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Problem makes sense for an arbitrary graph: for large times ¢, do cycles of length ~ N exist?
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Connection with physics

Balint Téth, 93 : Heisenberg ferromagnet via random interchange process on Z% :

the spontaneous magnetization

]E(]llﬁ 0>k o##of cycles>

— 1 i ;
m(B) = 5 limg 0 limy sza T E(eFooeesy

~ density of hard-core Bose gas — 3

the long-range parameter r () = ﬁ 2 uyen(S(@) - S(y)

1 ]E(Zﬁ (0)2#01 cycIES)
~

r(B) = % limA/Zd Al m(oemes) % density of hard-core Bose gas condensate

Phase transition is linked with the ocurrence of long cycles
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No giant component == only small cycles

t=cN
_ _cN __ 2c
P=TRNaz =4

= tc~ 3N

Theorem
Letc < 1 / 2 and e > 0. Then there exists dg such that

P(|Vi(kd)| = 0) > 1 — ex™3/2

foralit < ¢N, allk > % and alld > do.
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Supercritical ¢

Fort > %N, there are "big” cycles in average for a small interval around ¢

Theorem
Letc > % and let (A ;) be a sequence of positive numbers such that A gd/ log d — oo as
d — oo. Then there existn(c) > 0 and do such that for alld > do, all T > cN, and alla > 0, we

have
[(A+A4)T]

L [Ve (N9
ar 5, B0z

Forc > 1, we can take n(c) = %(1 — %)
The main obstacle:

Unlike percolation clusters, the cycles do not grow monotonously —
an interchange over an edge with endpoints in a cycle splits it into two shorter cycles.
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6) FE(|Vi]) > coN for some cg > O then there exists ¢/ > 0 such that P(I;) > ¢/co(1 — o(1)).
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4) Forany d, t, k € N we have P(Stgk)

Each cycle of length £ cover with A; of length 2k, 7 = 1,2,...,2 L%J

each e; = {x, y} that causes a split creating a cycle shorter than k must belong to the same A;,
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8) IFE(|V4|) > coN for some co > 0 then there exists ¢/ > 0 such that P(I;) > ¢/co(1 — o(1)).

W set of vertices with at least ¢’d neighbours in the giant component 17t
Ajtai, Komlés, Szemerédi : P(|[Wi| > N — N17¢) = 1 — o(1)

By considering transpositions within V}:

P(ly) = SSE(V. N Wel) > S (V] — |WE)
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