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The talk outline
@ Setting the scene: why to consider singular Schrédinger operators

@ J-interactions supported by hypersurfaces

> A simple definition
» More general supports: Lipschitz partitions
» Spectral properties: older and new results

@ A more singular situation: ¢’-interactions

» Form definition
» An operator inequality and its consequences
» The strong 0’ asymptotics

General singular interactions
> Definition
» Operator inequalities again
» Spectral properties

Adding a potential bias: its spectral consequences

@ Some open questions
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Operators to deal with

The simplest example of the singular Schrodinger operators we are
going to consider here can formally written as

Hor =—-A—ad(x-T), a>0,

in L2(R"), where T is a zero-measure subset of R”, for instance, a
manifold, a metric graph, etc.
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Operators to deal with
The simplest example of the singular Schrodinger operators we are @'
going to consider here can formally written as

Hor =—-A—ad(x-T), a>0,
in L2(R"), where T is a zero-measure subset of R”, for instance, a
manifold, a metric graph, etc.

Motivation: (a) Interesting mathematical objects, in particular, since
their spectral properties reflect the geometry of I’

(b) a useful model of quantum graphs and generalized graphs

with the advantage that tunneling between edges is not neglected

We are going a wider class of operators in several respects

@ the coupling strength may vary along the interaction support

@ 0 may be replaced by other, more singular interactions

@ on the other hand, we restrict ourselves to the situations with
codiml = 1. Note that there are various results for codim [ = 2,
cf. [E-Kondej'02,'15; E-Frank'07], while the remaining nontrivial
case codim ' = 3 has not been studied so far
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The /-interaction
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A natural tool to define the corresponding singular Schrodinger
operator is to employ the appropriate quadratic form, namely

5,00 = IV F2may — @llfIrlIF2r)

with the domain H'(R?) and to use the first representation theorem.
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The /-interaction

A natural tool to define the corresponding singular Schrodinger
operator is to employ the appropriate quadratic form, namely

qéa[w] = ”VwHB (RY) — O‘HHFH%? r

with the domain H(R9) and to use the first representation theorem.

If [ is a smooth manifold with codim [ = 1 one can easily check
that the form defines a unique self-adjoint operator H, r, which can
alternatively characterized by boundary conditions: it acts as —A on
functions from H2_(R9 \ T'), which are continuous and exhibit a
normal-derivative jump,

oY

oY
8n( x)

- o] = —alu

+
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This explains the formal expression as describing the attractive
d-interaction of strength a(x) perpendicular to I at the point x.
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A natural tool to define the corresponding singular Schrodinger
operator is to employ the appropriate quadratic form, namely

q(Sa[w] = ”VwHB (RY) — O‘HHFH%? r

with the domain H(R9) and to use the first representation theorem.

If [ is a smooth manifold with codim [ = 1 one can easily check
that the form defines a unique self-adjoint operator H, r, which can
alternatively characterized by boundary conditions: it acts as —A on
functions from H2_(R9 \ T'), which are continuous and exhibit a
normal-derivative jump,

oY

oY
8n( x)

- o] = —alu

+

This explains the formal expression as describing the attractive
d-interaction of strength a(x) perpendicular to I at the point x.

Alternatively, one sometimes uses the symbol —As , for this operator.
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A wider class of interaction supports

The class of I mentioned above is rather narrow. To get a wider family
we start from the following definition:
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The class of [ mentioned above is rather narrow. To get a wider family
we start from the following definition:

A finite family of Lipschitz domains P = {Q,}}_; is called a Lipschitz
partition of RY, d>2 if

Rdzuﬁk and QNQ =0, kI=12,....n k#I.
k=1

The union U}_,0% =: T is the boundary of P. For k # | we set
Mg = 0, N O and we say that Qy and Q;, k £ I, are neighboring
domains if ox(lk) > 0, where oy is the Lebesgue measure on 0€.
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The union U}_,0% =: T is the boundary of P. For k # | we set
Mg = 0, N O and we say that Qy and Q;, k £ I, are neighboring
domains if ox(lk) > 0, where oy is the Lebesgue measure on 0€.

Using standard coloring maps, we define the chromatic number xp
of P as the smallest number of colors allowed by the partition ‘map’.
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A wider class of interaction supports

The class of [ mentioned above is rather narrow. To get a wider family
we start from the following definition:

A finite family of Lipschitz domains P = {Qy}}_; is called a Lipschitz
partition of RY, d>2 if

Rd:UQk and QNQ =0, kI=12,....n k#I.
k=1

The union U}_,0% =: T is the boundary of P. For k # | we set
Mg = 0, N O and we say that Qy and Q;, k £ I, are neighboring
domains if ox(lk) > 0, where oy is the Lebesgue measure on 0€.

Using standard coloring maps, we define the chromatic number xp
of P as the smallest number of colors allowed by the partition ‘map’.
In particular, we know that yp <4 if d = 2.
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The /-interaction

Then we have the following result [Behrndt-E-Lotoreichik'14]:

Proposition

Let P = {Qu}7_, be a Lipschitz partition of RY with the boundary T, and

let a : T — R belong to L*°(T). Then the quadratic form q; ., defined
above is closed and semibounded from below.
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Proposition

Let P = {Qu}7_, be a Lipschitz partition of RY with the boundary T, and
let a : T — R belong to L*°(T). Then the quadratic form q; ., defined
above is closed and semibounded from below.

and consequently, there is a unique self-adjoint operator —As , associated
with the form g5, which will be our object of interest.
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Then we have the following result [Behrndt-E-Lotoreichik'14]:

Proposition

Let P = {Qu}7_, be a Lipschitz partition of RY with the boundary T, and
let a : T — R belong to L*°(T). Then the quadratic form q; ., defined
above is closed and semibounded from below.

and consequently, there is a unique self-adjoint operator —Aj , associated
with the form g5, which will be our object of interest.

Note that the interaction support may be a proper subset of ', since
« may vanish on a part of I', hence it may be, e.g., a finite non-closed
curve, a manifold with a boundary, etc.
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Spectrum of —A;,, @

The spectrum is determined both by the geometry of I' and the coupling
function «, in particular, by its sign.
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The spectrum is determined both by the geometry of I' and the coupling
function «, in particular, by its sign.

If [is compact, it is easy to see that gess(—Asa) = Ry

On the other hand, the essential spectrum may change if the support I is
non-compact. As an example, take a line in the plane and suppose that «
is constant and positive; by separation of variables we find easily that
Oess(—D50) = [—%az,oo) .
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that interaction support is finite, |I'| < occ.
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Spectrum of —A;, @

The spectrum is determined both by the geometry of I' and the coupling
function «, in particular, by its sign.

If [is compact, it is easy to see that gess(—Asa) = Ry

On the other hand, the essential spectrum may change if the support I is
non-compact. As an example, take a line in the plane and suppose that «
is constant and positive; by separation of variables we find easily that
Oess(—D50) = [—%az,oo) .

The question about the discrete spectrum is more involved. Suppose first
that interaction support is finite, |I'| < co. It is clear that gisc(—As,a) is
empty if the interaction is repulsive, o < 0.
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Spectrum of —A;,

On the other hand, the existence of a negative discrete spectrum for
an attractive coupling is dimension dependent.
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Spectrum of —A;, @

On the other hand, the existence of a negative discrete spectrum for
an attractive coupling is dimension dependent.

Consider for simplicity a constant a. For d = 2 bound states then exist
whenever || > 0, in particular, we have a weak-coupling expansion, cf.
[Kondej-Lotoreichik'14]

AMa) = (G + o(1)) exp <(j|7rr|) as ofl| — 0+
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On the other hand, the existence of a negative discrete spectrum for
an attractive coupling is dimension dependent.

Consider for simplicity a constant «. For d = 2 bound states then exist
whenever || > 0, in particular, we have a weak-coupling expansion, cf.
[Kondej-Lotoreichik'14]

o) = (G + o(1)) exp <;|7Tr|) as all| = 04

On the other hand, for d = 3 the singular coupling must exceed a critical
value. As an example, let ' be a sphere of radius R > 0 in R3, then by
[Antoine-Gesztesy-Shabani'87] we have

UdiSC(Ha,I—) 7£ @ if aR>1
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Spectrum of —A;, @

On the other hand, the existence of a negative discrete spectrum for
an attractive coupling is dimension dependent.

Consider for simplicity a constant a. For d = 2 bound states then exist
whenever || > 0, in particular, we have a weak-coupling expansion, cf.
[Kondej-Lotoreichik'14]

Aa) = (G + o(1)) exp (;|7Tr|> as all| = 04

On the other hand, for d = 3 the singular coupling must exceed a critical
value. As an example, let ' be a sphere of radius R > 0 in R3, then by
[Antoine-Gesztesy-Shabani'87] we have

Udisc(Ha,F) 7£ @ if aR>1

and the same obviously holds in dimensions d > 3.

P. Exner: Singular Schrédinger operators ... SAMMP Conference, Yerevan September 5, 2016 -8-



A J-interaction supported by infinite curves =
A geometrically induced discrete spectrum may exist even if I is @
infinite and inf gegs(—As,0) < 0. Consider, for instance, a non-straight,

piecewise Ct-smooth curve T 1 R — R? parameterized by its arc length,
IT(s) — T (s")| < |s— |, assuming in addition that
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A J-interaction supported by infinite curves

()
A geometrically induced discrete spectrum may exist even if I is @
infinite and inf gegs(—As,0) < 0. Consider, for instance, a non-straight,

piecewise C-smooth curve T': R — R? parameterized by its arc length,
IT(s) — T (s")| < |s— |, assuming in addition that

o [[(s) —T(s")] > c|s — s| holds for some ¢ € (0,1)

o [ is asymptotically straight: there are d > 0, u > %
and w € (0,1) such that

ERCEIG)]

<d[1+]s+sP] 2
|s — 'l

in the sector S, := {(5,5") : w < & <w™!}
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A J-interaction supported by infinite curves

@)
A geometrically induced discrete spectrum may exist even if I is @
infinite and inf gegs(—As,0) < 0. Consider, for instance, a non-straight,

piecewise C-smooth curve T': R — R? parameterized by its arc length,
IT(s) — T (s")| < |s— |, assuming in addition that

o [[(s) —T(s")] > c|s — s| holds for some ¢ € (0,1)

o [ is asymptotically straight: there are d > 0, u > %
and w € (0,1) such that

ERCEIG)]

2u1—1/2
s— | <d[1+]s+ %]
in the sector S, := {(5,5") : w < & <w™!}
Theorem (E-Ichinose'01)

Under these assumptions, Gess(—Ds,0) = [—%oﬁ, 00) and —As o has at
least one eigenvalue below the threshold —%az
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Geometrically induced bound states, continued

@ The result is obtained via (generalized) Birman-Schwinger
principle regarding the bending a perturbation of the straight line
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Geometrically induced bound states, continued
@ The result is obtained via (generalized) Birman-Schwinger —
principle regarding the bending a perturbation of the straight line

@ the crucial observation is that — in view of the 2D free resolvent
kernel properties — this perturbation is sign definite and compact
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Geometrically induced bound states, continued

@ The result is obtained via (generalized) Birman-Schwinger —
principle regarding the bending a perturbation of the straight line

@ the crucial observation is that — in view of the 2D free resolvent
kernel properties — this perturbation is sign definite and compact

@ Higher dimensions: the situation is more complicated. For smooth
curved surfaces T C R® an analogous result is proved in the strong
coupling asymptotic regime, a — oo, only
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Geometrically induced bound states, continued

@ The result is obtained via (generalized) Birman-Schwinger
principle regarding the bending a perturbation of the straight line

@ the crucial observation is that — in view of the 2D free resolvent
kernel properties — this perturbation is sign definite and compact

@ Higher dimensions: the situation is more complicated. For smooth
curved surfaces T C R® an analogous result is proved in the strong
coupling asymptotic regime, a — oo, only

@ On the other hand, we have an example of a conical surface of an
opening angle 6 € (0, %rr) in R3, where for any constant o > 0 we
have 0ess(—As,0) = Ry and an infinite numbers of negative
eigenvalues accumulating at zero, cf. [Behrndt-E-Lotoreichik'14]
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Geometrically induced bound states, continued

@ The result is obtained via (generalized) Birman-Schwinger
principle regarding the bending a perturbation of the straight line

@ the crucial observation is that — in view of the 2D free resolvent
kernel properties — this perturbation is sign definite and compact

@ Higher dimensions: the situation is more complicated. For smooth
curved surfaces T C R® an analogous result is proved in the strong
coupling asymptotic regime, a — oo, only

@ On the other hand, we have an example of a conical surface of an
opening angle 6 € (0, %rr) in R3, where for any constant o > 0 we
have 0ess(—As,0) = Ry and an infinite numbers of negative
eigenvalues accumulating at zero, cf. [Behrndt-E-Lotoreichik'14]

@ Moreover, the above result remain valid for any /ocal deformation of
the conical surface. We also know the accumulation rate for conical
layers: by [Lotoreichik—Ourmiéres-Bonafos'16] it is

cot
41
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Geometrically induced bound states, continued

@ On the other hand, the result is again dimension-dependent:
for a conical surface in RY, d > 3, we have ogisc(—As4) = 0,
cf. [Lotoreichik-Ourmieres-Bonafos'16].
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Geometrically induced bound states, continued

@ On the other hand, the result is again dimension-dependent:
for a conical surface in RY, d > 3, we have ogisc(—As4) = 0,
cf. [Lotoreichik-Ourmieres-Bonafos'16].

@ Implications for more complicated Lipschitz partitions: let For
holds in the set sense, then Ha,|: < Hyr. If the essential spectrum
thresholds are the same — which is often easy to establish — then
Odisc(H, ) # () whenever the same is true for oqisc(Ha,r)
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Geometrically induced bound states, continued

@ On the other hand, the result is again dimension-dependent:
for a conical surface in RY, d > 3, we have ogisc(—As4) = 0,
cf. [Lotoreichik-Ourmieres-Bonafos'16].

@ Implications for more complicated Lipschitz partitions: let For
holds in the set sense, then Ha,|: < Hyr. If the essential spectrum
thresholds are the same — which is often easy to establish — then
Odisc(H, ) # () whenever the same is true for oqisc(Ha,r)

@ Many other results, for instance, concerning the strong coupling
asymptotics: for a C* smooth curve in R without ends the j-th
eigenvalue of —A;, behaves as

2
Nj(a) = *% +pj+O(a"Hna)

in the limit o — oo, where y; is the j-th ev of 5p = —% - %FL(S)2
on L2((0,T|)), where r is the signed curvature of T.
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Geometrically induced bound states, continued

@ The same is true for curves with regul/ar ends; the comparison
operator Sr is then subject to Dirichlet boundary conditions,
cf. [E-Pankrashkin'14].
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Geometrically induced bound states, continued

@ The same is true for curves with regul/ar ends; the comparison
operator Sr is then subject to Dirichlet boundary conditions,
cf. [E-Pankrashkin'14].

o Similar results are valid C* smooth surfaces in 2°; here the
comparison operator is S = —Ar + K — M?, where —Ar
is Laplace-Beltrami operator on I and K, M, respectively, are
the corresponding Gauss and mean curvatures. For surfaces
with a boundary additional technical assumptions are needed,
cf. [Dittrich-E-Kithn-Pankrashkin'16].
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Geometrically induced bound states, continued

@ The same is true for curves with regul/ar ends; the comparison
operator Sr is then subject to Dirichlet boundary conditions,
cf. [E-Pankrashkin'14].

@ Similar results are valid C* smooth surfaces in 2°: here the
comparison operator is S = —Ar + K — M?, where —Ar
is Laplace-Beltrami operator on ' and K, M, respectively, are
the corresponding Gauss and mean curvatures. For surfaces
with a boundary additional technical assumptions are needed,
cf. [Dittrich-E-Kithn-Pankrashkin'16].

e For infinite curves in R? we have also a weak bending asymptotics:
for a family 'y parametrized by the bending angle 6 one proves
AHar,) = —%a? 4 a0* + o(0*) with an explicit a < 0 as 6§ — 0+
under some technical assumptions [E-Kondej'16]. In particular, for
broken line we have a =

__a
3672 "
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Geometrically induced bound states, continued

@ The same is true for curves with regul/ar ends; the comparison
operator Sr is then subject to Dirichlet boundary conditions,
cf. [E-Pankrashkin'14].

o Similar results are valid C* smooth surfaces in 2°; here the
comparison operator is S = —Ar + K — M?, where —Ar
is Laplace-Beltrami operator on ' and K, M, respectively, are
the corresponding Gauss and mean curvatures. For surfaces
with a boundary additional technical assumptions are needed,
cf. [Dittrich-E-Kithn-Pankrashkin'16].

e For infinite curves in R? we have also a weak bending asymptotics:
for a family 'y parametrized by the bending angle 6 one proves
AHar,) = —%a? 4 a0* + o(0*) with an explicit a < 0 as 6§ — 0+
under some technical assumptions [E-Kondej'16]. In particular, for
broken line we have a =

__a
3672 "

@ Also various other results are known ...
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More singular operators: the ¢’-interaction

@)
Having in mind the one-dimensional point interaction, we can define @
for a smooth planar curve the operator —Ay 5 using boundary conditions:
it acts as Laplacian outside the interaction support,

(Hare)(x) = —(A)(x),x € RZ\ T,

with the domain consisting of functions ¢ € H?(R2 \ T') that satisfy the
b.c. Onrtp(x) = O-netp(x) =1 ' (X)r, =AY (X)Ir = L(X)la,r — P(X)|o_r},

where nr is the normal to ' and ¢(x)|s.r are the appropriate traces.
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More singular operators: the ¢’-interaction 6

Having in mind the one-dimensional point interaction, we can define
for a smooth planar curve the operator —Ay 5 using boundary conditions:
it acts as Laplacian outside the interaction support,

(Hare)(x) = —(A)(x),x € RZ\ T,

with the domain consisting of functions ¢ € H?(R2 \ T') that satisfy the

b.c. Onth(x) = O—nrtb(x) =1 ' (X)|r, =BY'(x)|r = (x)|o.r — (x)|o_r},

where nr is the normal to I and v(x)|s,r are the appropriate traces.

The corresponding quadratic form is easily seen to be

b ] = [Vl — B0 /r (s,04) — 1b(s,0_) ds

defined on functions ¢ € HY(R? \ T') as ¢(s, u), where s, u are the natural
curvilinear coordinates in the vicinity of I.
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More singular operators: the ¢’-interaction C

Having in mind the one-dimensional point interaction, we can define
for a smooth planar curve the operator —Ay 5 using boundary conditions:
it acts as Laplacian outside the interaction support,

(Hare)(x) = —(A)(x),x € RZ\ T,

with the domain consisting of functions ¢ € H?(R2 \ T') that satisfy the
b.c. O p(x) = O-ntp(x) =2 ¢/ (X)[rs =BY'()Ir = ¥ (x)]a,r — P(X)a_r},

where nr is the normal to I and v(x)|s,r are the appropriate traces.

The corresponding quadratic form is easily seen to be

b ] = [Vl — B0 /r (s,04) — 1b(s,0_) ds

defined on functions ¢ € HY(R? \ T') as ¢(s, u), where s, u are the natural
curvilinear coordinates in the vicinity of . This can be used to define the
d’-interaction in other dimensions and for more general Lipschitz partitions.
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More singular operators: the ¢’-interaction 6

Having in mind the one-dimensional point interaction, we can define
for a smooth planar curve the operator —Ay 5 using boundary conditions:
it acts as Laplacian outside the interaction support,

(Hare)(x) = —(A)(x),x € RZ\ T,

with the domain consisting of functions ¢ € H?(R2 \ T') that satisfy the
b.c. O p(x) = O-ntp(x) =2 ¢/ (X)[rs =BY'()Ir = ¥ (x)]a,r — P(X)a_r},

where nr is the normal to I and v(x)|s,r are the appropriate traces.

The corresponding quadratic form is easily seen to be

b ] = [Vl — B0 /r (s,04) — 1b(s,0_) ds

defined on functions ¢ € HY(R? \ T') as ¢(s, u), where s, u are the natural
curvilinear coordinates in the vicinity of . This can be used to define the
d’-interaction in other dimensions and for more general Lipschitz partitions.

Note that the strong-coupling in this case means 3 — 0+.
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The ¢'-interaction @

Let P = {Q}7_, be a Lipschitz partition of RY with the boundary T,
and let 8 : T — R be such that 371 € L°°(T'). Then we define the form
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The ¢'-interaction

Let P = {Q4}7_; be a Lipschitz partition of R? with the boundary FQ
and let 8 : T — R be such that 371 € L°°(T'). Then we define the form

n

as slf g1 :=>_ (Vi Ve 12,

k=1
n=1 n

- Z Z (ﬁk_ll(fk‘rk/ - ﬁ|rkl)7gk‘rk/ - g”rk/)LZ(rk,)
k=1I=k+1

with the domain @]_; H'(Q); we denote here 'y = 9 N 0 for
k,1=1,2,...,n, k# 1, and By means the restrictions of 3 to 'y.
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The ¢'-interaction

Let P = {Q4}7_; be a Lipschitz partition of R? with the boundary FQ
and let 8 : T — R be such that 371 € L°°(T'). Then we define the form

n

as slf g1 :=>_ (Vi Ve 12,

k=1
n=1 n

- Z Z (ﬁk_ll(fk‘rk/ - ﬁ|rkl)7gk‘rk/ - gl’rkl)LQ(l—k,)
k=1I=k+1

with the domain @]_; H'(Q); we denote here 'y = 9 N 0 for
k,1=1,2,...,n, k# 1, and By means the restrictions of 3 to 'y.

As in the § case, we have the following result [Behrndt-E-Lotoreichik'14]:

Proposition

The form qs 3 is closed and semibounded from below. J
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The ¢'-interaction

Let P = {Qx}7_; be a Lipschitz partition of RY with the boundary F©
and let 3:T — R be such that 371 € L*°('). Then we define the form

n

as slf g1 :=>_ (Vi Ve 12,
k=1

n=1 n
- Z Z (ﬁk_ll(fk‘rk/ - ﬁ|rkl)7gk‘rk/ - gl’rkl)LQ(l—k,)
k=1I=k+1

with the domain @]_; H'(Q); we denote here 'y = 9 N 0 for
k,1=1,2,...,n, k# 1, and By means the restrictions of 3 to 'y.

As in the § case, we have the following result [Behrndt-E-Lotoreichik'14]:
Proposition J

The form qs 3 is closed and semibounded from below.

The s-a operator associated with g5/ g will be denoted as —As g or Hgr
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Spectrum of —Ay 3

Similarly to the & case, we have oess(—As 3) = Ry if [ is compact.
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Spectrum of —Ay 3 @

Similarly to the & case, we have oes(—As 3) = R if [ is compact.

A ¢'-interaction supported by a non-compact ', on the other hand, may
change the essential spectrum; an example is again a line in the plane
with a constant and positive 3, where by separation of variables we find
JeSS(_A&/B) = [_%a o) .
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Spectrum of —Ay 3

Similarly to the & case, we have oes(—As 3) = R if [ is compact.

A ¢'-interaction supported by a non-compact ', on the other hand, may
change the essential spectrum; an example is again a line in the plane
with a constant and positive 3, where by separation of variables we find
JeSS(_A&/B) = [_%a o) .

It is also clear that the a compactly supported ¢’-interaction can give rise
to a nontrivial discrete spectrum only if it /s not (purely) repulsive.
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Spectrum of —Ay 3 @

Similarly to the & case, we have oes(—As 3) = R if [ is compact.

A ¢’-interaction supported by a non-compact I', on the other hand, may
change the essential spectrum; an example is again a line in the plane
with a constant and positive 3, where by separation of variables we find
JeSS(_A&ﬁ) = [_%a o) .

It is also clear that the a compactly supported ¢’-interaction can give rise
to a nontrivial discrete spectrum only if it /s not (purely) repulsive.

On the other hand, relations between the discrete spectrum and the form
of I' are, in general, different from the § situation. It is now the topology
of the interaction support which plays role.
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The ¢’ interaction in the plane

Consider a finite curve I' in R?. If it is a /oop, then it is easy to see
that oqisc(—As g) # 0 for any constant 5 > 0
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The ¢’ interaction in the plane =
Consider a finite curve I' in R?. If it is a /oop, then it is easy to see @'
that oqisc(—As ) # 0 for any constant 5 > 0: just try a trial function
which is a constant inside the loop and zero otherwise.
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The ¢’ interaction in the plane

C )
Consider a finite curve I' in R?. If it is a /oop, then it is easy to see @

that oqisc(—As ) # 0 for any constant 5 > 0: just try a trial function
which is a constant inside the loop and zero otherwise.

On the other hand, by [M. Dauge, private communication| we have
Proposition

If T is not closed, there is a 3y > 0 such that oqisc(—Ays ) = 0 holds for
all constant 3 > (.
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The ¢’ interaction in the plane

@)
Consider a finite curve I' in R?. If it is a /oop, then it is easy to see Q
that ogisc(—As g) # 0 for any constant 5 > 0: just try a trial function
which is a constant inside the loop and zero otherwise.

On the other hand, by [M. Dauge, private communication| we have
Proposition

If T is not closed, there is a 3y > 0 such that oqisc(—Ays ) = 0 holds for
all constant 8 > f3y.

For a class of I we have a quantitative result, namely for those that are
nonclosed, piecewise C1, and monotone, i.e. allow a parametrisation by a
piecewise C! map ¢ : (0,R) — R,

[ = {x0 + r(cos p(r),sinio(r)) : 1€ (0,R)}
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The ¢’ interaction in the plane

@)
Consider a finite curve I' in R?. If it is a /oop, then it is easy to see Q
that ogisc(—As g) # 0 for any constant 5 > 0: just try a trial function
which is a constant inside the loop and zero otherwise.

On the other hand, by [M. Dauge, private communication| we have
Proposition

If T is not closed, there is a 3y > 0 such that oqisc(—Ays ) = 0 holds for
all constant 8 > f3y.

For a class of I we have a quantitative result, namely for those that are
nonclosed, piecewise C1, and monotone, i.e. allow a parametrisation by a
piecewise C! map ¢ : (0,R) — R,

[ = {x0 + r(cos p(r),sinio(r)) : 1€ (0,R)}

We have o(—As g) C Ry if B> 2wr\/14 (r¢'(r))? for all r € (0, R).
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An operator inequality

7/,
Spectral analysis of —As g is more difficult because we lack a direct
counterpart to some of the tools used before, in particular, to the
(generalized) Birman-Schwinger principle.
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An operator inequality

Spectral analysis of —As g is more difficult because we lack a direct
counterpart to some of the tools used before, in particular, to the
(generalized) Birman-Schwinger principle.

One the other hand, there is a useful relation between the two cases:
Theorem (Behrndt-E-Lotoreichik'14)

Let P = {Q«}7_, be a Lipschitz partition of R¢ with boundary T and
chromatic number xp. Let o, 3: T — R be such that o, 371 € L>(T)
and assume that

4 L,
0<B§55|n2 (E)
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An operator inequality

Spectral analysis of —As g is more difficult because we lack a direct
counterpart to some of the tools used before, in particular, to the
(generalized) Birman-Schwinger principle.

One the other hand, there is a useful relation between the two cases:
Theorem (Behrndt-E-Lotoreichik'14)

Let P = {Q«}7_, be a Lipschitz partition of R¢ with boundary T and
chromatic number xp. Let o, 3: T — R be such that o, 371 € L>(T)
and assume that

4 L,
O<Bgasln2 (E)

Then there exists a unitary operator U: [2(RY) — L?(R?) such that the
self-adjoint operators —As . and —As g satisfy the inequality

Ul (=As 5)U < —Ds 4.
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Sketch of the proof

a

By assumption, to the given P there is an optimal coloring map

¢:{1,2,....,n} = {0,1,... xp—1}

such that for any k # / such that o4 (k) > 0 we have ¢(k) # ¢(/).
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Sketch of the proof

By assumption, to the given P there is an optimal coloring map
o:{1,2,...,n} = {0,1,...,xp — 1}

such that for any k # / such that o4 (k) > 0 we have ¢(k) # ¢(/).

Then we define n complex numbers Z := {z}]_; on the unit circle,

Zk :zexp(i%ék)), k=1,2,...,n;

it is easy to see that for k # / such that o4 ([x) > 0 they satisfy

|z — z)|> > 2 — 2cos (;—7;) ,

in other words 4 sin? (i—;) < |z — z/|?.
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Sketch of the proof

Putting now az(x) := |zx — 2|28 (x) for x € Ty with k # /, we find

0<a§%sin2(§—z)§ag.
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Sketch of the proof

Putting now az(x) 1= |zx — z,]25;,1(x) for x € I'yy with k # [, we find

0<a§ﬁsin2(2—”)§a3.

5 XP

Now we define the unitary operator Uz : L?(R?) — L2(R9) by

(Uzf)(x) == zkfu(x), x€Q, k=1,...,n.

Using then the above inequality in combination with the explicit
expressions of the involved quadratic forms, it is not difficult to
derive the sought result.
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Consequences of the inequality

a

The above result allows to draw conclusions from an operator comparison.
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Consequences of the inequality

The above result allows to draw conclusions from an operator comparison.

Denote by {Ac(—As54)}22; and {\(—Ay g)}72; the eigenvalues of the
operators —A;, and —Ag g, respectively, below the bottom of their
essential spectra, enumerated in non-decreasing order and repeated with
multiplicities, and let N(—As,) and N(—Ay g) be their total numbers.
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Consequences of the inequality

The above result allows to draw conclusions from an operator comparison.

Denote by {Ac(—As54)}22; and {\(—Ay g)}72; the eigenvalues of the
operators —A;, and —Ay g, respectively, below the bottom of their
essential spectra, enumerated in non-decreasing order and repeated with
multiplicities, and let N(—As,) and N(—Ay g) be their total numbers.

Corollary
Under the assumption of the theorem, we have
(1) M(—=As8) < M(—Ds0)
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Consequences of the inequality 6

The above result allows to draw conclusions from an operator comparison.

Denote by {Ac(—As54)}22; and {\(—Ay g)}72; the eigenvalues of the
operators —A;, and —Ay g, respectively, below the bottom of their
essential spectra, enumerated in non-decreasing order and repeated with
multiplicities, and let N(—As,) and N(—Ay g) be their total numbers.

Corollary
Under the assumption of the theorem, we have
(i) )\k(—A(glyﬁ) < Ak(_A(ia) for all k € N;

(ii) minoess(—As7,8) < Min Oegs(—A5,0);
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Consequences of the inequality @

The above result allows to draw conclusions from an operator comparison.

Denote by {Ac(—As54)}22; and {\(—Ay g)}72; the eigenvalues of the
operators —A;, and —Ay g, respectively, below the bottom of their
essential spectra, enumerated in non-decreasing order and repeated with
multiplicities, and let N(—As,) and N(—Ay g) be their total numbers.

Corollary
Under the assumption of the theorem, we have
(i) )\k(—A(glyﬁ) < Ak(_A(ia) for all k € N;

(ii) minoess(—As7,8) < Min Oegs(—A5,0);

(ili) 1f min oess(—Asa) = Min oess(—As g), then N(—As4) < N(—Ay )

v

P. Exner: Singular Schrédinger operators ... SAMMP Conference, Yerevan September 5, 2016 -20-



Consequences of the inequality

The estimates are the better the smaller the chromatic number is.
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Consequences of the inequality

St
(e

The estimates are the better the smaller the chromatic number is.

Corollary

Under the stated assumptions, let xp =2 and 0 < § < %, then there is a
unitary operator such that

Ufl(_AS’,B)U < _A(S,ou

and consequently, the conclusions of the previous corollary are valid.
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Consequences of the inequality
The estimates are the better the smaller the chromatic number is. —

Corollary

Under the stated assumptions, let xp =2 and 0 < 3 < %, then there is a
unitary operator such that

Ul (=As5)U < —Dsa,

and consequently, the conclusions of the previous corollary are valid.

Moreover, the examples with [ being a line in the plane show that the
inequality 0 < 8 < g cannot be improved.
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Consequences of the inequality

The estimates are the better the smaller the chromatic number is.

Corollary

Under the stated assumptions, let xp =2 and 0 < 3 < %, then there is a
unitary operator such that

Ul (=As5)U < —Dsa,

and consequently, the conclusions of the previous corollary are valid.

Moreover, the examples with [ being a line in the plane show that the
inequality 0 < 8 < g cannot be improved.

Example: Let I be a bent, asymptotically straight curve considered above,
now supporting the §’-interaction with a constant 3 > 0. Choose o« = %,
then —As 3 and —A;, have the same essential spectrum. Since we know
that oqisc(—As,a) # 0, the same is true for — Ay 5.
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Strong coupling on a ¢’ loop
Some § arguments, though, can be adapted easily to the ¢’ situation.
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Strong coupling on a ¢’ loop

Some 4 arguments, though, can be adapted easily to the ¢’ situation
Theorem (E-Jex'13)

Let T be a C*-smooth closed curve without self-intersections. Then
0ess(Ha,r) = [0,00) and to any n € N there is a 3, > 0 such that

#0disc(Hg,r) > n holds for 8 € (0, 8,). Denoting by \j(3) the j-th
eigenvalue of Hg r, counted with multiplicity, we have the expansion

NOES Bzww(mlnm) j=1....n,

valid as 3 — 04, where p; is the j-th eigenvalue of the comparison
operator Sr, the same as before.

C )
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. /
Strong coupling on a ¢’ loop 6
Some 4 arguments, though, can be adapted easily to the ¢’ situation. &

Theorem (E-Jex'13)

Let T be a C*-smooth closed curve without self-intersections. Then
0ess(Ha,r) = [0,00) and to any n € N there is a 3, > 0 such that

#0disc(Hg,r) > n holds for 8 € (0, 8,). Denoting by \j(3) the j-th
eigenvalue of Hg r, counted with multiplicity, we have the expansion

NOES 62+uj+0(ﬁllnﬁ|) j=1....n,

valid as 3 — 04, where p; is the j-th eigenvalue of the comparison
operator Sr, the same as before. Moreover, for the counting function
B+ #04(Hgr) we have

foaisc(Hp,r) = 2g+(’)(||nﬂ\) as B —0,.
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. /
Strong coupling on a ¢’ loop 6
Some 4 arguments, though, can be adapted easily to the ¢’ situation. &

Theorem (E-Jex'13)

Let T be a C*-smooth closed curve without self-intersections. Then
0ess(Ha,r) = [0,00) and to any n € N there is a 3, > 0 such that

#0disc(Hg,r) > n holds for 8 € (0, 8,). Denoting by \j(3) the j-th
eigenvalue of Hg r, counted with multiplicity, we have the expansion

NOES 62+uj+0(ﬁllnﬁl) j=1....n,

valid as 3 — 04, where p; is the j-th eigenvalue of the comparison

operator Sr, . Moreover, for the counting function
B+ #04(Hgr) we have

2L
fodisc(Har) =

6+(’)(|Inﬁ\) as f— 04.

A similar result holds for infinite curves, cf. [Jex'14], and for strong ¢’
interaction supported by surfaces , cf. [E-Jex'14]
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More general interactions

C )
MNODI
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The § and & are just particular cases of the general, four-parameter family
of point interactions, and we are now going to construct singular
Schrodinger operators with such a general interaction.
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More general interactions

The § and ¢ are just particular cases of the general, four-parameter family
of point interactions, and we are now going to construct singular
Schrodinger operators with such a general interaction.

For simplicity we restrict ourselves to the simplest partition of the space,
namely we assume that I € RY, d > 2, is the boundary of a (bounded
or unbounded) Lipschitz domain Q = Q; and Q. :=R?\ (Q; UT); for

f € L2(R?) we write f; = flo,, j =1,e, and f = i @ f..
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More general interactions C

The § and ¢ are just particular cases of the general, four-parameter family
of point interactions, and we are now going to construct singular
Schrodinger operators with such a general interaction.

For simplicity we restrict ourselves to the simplest partition of the space,
namely we assume that I € RY, d > 2, is the boundary of a (bounded
or unbounded) Lipschitz domain Q = Q; and Q. :=R?\ (Q; UT); for

f € L2(R?) we write f; = flo,, j =1,e, and f = i @ f..

The trace of f € H'(%;) on T is denoted by f|r € H'/2(T'). For each

f € HY(;) we define the derivative of f with respect to the outer unit
normal on I' = 0€2; using Green's first identity; if I is sufficiently smooth
and f is differentiable up to the boundary then 8,,J.f\r is the usual
derivative. The outer unit normals for Q; and €, coincide up to a minus
sign, in particular, for f € H?>(R?) we have 0,.f|r + 0,.f|r = 0.
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More general interactions

C )
The conditions defining the general point interaction can be written i @
different form. We employ the one from [E-Grosse'99], up to signs, which
has the advantage of making the particular cases of § and ¢’ visible.
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More general interactions

GS)
The conditions defining the general point interaction can be written ir@
different form. We employ the one from [E-Grosse'99], up to signs, which

has the advantage of making the particular cases of § and ¢’ visible.

The interactions supported on I will be thus described by Laplacian
on RY\ T subject to the interface conditions

e}
Oy filr + Oy folr= 5 (flr + folr) +

Al = folr= —3 (6l + £I)
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More general interactions

GS)
The conditions defining the general point interaction can be written i Q
different form. We employ the one from [E-Grosse'99], up to signs, which
has the advantage of making the particular cases of § and ¢’ visible.

The interactions supported on I will be thus described by Laplacian
on RY\ T subject to the interface conditions

8]
ayifilrJrauefe\r:g(ﬁ\rJrfe!r) (Oufilr = O felr),

Al — flr= = (flr + £Ir) + 5 @u il = Ao folr)

Concerning the coefficient functions, we assume that a: [ — R and

v : ' — C are bounded, measurable functions. Moreover, let [g C T be a
relatively open subset and let 5 : T — R be a function such that 371 is
measurable and bounded on 'z and 3 = 0 identically on g : =T\ I'g.
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More general interactions

GS)
The conditions defining the general point interaction can be written i Q
different form. We employ the one from [E-Grosse'99], up to signs, which
has the advantage of making the particular cases of § and ¢’ visible.

The interactions supported on I will be thus described by Laplacian
on RY\ T subject to the interface conditions

(a f‘r ‘r)7

(O filr — O felr) -

(87
ayiﬁ|r + auefe‘F: 5 (ﬂ‘r + fv‘e’l’)

Al = folr= —3 (6l + £I)

Concerning the coefficient functions, we assume that a: [ — R and

v : ' — C are bounded, measurable functions. Moreover, let [g C T be a
relatively open subset and let 5 : T — R be a function such that 371 is
measurable and bounded on 'z and 3 = 0 identically on g : =T\ I'g.

For some of them, however, the above conditions are formal and we have
to seek an alternative way to define the operators in question.
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The quadratic form definition

We employ again a suitable quadratic form.
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The quadratic form definition

C )
. . . . a v >/
We employ again a suitable quadratic form. Given A = =
we define the symmetric matrix function © 4 on I' by 7

1+3 P

T _1)(1+2
Ou= Al + S, 4 g
AT G0 D L 3P
T st B st g

with the convention that %]Irﬁ equals zero on Ig.
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The quadratic form definition

. . . . a v >/
We employ again a suitable quadratic form. Given A = - 8
we define the symmetric matrix function © 4 on I by 7

1+22 I-1)(1+2
| ﬁZIHFB‘*‘% s )B( 2)Hrﬁ+%

I-1)(1+7 1-3
(2)’#]1%4_% | 52|Hrﬂ+%

O =

with the convention that %]Irﬁ equals zero on [.

Then we define a quadratic form h4 in L2(R9) in the following way,

Ve T fi i
qA(f’g)Z/ Vﬁ~Vgidx+/ Vfé-Vgedx—/<@A< >,<g>>dm
Qi Qe r fe ge

D(qa) = {fi& fo € HA(Q) & H () : (1+ 3)fi = (1— ) on T },

where (-, ) is the inner product in C? and ¢ is the surface measure on .
Note that g4 is well-defined since the entries of © 4 are bounded functions.
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The quadratic form definition =
Under the stated assumption we have [E-Rohleder'16]: @I

Proposition
The form q4 in L2(RY) is densely defined, symmetric, semibounded below
and closed.
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The quadratic form definition =
Under the stated assumption we have [E-Rohleder'16]:

Proposition
The form q4 in L2(RY) is densely defined, symmetric, semibounded below
and closed.

Hence there is a unique selfadjoint, semibounded operator —A 4
associated with q4; it the coefficients are regular enough it coincides
with the Laplacian subject to the above stated interface conditions.
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The quadratic form definition o
Under the stated assumption we have [E-Rohleder'16]: @.

Proposition

The form q4 in L2(RY) is densely defined, symmetric, semibounded below
and closed.

Hence there is a unique selfadjoint, semibounded operator —A 4
associated with gy4; it the coefficients are regular enough it coincides
with the Laplacian subject to the above stated interface conditions.

Remark: The definition includes not only the é- (8 =~ =0) and
d’-interaction (o =« = 0), but also other cases of interest. For instance,
given real constants ¢, ¢, with ¢ + ¢. # 0 and choosing

4cice 4 2(Ci - Ce)

Q= 9 6: ) 7: 9
G + Ce G + Ce G + Ce

we get separated regions with Robin conditions, 0,,f; = ¢jf;, j =i,e.
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Spectral properties of —A 4

C )
MNODI

A lot can be said about spectrum of —A 4, let us mention a few resul —
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Spectral properties of —A 4

C )
MNODI

A lot can be said about spectrum of —A 4, let us mention a few resul —

Theorem (E-Rohleder'16)

Let Q; be bounded, i.e. T is compact. Then the resolvent difference
(_AA - >‘)_1 - (_Afree - /\)_1 ) A€ p(_A.A) N p(_Afree)

is compact. In particular, oess(—A4) = Ry and the discrete spectrum
o(—A4) N (—00,0) is finite.
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Spectral properties of —A 4 @

A lot can be said about spectrum of —A 4, let us mention a few resul —

Theorem (E-Rohleder'16)

Let Q; be bounded, i.e. T is compact. Then the resolvent difference
(_A.A - )\)_1 - (_Afree - )‘)_1 ) A€ p(_A.A) N p(_Afree)

is compact. In particular, oess(—A4) = Ry and the discrete spectrum
o(—A4) N (—00,0) is finite.

Concerning the existence of ogisc(—A 4), in the presence of ¢’ we have
the following sufficient condition:

Theorem (E-Rohleder'16)

In addition the hypotheses of the previous theorem, let I =T, i.e.,

B(s) £ 0 forall s € T. If |. ('“‘5'2 +4)do > 0 holds, N(~A.4) > 0.
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Spectral properties of —A 4

In the absence of §’ the claim depends on the dimension: ~
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Spectral properties of —A 4

In the absence of §’ the claim depends on the dimension: @
Theorem (E-Rohleder'16)

Let ' be compact in dimension d = 2. Assume that 3 = 0 identically on

[, and moreover, a(s) > amin > 0 for all s € ¥ and let v € C be constant.
Then N(—A_4) > 0.
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Spectral properties of —A 4

G@>)
In the absence of §’ the claim depends on the dimension: @

Theorem (E-Rohleder’'16)

Let ' be compact in dimension d = 2. Assume that 3 = 0 identically on

[, and moreover, a(s) > amin > 0 for all s € ¥ and let v € C be constant.

Then N(—Ay4) > 0.

If d > 3 the situation is different:

Proposition

Let I be compact, d > 3, and 3 = 0 identically on I'. Moreover, let
0 < a(s) < amax for all s € ¥ and let v € C be constant. Define

a = Omax >0
min{|1 + /2|2, |1 —v/2|?} ~

and let —A; 5 be the Schrodinger operator in L?(R9) with §-interaction
of strength o on . If N(—As5) = 0 the same is true for N(—A 4).
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Spectral properties of —A 4

The situation is more complicated if [ is non-compact:
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Spectral properties of —A 4 @

The situation is more complicated if [ is non-compact:

Theorem (E-Rohleder’'16)

Let T be a surface in R3 homeomorphic to the plane which is C?> smooth
outside a compact and asymptotically planar in the sense that K, M vanish
asymptotically. Suppose further that the functions «, 3, are constant
outside a compact and a(s), B(s) are nonnegative for all s € T', then under
additional mild assumptions we have oess(—A 1) C [ma, 00), where

402 g _
| i A=0
A= 4+det A++/—1605+(4+det A)2 .
_( " ) i 840

and «, 3, are the constant function values outside the compact.
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Spectral properties of —A 4 @

The situation is more complicated if [ is non-compact:

Theorem (E-Rohleder’'16)

Let T be a surface in R3 homeomorphic to the plane which is C?> smooth
outside a compact and asymptotically planar in the sense that K, M vanish
asymptotically. Suppose further that the functions «, 3, are constant
outside a compact and a(s), B(s) are nonnegative for all s € T', then under
additional mild assumptions we have oess(—A 1) C [ma, 00), where

~ @ if §=0

2
4+det A+/—16a3+(4+det A)2 .
- < 67 ) if B #0.

my =

and «, 3, are the constant function values outside the compact.

In some case one can prove equality, oess(—A4) = [M4, 0), for instance
if I is a plane outside a compact.
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Operator inequalities

To prove the existence of a non-void discrete spectrum one can combi

known results in particular case with operator inequalities. In various

particular situations one can prove the existence of a unitary operator,
denoted generically as U, which make it possible:
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Operator inequalities

To prove the existence of a non-void discrete spectrum one can combi
known results in particular case with operator inequalities. In various

particular situations one can prove the existence of a unitary operator,
denoted generically as U, which make it possible:

Suppose again that & : I — R and + : [ — C are bounded, measurable
functions, and 3 : I — R is measurable with 5! bounded, then:

P. Exner: Singular Schrédinger operators ...

SAMMP Conference, Yerevan

September 5, 2016 -30-



Operator inequalities @

To prove the existence of a non-void discrete spectrum one can combi
known results in particular case with operator inequalities. In various
particular situations one can prove the existence of a unitary operator,
denoted generically as U, which make it possible:

Suppose again that & : I — R and + : [ — C are bounded, measurable
functions, and 3 : I — R is measurable with 5! bounded, then:
0

(a) Let A= <§ 6) with a(s) > 0 and (s) > 0 for all s € '. Let further

a(s) < % for all s €T, then

U*(_A.A)U < _Aé,a .
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To prove the existence of a non-void discrete spectrum one can combi
known results in particular case with operator inequalities. In various
particular situations one can prove the existence of a unitary operator,
denoted generically as U, which make it possible:

Operator inequalities @

Suppose again that & : I — R and + : [ — C are bounded, measurable
functions, and 3 : I — R is measurable with 5! bounded, then:

(a) Let A= <§ g) with a(s) > 0 and (s) > 0 for all s € '. Let further

a(s) < 4t for all s €T, then

B(s)
U*(_A.A)U < _Aé,a .

(b) Let A = (_07 g) with 3(s) > 0 for all s € I and v € iR being a

constant. Let further & : I — R be measurable and bounded satisfying

a(s) < 4;(‘2)‘2 for all s €T, then

U'(—A4)U < —Asq .
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NODI

Operator inequalities @
(c) Let A = (_aW g) with a(s) > 0 for all s € T and y € iR being a =
constant. Let further & : I — R be measurable and bounded satisfying

a(s) < % for all s € T, then
2

U*(_A.A)U < _A(S,a .
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Operator inequalities

C )
e

(c) Let A = <_a7 > with a(s) > 0 for all s € I and 7y € iR being a

constant. Let further & : I — R be measurable and bounded satisfying

a(s) < \1+ (Em for all s € I', then

U*(_A.A)U < _A(S,a .

(d) Let A= (_“7 g) with a(s) > 0 for all s € T and v : I — C being

measurable and bounded. Let further E r —> R be such that 5_
measurable and bounded satisfying a(s) < E( 9 for all s € T, then
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Operator inequalities C
(c) Let A= <_CiY g) with a(s) > 0 for all s € T and v € iR being a —

constant. Let further & : I — R be measurable and bounded satisfying

a(s) < \1+ (Em for all s € I', then

U*(_A.A)U < _Aé,a .

(d) Let A= (_0‘7 g) with a(s) > 0 for all s € T and v : I — C being

measurable and bounded. Let further E r —> R be such that B—
measurable and bounded satisfying a(s) < E( 5 for all s €T, then

The first three can be used to estimate the spectra from the known results
about the d-interaction, the last one includes also the intermediate class
which occurs if Rey # 0.
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Potential bias

So far the only interaction considered was the singular one supported
by the set I of codimension one.
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Potential bias

So far the only interaction considered was the singular one supported
by the set I of codimension one.

Our aim now is to show that adding a regular potential can lead to other
interesting spectral effects. We shall consider a particular example:
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Potential bias

So far the only interaction considered was the singular one supported
by the set I of codimension one.

Our aim now is to show that adding a regular potential can lead to other
interesting spectral effects. We shall consider a particular example: the
system described by the operator H = H, r v acting as

H=-A+V(x)—ad(x-T), a>0,

in L2(R?) understood in the sense discussed above, where the §-potential
is supported by an infinite, piecewise smooth curve " dividing the plane
into two regions.
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Potential bias

So far the only interaction considered was the singular one supported
by the set I of codimension one.

Our aim now is to show that adding a regular potential can lead to other
interesting spectral effects. We shall consider a particular example: the
system described by the operator H = H, r v acting as

H=-A+V(x)—ad(x-T), a>0,

in L2(R?) understood in the sense discussed above, where the §-potential
is supported by an infinite, piecewise smooth curve " dividing the plane
into two regions.

We will be interested in the situation where the potential is constant,
positive, and supported in one of those regions. Our aim is to show that
‘binding-by-bending’ effect of [E-Ichinose'01] acquires in this case a
distinguished asymmetry reminiscent that known for waveguides with a
combined Dirichlet-Neumann boundary known from [Dittrich-K¥iz'02].
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An auxiliary problem =

If I is a straight line the problem is solved by separation of variable.
Let us inspect the transverse part, i.e. the operator

2

d

where V(x) = VW, for x > 0 and V/(x) = 0 otherwise, associated with
the form ¢ — ||¢'||2 — a|¢(0)|> + (V ¢, ¢) defined on H(R).
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An auxiliary problem =

If I is a straight line the problem is solved by separation of variable.
Let us inspect the transverse part, i.e. the operator
2

d

where V(x) = VW, for x > 0 and V/(x) = 0 otherwise, associated with
the form ¢ — ||¢'||2 — a|¢(0)|> + (V ¢, ¢) defined on H(R).

Lemma
(i) Uess(h) = [0,00).

-33-
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An auxiliary problem =

If I is a straight line the problem is solved by separation of variable.
Let us inspect the transverse part, i.e. the operator
2

d

where V(x) = VW, for x > 0 and V/(x) = 0 otherwise, associated with
the form ¢ — ||¢'||2 — a|¢(0)|> + (V ¢, ¢) defined on H(R).

Lemma

(i) oess(h) = [0, 0).
(i) The operator h has no eigenvalues for Vo > .

-33-
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An auxiliary problem =

If I is a straight line the problem is solved by separation of variable.
Let us inspect the transverse part, i.e. the operator
2

d

where V(x) = VW, for x > 0 and V/(x) = 0 otherwise, associated with
the form ¢ — ||¢'||2 — a|¢(0)|> + (V ¢, ¢) defined on H(R).

Lemma

(i) oess(h) = [0, 0).
(i) The operator h has no eigenvalues for Vo > .

2
(iii) h has a unique eigenvalue |1 = — (MQ;Q\/‘)) for Vo < o?.

-33-
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An auxiliary problem

If I is a straight line the problem is solved by separation of variable. @
Let us inspect the transverse part, i.e. the operator

2

d

where V(x) = Vg for x > 0 and V(x) = 0 otherwise, associated with
the form ¢ — ||¢'[|? — a|p(0)|> + (V ¢, ¢) defined on HY(R).

Lemma
(i) oess(h) = [0, 00).
(i) The operator h has no eigenvalues for Vo > .

)
2
(iii) h has a unique eigenvalue |1 = — <a2—V0> for Vo < o?.
)

2a

(iv) If Vo = a2 there is a bounded weak solution ¢ ¢ L?(R') to hy) = 0.
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An auxiliary problem
110Dl
7,

If I is a straight line the problem is solved by separation of variable.
Let us inspect the transverse part, i.e. the operator
2

d

where V(x) = Vg for x > 0 and V(x) = 0 otherwise, associated with
the form ¢ — ||¢'[|? — a|p(0)|> + (V ¢, ¢) defined on HY(R).

Lemma
(i) oess(h) = [0, 00).
(i) The operator h has no eigenvalues for Vo > .
2
(i) h has a unique eigenvalue = — <a22_a\/°> for Vo < .
(iv) If Vo = a2 there is a bounded weak solution ¢ ¢ L?(R') to hy) = 0.

We are particularly interested in the critical case, Vo = o?.
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Assumptions, the essential spectrum

We adopt the following hypotheses:
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Assumptions, the essential spectrum

We adopt the following hypotheses:

(a) T divides R? into two regions such that one of them is convex. The
trivial case of two halfplanes is excluded.
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Assumptions, the essential spectrum =
We adopt the following hypotheses:

(a) T divides R? into two regions such that one of them is convex. The
trivial case of two halfplanes is excluded.

(b) T consists of a finite number of a C2 segments.
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Assumptions, the essential spectrum

We adopt the following hypotheses: —

(a) T divides R? into two regions such that one of them is convex. The
trivial case of two halfplanes is excluded.

(b) T consists of a finite number of a C2 segments.

(c) The natural (arc-length) parametrization of I is used in the following.
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Assumptions, the essential spectrum
We adopt the following hypotheses:

(a) T divides R? into two regions such that one of them is convex. The
trivial case of two halfplanes is excluded.

(b) T consists of a finite number of a C? segments.
(c) The natural (arc-length) parametrization of I is used in the following.

(d) Asymptotes of I'(s) for s — +o0 exist and they are not parallel; for
definiteness we assume that in the polar coordinates the asymptotes
coincide with the radial halflines of angles ¢ = 8 and ¢ = —§.
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Assumptions, the essential spectrum
We adopt the following hypotheses:

(a) T divides R? into two regions such that one of them is convex. The
trivial case of two halfplanes is excluded.

(b) T consists of a finite number of a C? segments.
(c) The natural (arc-length) parametrization of I is used in the following.

(d) Asymptotes of I'(s) for s — +o0 exist and they are not parallel; for
definiteness we assume that in the polar coordinates the asymptotes
coincide with the radial halflines of angles ¢ = 8 and ¢ = —§.

(e) V(x)= Vo > 0in one of these regions and V/(x) = 0 in the other.
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Assumptions, the essential spectrum
We adopt the following hypotheses:

(a) T divides R? into two regions such that one of them is convex. The
trivial case of two halfplanes is excluded.

(b) T consists of a finite number of a C? segments.
(c) The natural (arc-length) parametrization of I is used in the following.

(d) Asymptotes of I'(s) for s — +o0 exist and they are not parallel; for
definiteness we assume that in the polar coordinates the asymptotes
coincide with the radial halflines of angles ¢ = 8 and ¢ = —§.

(e) V(x)= Vo > 0in one of these regions and V/(x) = 0 in the other.

Theorem (E-Vugalter'16)

Under the assumptions (a)—(e) we have oess(H) = [, 0), where

o= *%04—2(042 — Vo)2 for Vo < a? and © = 0 otherwise.
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An exterior positive potential =
Of the tho regions separated by I we call the convex one interior, I, @
while the other will be exterior, &r.

P. Exner: Singular Schrédinger operators ... SAMMP Conference, Yerevan September 5, 2016 -35-



An exterior positive potential

C )
Of the tho regions separated by I we call the convex one interior, Ir, @
while the other will be exterior, &r.

Theorem (E-Vugalter'16)

For the described curve class, let V(x) =0 in Ir and V(x) = Vo > o?
otherwise. Then o(H) = [0, c0).

P. Exner: Singular Schrédinger operators ...

SAMMP Conference, Yerevan

September 5, 2016 -35-



An exterior positive potential

GS)
Of the tho regions separated by I we call the convex one interior, I, @
while the other will be exterior, &r.

Theorem (E-Vugalter'16)

For the described curve class, let V(x) =0 in Ir and V(x) = Vo > o?
otherwise. Then o(H) = [0, c0).

Proof sketch: We employ Neumann bracketing as indicated and in
Q1, Qo, ... we use the natural locally orthogonal coordinated to show
that the corresponding operator are > h !
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The subcritical case

Let the potential be positive in the exterior region and subcritical.
The discrete spectrum then depends on V4 and the geometry. Consider
the example of a broken line I'x_5, of the opening angle 2¢.
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The subcritical case

Let the potential be positive in the exterior region and subcritical.
The discrete spectrum then depends on V4 and the geometry. Consider
the example of a broken line I'x_5, of the opening angle 2¢.

By easy variational arguments one proves
Proposition

Let 2 < 7 be fixed. Then there exists a V. € (0,a?) such that for all
0 < Vo < V. the operator H has at least one isolated eigenvalue below the
threshold p of its essential spectrum.
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The subcritical case

Let the potential be positive in the exterior region and subcritical.
The discrete spectrum then depends on V4 and the geometry. Consider
the example of a broken line I'x_5, of the opening angle 2¢.

By easy variational arguments one proves
Proposition

Let 2 < 7 be fixed. Then there exists a V. € (0,a?) such that for all
0 < Vo < V. the operator H has at least one isolated eigenvalue below the
threshold p of its essential spectrum.

and

Proposition

Let Vo < a? be fixed. Then to any given n € N there is a p, € (0, %) such
that for all 0 < ¢ < ¢, we have fogisc(H) > n.
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An interior positive potential =
If the potential is positive in the interior region, things may look @
differently. Consider first the critical case, then by another variational
argument we prove the following claim:
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An interior positive potential

@)
If the potential is positive in the interior region, things may look @
differently. Consider first the critical case, then by another variational
argument we prove the following claim:

Theorem (E-Vugalter'16)

In addition to (a)—(e) assume that [ is straight outside a compact.
Let V(x) = Vo = a? hold for x € Ir and V(x) = 0 otherwise. Then
Udisc(H) 7& 0.
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An interior positive potential =
If the potential is positive in the interior region, things may look @'
differently. Consider first the critical case, then by another variational
argument we prove the following claim:

Theorem (E-Vugalter'16)

In addition to (a)—(e) assume that [ is straight outside a compact.
Let V(x) = Vo = a? hold for x € Ir and V(x) = 0 otherwise. Then
Udisc(H) 7& 0.

In the supercritical case the discrete spectrum may and may not exist
depending on the model parameters. Consider again the broken line
[+—2, of the opening angle 2¢.
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An interior positive potential

If the potential is positive in the interior region, things may look
differently. Consider first the critical case, then by another variational
argument we prove the following claim:

Theorem (E-Vugalter'16)

In addition to (a)—(e) assume that [ is straight outside a compact.
Let V(x) = Vo = a? hold for x € Ir and V(x) = 0 otherwise. Then
Udisc(H) 7& 0.

C )
MNODI
7/,

In the supercritical case the discrete spectrum may and may not exist
depending on the model parameters. Consider again the broken line
[+—2, of the opening angle 2¢.

Proposition

odisc(H) = 0 holds for any ¢ > %Vo_l/za_
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An interior positive potential =
If the potential is positive in the interior region, things may look @
differently. Consider first the critical case, then by another variational
argument we prove the following claim:

Theorem (E-Vugalter'16)

In addition to (a)—(e) assume that [ is straight outside a compact.
Let V(x) = Vo = a? hold for x € Ir and V(x) = 0 otherwise. Then

Udisc(H) 7& 0.

In the supercritical case the discrete spectrum may and may not exist
depending on the model parameters. Consider again the broken line
[+—2, of the opening angle 2¢.

Proposition
odisc(H) = 0 holds for any ¢ > %Vo_l/za. J

Proof sketch: Assuming the existence of g such that Hyg = Ay with

A < 0 we get a contradiction by angular rescaling of .
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More results

While the number of eigenvalues can be large for a sharply bent I it
remains nevertheless finite:

Theorem (E-Vugalter'16)

In addition to (a)-(e) assume that dist(T'(s) — Masympt(s)) = o(s 1) as
|s| — oo, then fogisc(H) < 0.
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While the number of eigenvalues can be large for a sharply bent I it
remains nevertheless finite:

Theorem (E-Vugalter'16)

In addition to (a)-(e) assume that dist(T'(s) — Masympt(s)) = o(s 1) as
|s| — oo, then fogisc(H) < 0.

Some of these results can be extended d-interaction supported by surfaces
in R3 with a potential bias — a2 work in progress
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More results

While the number of eigenvalues can be large for a sharply bent I it
remains nevertheless finite:

Theorem (E-Vugalter'16)

In addition to (a)-(e) assume that dist(T'(s) — Masympt(s)) = o(s 1) as
|s| — oo, then fogisc(H) < 0.

Some of these results can be extended d-interaction supported by surfaces
in R3 with a potential bias — a2 work in progress

and, of course, various questions remain open ...
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Open questions

In my view, the main challenge concerns the strong-coupling behavior
in situations with /ess regularity, in the first place such a behavior for
Hamiltonians of branched leaky graphs.
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In my view, the main challenge concerns the strong-coupling behavior

in situations with /ess regularity, in the first place such a behavior for
Hamiltonians of branched leaky graphs.

Conjecture: Tthe strong coupling limit of broken curves/branched graphs
behaves similarly to shrinking Dirichlet networks or tubes, i.e. a nontrivial
limit with the natural energy renormalization can be obtained provided the
system exhibits a threshold resonance.
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in situations with /ess regularity, in the first place such a behavior for
Hamiltonians of branched leaky graphs.

Conjecture: Tthe strong coupling limit of broken curves/branched graphs

behaves similarly to shrinking Dirichlet networks or tubes, i.e. a nontrivial

limit with the natural energy renormalization can be obtained provided the
system exhibits a threshold resonance.

For periodic manifolds the absolute continuity of the spectrum is not
proven even in the §-interaction case, except a non-uniform, strong
coupling result — to say nothing of the more singular interactions
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In my view, the main challenge concerns the strong-coupling behavior
in situations with /ess regularity, in the first place such a behavior for
Hamiltonians of branched leaky graphs.

Conjecture: Tthe strong coupling limit of broken curves/branched graphs

behaves similarly to shrinking Dirichlet networks or tubes, i.e. a nontrivial

limit with the natural energy renormalization can be obtained provided the
system exhibits a threshold resonance.

For periodic manifolds the absolute continuity of the spectrum is not
proven even in the §-interaction case, except a non-uniform, strong
coupling result — to say nothing of the more singular interactions

Other problems: strong-coupling asymptotic behavior of gaps for periodic
manifolds,
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Open questions A
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In my view, the main challenge concerns the strong-coupling behavior

in situations with /ess regularity, in the first place such a behavior for

Hamiltonians of branched leaky graphs.

Conjecture: Tthe strong coupling limit of broken curves/branched graphs

behaves similarly to shrinking Dirichlet networks or tubes, i.e. a nontrivial

limit with the natural energy renormalization can be obtained provided the
system exhibits a threshold resonance.

For periodic manifolds the absolute continuity of the spectrum is not
proven even in the §-interaction case, except a non-uniform, strong
coupling result — to say nothing of the more singular interactions

Other problems: strong-coupling asymptotic behavior of gaps for periodic
manifolds, a better understanding of the influence of regular potentials and
magnetic fields: how do they influence curvature-induced bound states?
We conjecture they may destroy them.
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Open questions A
7/,

In my view, the main challenge concerns the strong-coupling behavior

in situations with /ess regularity, in the first place such a behavior for

Hamiltonians of branched leaky graphs.

Conjecture: Tthe strong coupling limit of broken curves/branched graphs

behaves similarly to shrinking Dirichlet networks or tubes, i.e. a nontrivial

limit with the natural energy renormalization can be obtained provided the
system exhibits a threshold resonance.

For periodic manifolds the absolute continuity of the spectrum is not
proven even in the §-interaction case, except a non-uniform, strong
coupling result — to say nothing of the more singular interactions

Other problems: strong-coupling asymptotic behavior of gaps for periodic
manifolds, a better understanding of the influence of regular potentials and
magnetic fields: how do they influence curvature-induced bound states?
We conjecture they may destroy them. Furthermore, where does the
mobility edge lies if T is randomized?, etc., etc.
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The talk sources

[Ex08]  For results prior to 2008 | refer to P.E: Leaky quantum graphs: a review, Proceedings
of the Isaac Newton Institute programme “Analysis on Graphs and Applications”, AMS
“Proceedings of Symposia in Pure Mathematics” Series, vol. 77, Providence, R.l., 2008;

pp. 523-564.
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as well as the other papers mentioned in the course of the presentation.
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It remains to say
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It remains to say

Thank you for your attention!

Shnorhakalutyun dzez hamar ushadrutyan!
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