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Constructive and Multiscale Methods in Quantum Theory

Self-avoiding walks on Zd are simple-random walk paths without
self-intersections. Self-avoiding walks of the same length are
declared to be equally likely. The basic question is how far on
average is their endpoint from the origin?
After a brief review of the current state of knowledge I will
describe work in progress with Gordon Slade for the case d = 4
which is an application of the renormalisation group to a
supersymmetric lattice field theory. Our immediate goal is to prove
that the critical two-point function (Green function) for a
spread-out model of self-avoiding walks on Zd decays like |x |−2 at
large distances, as it does for simple random walk.



The main problem
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Figure: An N = 8 step self-avoiding walk

Equal probability for all N step self-avoiding walks.
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Equal probability for all N step self-avoiding walks.



The main problem continued

Find ν (if it exists) such that

E (end-to-end distance ) ∼ Nν as N →∞

Defn: aN ∼ bN if limN→∞
aN
bN
∈ (0,∞).
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ε expansion prediction in d = 4

Brezin, Le Guillou, Zinn-Justin, 1973: In dimension d = 4,

E (end-to-end distance ) ∼ N1/2log1/8(N)

Brydges-Imbrie 2003: true for weak coupling Edwards model on
hierarchical four dimensional lattice
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Greens function, Zd , d > 2

I Simple random walk with Exp(1) holding times, Xt≥0

I Greens function,

Ga,b =

∫ ∞
0

dT e−λT Ea

(
1X (T )=b

)

I G = (−∆ + λ)−1

I Divergent for λ < λc = 0, convergent for λ ≥ λc

I At λ = λc , Ga,b ∼ |a− b|−(d−2)
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Weak coupling Zd Edwards model

I Define Greens function,

Ga,b =∫ ∞
0

dT e−λT Ea

(
e−g

RR
1X (s)=X (t) ds dt

1X (T )=b

)

I For g ≥ 0 there exists λc = λc(g) s.t. divergent for λ < λc ,
convergent for λ > λc
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Progress Report for Z4

I Theorem (not all details yet written)
For 0 < g � 1 and λ = λc(g),

Ga,b ∼ |a− b|−2

I Future program
I Same result for discrete time self-avoiding walk with long steps

I
∑

b Ga,b|a− b|2α ∼
(

(λ− λc)| log−1/4(λ− λc)|
)−1−α

I The last step is an abelian version of
E
(
end-to-end distance

)
∼ N1/2 log1/8(N)
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Related results

I D. Iagolnitzer and J. Magnen 1994: Continuum Edwards
Model:

Grab(z) ∼ |a− b|−2(
1 + λ1

1

ln |a− b|
+ λ2

ln ln |a− b|
ln2 |a− b|

+ r(a, b)
)

I Edwards model d = 4 hierarchical lattice: Suemi
Rodŕıguez-Romo (1995); Hara, Ohno (2009).

I Edwards model based on Lévy walk on Z3 (model has upper
critical dimension 3 + ε): Mitter, Scoppola (2008).



Related results

I D. Iagolnitzer and J. Magnen 1994: Continuum Edwards
Model:

Grab(z) ∼ |a− b|−2(
1 + λ1

1

ln |a− b|
+ λ2

ln ln |a− b|
ln2 |a− b|

+ r(a, b)
)

I Edwards model d = 4 hierarchical lattice: Suemi
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SuperIntegral representations(C ,V )

I Λ ⊂ Z4 is a finite set.

I φ : Λ→ C is a random gaussian superfield, φ = (ϕ,ψ//).

I φ characterised by Cx ,y = Eϕ̄xϕy .

I V is a polynomial: V = g(φφ̄)2 + aφφ̄+ z(∇φ∇φ̄).

I Vx = replace φ by φx .

I V (Λ) =
∑

x∈Λ Vx .

I There exist C and V such that

Ga,b = lim
Λ↑Z4

E
(
e−V (Λ)ϕ̄aϕb

)
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Finite-range decomposition of covariance

Let L ≥ 2 and Λ s.t. side(Λ) = LN .

The covariance Cx ,y∈Λ is such that

I C =
∑N

j=1 Cj where

I Cj(x , y) = 0 if |x − y | ≥ Lj

I Cj positive-semi-definite

I
∣∣∇2α

x Cj(x , x)
∣∣ ≤ C (α) L−2(j−1)(1+|α|).

Brydges, Guadagni, Mitter (2004): existence for periodic lattice
C = (ε−∆)−1 for ε > 0.
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Finite-range decomposition of covariance

I allows the expectation to be done iteratively:

EF (φ) = EN ◦ · · · ◦ E2 ◦ E1F (φ).

I where, on the right hand side,

φ = ξ1 + ξ2 + · · ·+ ξN
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Renormalisation = integrate out

I Set V0 = V

I Define Z0 = e−V0(Λ)ϕ̄aϕb

I RG map: Zj+1 = Ej+1Zj

I Terminates with ZN = ENZN−1

I ZN = EZ0 is our Green’s function GΛ
a,b
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I Let Bj = {blocks} in a paving of Λ by blocks of side Lj .

I Let Pj = {finite unions of blocks in Bj}.
I Given functions I ,K defined on Pj , let

(I ◦ K )(Λ) =
∑
X∈Pj

I (Λ \ X )K (X )
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An I ◦ K representation for Z0

I Recall that Z0 = e−V0(Λ)ϕ̄aϕb

I e−V0(Λ) = (I0 ◦ K0)(Λ) if

I K0(X ) = 1X=∅

I I0(X ) = e−V (X )

I What about ϕ̄aϕb? Add σaϕ̄a + σ̄bϕb to V0(Λ) so that

Ga,b =
∂

∂σa

∂

∂σ̄b

∣∣∣∣
σ=0

E I0 ◦ K0(Λ)
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An I ◦ K representation exists at all scales j

I Given (Ij ,Kj) there exist (Ij+1,Kj+1) such that

(Ij+1 ◦ Kj+1)(Λ) = eO(σσ̄)Ej+1(Ij ◦ Kj)(Λ).

where

I Ij = e−Vj (1 + Wj////)

I Vj = gj(φφ̄)2 + ajφφ̄+ zj∇φ∇φ̄+


σj ϕ̄ if evaluated at a

σ̄jϕ if evaluated at b

0 else

I Vj ≡ (gj , aj , zj , σj).
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I For X ∈ Pj , let X be smallest set in Pj+1 containing X .

I Entropy: For U ∈ Pj+1, let P j(U) = {X ∈ Pj : X = U}.
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I For X ∈ Pj , let X be smallest set in Pj+1 containing X .

I Entropy:

For U ∈ Pj+1, let P j(U) = {X ∈ Pj : X = U}.
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I For X ∈ Pj , let X be smallest set in Pj+1 containing X .

I Entropy: For U ∈ Pj+1, let P j(U) = {X ∈ Pj : X = U}.



Construction of (Vj+1,Kj+1)

I Choose any Vj+1 not depending on ξj+1 . Let

δI (Y ) =
∏

b∈Bj (Y )

(
eVj (b) − eVj+1(b)

)

I Ej+1(Ij ◦ Kj) = Ij+1 ◦ K̃

I with K̃ given by: for U ∈ Pj+1,

K̃ (U) =
∑

X∈P j (U)

Ij+1(U \ X )Ej+1(Kj ◦ δI )(X ).
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The role of finite range

I The fields in different connected components of U ∈ Pj+1 are
independent

I If Kj(X ) =
∏

Y∈cc(X ) Kj(Y ), then

I K̃ (U) =
∏

Y∈cc(U) K̃ (Y ).

I Summary: Factorisation of Kj at scale j ⇒ Factorisation of K̃
at scale j + 1
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Remarks

I K̃ is one of many Kj+1 s.t. Zj+1 = Ij+1 ◦ Kj+1. We use this
freedom to “change coordinates”

I For all scales j , Zj(Λ) = eO(σσ̄)(eVj ◦ Kj)(Λ) and Kj(X )
factorises over connected components of X

I Estimates on Zj do not give useful information on Ga,b:
|Zj(Λ)| ≤ eO(|Λ|)???

I Instead we formulate estimates on K that say it is small
relative to eV

I Example:
∑

X :X⊃B ‖K (X )‖ � ‖V (B)‖ for all B ∈ Bj .

I Such estimates cannot survive an induction j → j + 1 unless
Vj+1 is chosen well



Remarks

I K̃ is one of many Kj+1 s.t. Zj+1 = Ij+1 ◦ Kj+1. We use this
freedom to “change coordinates”

I For all scales j , Zj(Λ) = eO(σσ̄)(eVj ◦ Kj)(Λ) and Kj(X )
factorises over connected components of X

I Estimates on Zj do not give useful information on Ga,b:
|Zj(Λ)| ≤ eO(|Λ|)???

I Instead we formulate estimates on K that say it is small
relative to eV

I Example:
∑

X :X⊃B ‖K (X )‖ � ‖V (B)‖ for all B ∈ Bj .

I Such estimates cannot survive an induction j → j + 1 unless
Vj+1 is chosen well



Remarks

I K̃ is one of many Kj+1 s.t. Zj+1 = Ij+1 ◦ Kj+1. We use this
freedom to “change coordinates”

I For all scales j , Zj(Λ) = eO(σσ̄)(eVj ◦ Kj)(Λ) and Kj(X )
factorises over connected components of X

I Estimates on Zj do not give useful information on Ga,b:
|Zj(Λ)| ≤ eO(|Λ|)???

I Instead we formulate estimates on K that say it is small
relative to eV

I Example:
∑

X :X⊃B ‖K (X )‖ � ‖V (B)‖ for all B ∈ Bj .

I Such estimates cannot survive an induction j → j + 1 unless
Vj+1 is chosen well



Remarks

I K̃ is one of many Kj+1 s.t. Zj+1 = Ij+1 ◦ Kj+1. We use this
freedom to “change coordinates”

I For all scales j , Zj(Λ) = eO(σσ̄)(eVj ◦ Kj)(Λ) and Kj(X )
factorises over connected components of X

I Estimates on Zj do not give useful information on Ga,b:
|Zj(Λ)| ≤ eO(|Λ|)???

I Instead we formulate estimates on K that say it is small
relative to eV

I Example:
∑

X :X⊃B ‖K (X )‖ � ‖V (B)‖ for all B ∈ Bj .

I Such estimates cannot survive an induction j → j + 1 unless
Vj+1 is chosen well



Remarks

I K̃ is one of many Kj+1 s.t. Zj+1 = Ij+1 ◦ Kj+1. We use this
freedom to “change coordinates”

I For all scales j , Zj(Λ) = eO(σσ̄)(eVj ◦ Kj)(Λ) and Kj(X )
factorises over connected components of X

I Estimates on Zj do not give useful information on Ga,b:
|Zj(Λ)| ≤ eO(|Λ|)???

I Instead we formulate estimates on K that say it is small
relative to eV

I Example:
∑

X :X⊃B ‖K (X )‖ � ‖V (B)‖ for all B ∈ Bj .

I Such estimates cannot survive an induction j → j + 1 unless
Vj+1 is chosen well



Remarks

I K̃ is one of many Kj+1 s.t. Zj+1 = Ij+1 ◦ Kj+1. We use this
freedom to “change coordinates”

I For all scales j , Zj(Λ) = eO(σσ̄)(eVj ◦ Kj)(Λ) and Kj(X )
factorises over connected components of X

I Estimates on Zj do not give useful information on Ga,b:
|Zj(Λ)| ≤ eO(|Λ|)???

I Instead we formulate estimates on K that say it is small
relative to eV

I Example:
∑

X :X⊃B ‖K (X )‖ � ‖V (B)‖ for all B ∈ Bj .

I Such estimates cannot survive an induction j → j + 1 unless
Vj+1 is chosen well



Remarks

I K̃ is one of many Kj+1 s.t. Zj+1 = Ij+1 ◦ Kj+1. We use this
freedom to “change coordinates”

I For all scales j , Zj(Λ) = eO(σσ̄)(eVj ◦ Kj)(Λ) and Kj(X )
factorises over connected components of X

I Estimates on Zj do not give useful information on Ga,b:
|Zj(Λ)| ≤ eO(|Λ|)???

I Instead we formulate estimates on K that say it is small
relative to eV

I Example:
∑

X :X⊃B ‖K (X )‖ � ‖V (B)‖ for all B ∈ Bj .

I Such estimates cannot survive an induction j → j + 1 unless
Vj+1 is chosen well



The rest of the proof

I Let ξj = (gj , aj , zj ,Kj)

I ξj is an element of a Banach space R3 ×Kj and
(Vj ,Kj) 7→ (Vj+1,Kj+1) has the form

I gj+1 = gj − cg ,jg
2
j + rg ,j(ξ), cg ,j > 0

I aj+1 = L2aj + ra,j(ξ), Lipschitz norm ≈ L2

I zj+1 = zj + rz,j(ξ)

I Kj+1 = rK (ξ), Lipschitz norm < 1

I σj+1 = σj + rσ(ξ)

I zj+1 =
∑

k≥j rz,k(ξ) is summable
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Decay of G

I The Nth application of RG: no more fields, IN ,KN are
constants

I Λ is a single block at scale j = N

I

Ga,b =
∂

∂σ0

∂

∂σ̄0

∣∣∣∣
φ=σ=0

eO(σσ̄)IN ◦ KN(Λ)

=
∂

∂σ0

∂

∂σ̄0
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φ=σ=0

eO(σσ̄)
(
1 + KN(Λ)
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Decay of G continued
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I As with VN the eO(σσ̄) is explicitly known in terms of σN

I eO(σσ̄) = e
P

k≤N σk σ̄kCk;a,b

I Ga,b ∼
∑

k≤N
∂σk
∂σ0

∂σ̄k
∂σ̄0,b

Ck;a,b

I By finite range Ck;a,b = 0 unless k ≥ logL |a− b|
I Ck;a,b = O(L−2k) for k ≥ logL |a− b|
I ⇒ Ga,b ∼ |a− b|−2
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