o sp(Li(a

aeC, |al small

ex(a) ev. of largest modulus / ;
6;3(0) 1 K

e Normalisation:

Es (@) := Sl

es(a)

15 Venice, 22/8/17



Asymptotics of Characteristic Function

a€C, |al small with Ls(a) = fj((g))
1 1 B .
— log ¢r(a) Zlogek —log Tr[Lrr(e) - L1r(a)p]
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Asymptotics of Characteristic Function

a€C, |al small with Ls(a) = f:((g))
1 1 ~ :
— log ¢r(a) Zlogek —log Te[Lyr(a) -+ La(a)p]
1
b loges(a)ds adiab. thm

0
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Asymptotics of Characteristic Function

a € C, |al small with Ls(a) := f;((g))
1 1 ~ !
— log ¢7(a) Zlogek = log Tr[Lrr(a) - L17(a)p]
1
b loges(a)ds adiab. thm
. HIPR ‘17

e Law of Large Numbers I]Z[P(T) (or(w))~ AT, Ay >0
F
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Asymptotics of Characteristic Function

a€eC, |al small with Ls(a) := ij((g))
1 1 = .
— log ¢7(a) Zlogek = log Tr[Lrr(a) - L17(a)p]
1
TR loges(a) ds adiab. thm
’ HIPR ‘17

e Law of Large Numbers [E[P(T) (or(w))~ AT, Ay >0
F

. or(w)—A1T
e Central Limit Theorem T(\)/T = — N(0, Ay)
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Asymptotics of Characteristic Function

a€eC, |al small with Ls(a) = i;ég))
1 1 N .
— log ¢7(a) Zlogek = log Tr[Lrr(a) - L17(a)p]
1
TR log es(ar) ds adiab. thm
e HIPR ‘17

e Law of Large Numbers [E[P(T) (or(w))~ AT, Ay >0
F

o or(w)—A1T
e Central Limit Theorem T(\)/T = — N(0, As)

e Large Deviations Principle beyond perturb. regime
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Asymptotics of Characteristic Function

a€eC, |al small with Ls(a) := ij((g))
1 1 = .
— log ¢7(a) Zlogek = log Tr[Lrr(a) - L17(a)p]
1
TR loges(a) ds adiab. thm
’ HIPR ‘17

Law of Large Numbers [E[P(T) (or(w))~ AT, Ay >0
F

. or(w)—A1T
Central Limit Theorem T(\)/T = — N(0, Ay)

Large Deviations Principle beyond perturb. regime

Rem: Benoit, et al. ‘16 get discrete RV Vanice, 23/8/17



