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I. A supersymmetric nonlinear sigma model H?? (Zirnbauer 1996)

originally introduced as a toymodel for quantum diffusion

”spin” model:
d($)=TT;jen Vi3 050 T e p €79 506((8;,8,)+1) dZSAA

> A c z¢ finite cube, i~j=|i—j|=1
> spin S is a (super)vector S=(z,y,z,,m),

z,y,z even, ¢n odd elements in a real Grassmann algebra
> (S,8")=za'+yy' —zz'+&n" —ng’
> nonlinear constraint (8,8)=—1=2=+/1+22+y>+2&n
> W;;>0, (S,8')<—1 = ferromagnetic interaction

> ;>0 mass term, e=(0,0,1,0,0) (e,S;)=(z;—1)>0

Question: are the spins aligned as A—2z4?



Horospherical coordinates: (x,y,&,n)—(u,s,9,4)
dp(S)—dp(u,s,9,9)=

[Tijen e~ Wi (cosh(ui—uz)—1) [Tjea e—cjlcosh uj71)67%(S’MS)e_w’MWd[u,SJZ,W

d[u,s,@,w]znjeA dujds;dipjdipje” "7,

s .
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main features

e zero mass: non-compact symmetry group z2—z2—y?—2¢&n=const

e positive mass: compact symmetry subgroup (SUSY)
22=14x2+y%4+26n=const
= normalized measure z=1

e for this model a phase transition has been proved in >3

[D.-Spencer-Zirnbauer 2010]



II. H?2 as a random walk in a random environment

The setting
e finite volume Acz?, undirected edges Ex={e=(j~k)|jkeA,|j—k|=1}
e discrete time process: (Xn)n>0, Xn€A
e time evolution: n—n+1: conditional probability
. . w;j(n)
P(Xn+1:J|Xn:%(Xk)k:§n):1i~jm

w;;(n)>0 local conductance at time n

» if w independent of n: Markov chain in the environment w
» if w time dependent: memory effect

Question: is the process recurrent or transient as A—zd4?



(Xn)n>o is @ random walk in a random environment (RWRE) if
Po,al] = [ Pgal] dpo,a(w)

Po.a[] prob. for the process on A starting at o

P \[] Markov chain in a frozen environment w={we}ccr,

dpo a(w) Mixing measure

H212 maps to the mixing measure of two RWRE models

> linearly edge-reinforced random walk ERRW (Diaconis 1986)

» vertex-reinforced jump process VRIJP  (Werner 2000, Volkov, Davis)

both processes tend to come back to sites already visited in the
past (attractive interaction) and are RWRE



VRJP as RWRE:  PYRIR[] = [ P[] dpo,woa(u)
> wcR? random vector with prob. law dpp w A (v)
> wi]-(u,W): VV;] Ui W¢j>0
connection with H22:
dpo,w,a(u) = u— marginal of H?? with mass at 0: ¢; = §;0¢
:HiNj E_Wij(COSh(“i_“j)_l) efe(coshuofl) det M(u) du
du=]]; duje” " (2m)~1/2,
ERRW as « RWRE:  PERRW[] = [ BYRIP[] dyg o2 (W)

{We}eer independent gamma distributed r.v.:

d0,a,A (W) ], e WeWe ™ dw, ae>0



from mixing measure to localization/transience

remember: Poal] = J P&, [] dpoa(w)

Two possible criterions:
eo a fixed arbitrary edge attached to o

» positive recurrence: [ dpg(w)[(we/wey)’] < K ecle=<ol
unif. in A for some 0<s<1, ¢,K>0.

analog to Ey[|(E—H);!|"]<e~¢7-*l in quantum diffusion

» transience (d > 3): [ dpoa(w)[(weg /we)] < K
unif. in A for some K>o0.

analog to EHU(EJrie—H);jl\?]gK e=|A|~! in quantum diffusion



Some results

positive recurrence

» strong reinf.: ERRW and VRJP for any d > 1
[Merkl-Rolles 2009], [D.-Spencer 2010] [Sabot-Tarrés 2013]
[Angel-Crawford-Kozma 2014]
» any reinf.: ERRW and VRJP in d = 1 and strips

. [Merkl-Rolles 2009], [D.-Spencer 2010] [Sabot-Tarrés 2013] [D.-Merkl-Rolles 2014]
transience

» weak reinf.: ERRW and VRJP in d > 3
[D.-Spencer-Zirnbauer 2010], [D.-Sabot-Tarrés 2015]
= phase transition in d > 3

key tool: Ward identities inherited by the supersymmetric
structure of the H2? measure



III. H?? as a Random Schrédinger operator

M(u) as a RS matriz: e=*M(u)e=“=Hg(,) =2(u)— PV
Laplacian: P =1,; W, diagonal disorder: g;;=1;—;8;
,Bj(u)::e_Quijj = eje_uj+szj ek T I Wy,
law of the random potential: [Sabot-Tarres-Zeng 2015]
1 —1
e 2B m T8 [1; d5;

N 1
-1 — 7
dve, wa(B)=7 HB>0(detH5)l/2

Zewa=(5)IV1/2e= TecE Wee™ g€



properties of dv. wa(8): explicit formula for the Laplace
transform

SN €j (1=y/1+25) W, (1—/TFA /TTN
IE ZJ J JdllgﬁwyA(ﬂ):Hj eﬁni/‘je U( J k)
Aj>—1
Some consequences: [Sabot-Tarrés-Zeng 2015] [D.,Merkl-Rolles 2016]

e the r.v. 8;,8, are independent if |j—k|>2.

e wired boundary conditions =3, ¢, Wi;

i.e. zero boundary conditions for v variables: u?=0v jeAc

» 3 a unique prob. measure on R vy, (8) with marginals
dve wa(8) (Kolmogorov ext. th.)

. A
» martingale: set yA=e's, jezd: YACA  E[A|F] = oA



Some other results

e ERRW in d = 2 recurrent for any reinforcement

[Merkl-Rolles 2009], [Sabot-Zeng 2015]
e infinite hierarchy of martingales with generating function:
MA@)=e(w™ D=3 OHO e ozl

[D.,Merkl-Rolles 2016]



Some open problems

» d = 2 positive recurrence (exponential localization) is
expected for both VRJP and ERRW

» d > 3 complete phase diagram? At the moment results
only for very small/large reinf

» spectral properties for the RS Hp
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