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Mathematical Motivations

KMS States and Time—Ordered Green Functions

% Let U be a C*-algebra, 7 = {7:}+ecr a group of automorphisms of U and p € U™ be a
(7, B)-KMS state for some 3 € RT. This means the following:

@ Let ® ={z€C:0<Imz< B} Then, for any A = (A1, A2) € U?, there is a
continuous and bounded function Fa on © which is analytic on © and such that

Fa (t) = p(Ar7e (A2)) Fa(t+iB) = p(1e(A2) A1), teR.

@ More generally, for any A = (Ai,...,A,) €U" (n > 2), there is a continuous and
bounded function Fa on ©7—1 | that is analytic on D" and satisfies

FA(tz—tl,t3— to,...,th — tnfl):p(ﬂl (Al)""Tt,, (An))7 t1,...,th € R.
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% For ai,...,an € R so that aj < ajy1, we define the time—ordered Green functions

GA(al,...,Oz,,)iFA(i(az7&1),...71.(0(,,701,,_1)) .
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Mathematical Motivations

KMS States and Time—Ordered Green Functions

% Let U be a C*-algebra, 7 = {7:}+ecr a group of automorphisms of U and p € U™ be a
(7, B)-KMS state for some 3 € RT. This means the following:

@ Let ® ={z€C:0<Imz< B} Then, for any A = (A1, A2) € U?, there is a
continuous and bounded function Fa on © which is analytic on © and such that

Fa (t) = p(Ar7e (A2)) Fa(t+iB) = p(1e(A2) A1), teR.

@ More generally, for any A = (Ai,...,A,) €U" (n > 2), there is a continuous and
bounded function Fa on ©7—1 | that is analytic on D" and satisfies

FA(tz—tl,t3— to,...,th — tnfl):p(ﬂl (Al)""Tt,, (An))7 t1,...,th € R.

% For ai,...,an € R so that aj < ajy1, we define the time—ordered Green functions
GA(al,...,oz,,) = FA(i(az7&1),...71.(04,,701,,_1)) .
— The aim is to show the existence and uniqueness of KMS states and evaluate

(truncated) Green functions.
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Mathematical Motivations

Example: Fermionic Dynamics on Lattices

@ Let d € N and Uy be the normed x—algebra generated by the identity 1 and the
creation / annihilation operators {ax, ax }, ¢z satisfying the CAR. This means that
elements of Up are finite sums of monomials of {ay, ax},cze-

@ The CAR C*-algebra U = CAR(£?*(Z“)) of the infinite system is by definition the
completion of the normed x—algebra Up.

@ Let [A,B] = AB — BA and h,v : Rf — R be such that for some fixed ¢, C € RY,
max{|h(r)|,[v()} < C@A+r)"E*)  reRry.

The fermionic dynamics is given for A € R by the group 7% = {Tt()‘)}teR of
automorphisms of I/ with generator defined by

5(>\)(A) = Z h(lx = y|)[axay, Al + Av (|x — y]|) [aﬁaxa;ay,A] , Acl .

x,y€zd
The case A = 0 is the free dynamics and we want to study GO‘), starting from Gf\‘”.
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Determinant Bounds

Spaces of Antiperiodic Functions on Discrete Tori

@ Fix B € R, an even integer n € 2N and let

T, = {_5+kn*1/3 ke {1,2,...72n}} C (=8,

@ Pick any separable Hilbert space h and let £2 ap(Thi b) be the Hilbert space of
functions from T, to h which are antiperiodic. That is, for f € £2 o(Ta; b),

fla+B)=—f () , a€eT,.
The scalar product on £2,(Th; b) is then defined to be
() =08 Y (A(a),R(a)), ,  f,f€lp(Tub).
a€eT,

@ Vectors ¢ of h) are viewed as antiperiodic functions ¢ of Eip('ﬂ‘n; h) via the definition

¢(a) =(B7'n/2)00ay , a€(=B,0NT,.

April 2016 4 /16
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Determinant Bounds

Spaces of Antiperiodic Functions on Discrete Tori

@ Fix B € R, an even integer n € 2N and let

T, = {_g+kn*1/3 ke {1,2,...,2n}} C (=8,

@ Pick any separable Hilbert space h and let £2 ap(Thi b) be the Hilbert space of
functions from T, to h which are antiperiodic. That is, for f € £2 o(Ta; b),

fla+B)=—f () , a€eT,.
The scalar product on £2,(Th; b) is then defined to be
() =08 Y (A(a),R(a)), ,  f,f€lp(Tub).
a€eT,

@ Vectors ¢ of h) are viewed as antiperiodic functions ¢ of Eip('ﬂ‘n; h) via the definition

¢(a) =(B7'n/2)00ay , a€(=B,0NT,.

Example: | is the one—particle Hilbert space £2(Z?) with ONB {ex}ycza defined by

ey) = 0uyy Xy €LY
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Determinant Bounds

Discrete Time Covariance

@ Any operator H acting on h with domain dom(H) is viewed as an operator A with
domain £3,(T,; dom(H)) C €3,(Tn; h) by the definition

[Afl(a) = H(f(a)) , €y (Tadom(H)), a €T, .

@ The discrete time derivative 9 € B(¢2,(Tn; b)) is the normal invertible operator
defined by

af (a) = B 'n (f (a T n*lﬁ) - f(a)) . Fel(Tnbh), acT,.

@ The discrete time covariance is thus defined for any H = H* to be

Cu=—2(0+ F/)_1 € B(2,(Ta: 1)) .
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Determinant Bounds

Discrete Time Covariance

@ Any operator H actingA on h with domain dom(H) is viewed as an operator A with
domain £3,(T,; dom(H)) C €3,(Tn; h) by the definition

[Afl(a) = H(f(a)) , €y (Tadom(H)), a €T, .

@ The discrete time derivative 9 € B(¢2,(Tn; b)) is the normal invertible operator
defined by

af (a) = B 'n (f (a T n*lﬁ) - f(a)) . Fel(Tnbh), acT,.

@ The discrete time covariance is thus defined for any H = H* to be

Cu=—2(0+ /f/)_1 € B(2,(Ta: ) .

Example: H = H* € B(¢*(Z%)) is the one—particle Hamiltonian such that

h(\x - }’|) = <e><7 H9y>e2(zd)7 X,y € AN
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Determinant Bounds

Determinant Bounds in Constructive QFT

The convergence of perturbation expansions of all correlation functions (cf. G,(‘)‘)) in
non—relativistic fermionic constructive QFT at weak coupling X is ensured if the
interaction and the covariance are summable and if certain determinants arising in the
expansion can be bounded efficiently:

Definition (Determinant bounds)

Let h be a separable Hilbert space with ONB {(;}ic1, I being countable.
~vu € R is a determinant bound of H = H* if, for any 3 € RT, n € 2N, m, N € N,
M € Mat (m,R) with Dt > 0, and all parameters

{(agigrja)}2N C TaN[0,8) x Ix {1,...,m},

the following bound holds true:

Jg:Jq

N 2N
det [fmjk,m/ (Bings (Cui, ) (ok — aN+’)>h]k /—1| <[]/
= i
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Determinant Bounds

Example: Correlation Functions of Lattice Fermion System

@ For \e R, 7™ = {Tto‘)}reR is the group of automorphisms of the CAR algebra
U = CAR(£*(Z%)) with generator defined by

SNVA) =i Z (ex, Hey) 250y [ ay, Al+AV (Ix — y]) [afaxayay, A , Acll.

x,y€zd

@ Let

wh = limsup sup { n~ '8 Z Z ’<ey7 (ChHey) (19)>42(Zd) .
YET, yezd

n—oo xezd

@ If wyv? |A| < 1, then one gets:
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Example: Correlation Functions of Lattice Fermion System

@ For \e R, 7™ = {Tto‘)}reR is the group of automorphisms of the CAR algebra
U = CAR(£*(Z%)) with generator defined by

SNVA) =i Z (ex, Hey) 250y [ ay, Al+AV (Ix — y]) [afaxayay, A , Acll.

x,y€zd

@ Let

wh = limsup sup { n~ '8 Z Z ’(ey, (Chix) (19)>ez(zd)

d
n—oo xelk VET, yezd

@ If wyv? |A| < 1, then one gets:

@ Existence of a unique translation invariant (T()‘),B)—KMS state.
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Determinant Bounds

Example: Correlation Functions of Lattice Fermion System

@ For \e R, 7™ = {Tto‘)}reng is the group of automorphisms of the CAR algebra
U = CAR(£*(Z%)) with generator defined by

SNVA) =i Z (ex, Hey) 250y [ ay, Al+AV (Ix — y]) [afaxayay, A , Acll.

x,y€zd

@ Let

wh = limsup sup { n~ '8 Z Z ’(ey, (Chix) (19)>ez(zd)

n— o0 xEZd 9ET, yEZd
@ If wyv? |A| < 1, then one gets:
@ Existence of a unique translation invariant (T()‘),B)—KMS state.
@ Perturbation expansion of all correlation functions in terms of powers of \

converges absolutely. More precisely, all correlation functions are analytic functions
of the coupling A at A = 0 with analyticity radius of order w,;lfyf.
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Determinant Bounds

Example: Correlation Functions of Lattice Fermion System

@ Forjec{l,...,n}, let X; = (aj,v,%) € Rx {+,—} x Z° If aj < avjr1 then
G (Xi,..., X)) = Gt arny (@1 cn)  with al =a} and a; = a, .

G is extended to all o; € R so that it is antisymmetric w.r.t. permutations
m € S, of its n arguments and periodic with period 23 w.r.t. to each «;.

@ Truncated Green functions G(T") (X1,...,Xn) are recursively defined by
R (n—k)
Z > k. K= k1 O (Ketwy 0 Xe) 67 D (Xesys - Xeo-0)
k=1 TeS,

=G (Xy,..., %) .

Theorem (Pedra, 2005 and many others)

For wny3|A| sufficiently small, there are a unique translation invariant (1), 8)~KMS
state, constants C1, G, ... and a radius R = O(w};'7;,;°) > 0 so that

ok

aAkG("”(Xh LX) < GkIR™*, keNg, neN, Xi,...,Xo € R x {+,—} x Z°.
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Determinant Bounds

Gram Bound for Determinants

Lemma (Gram bound)
Let H be an Hilbert space and C € B(#H). Then, for any N € N and uy, ..., un € H,

N N
et [(unr, Cudae] | < Iy Nelag = Nezmllag -

Therefore, for any 3 € RT, n € 2N, m, N € N, 9 € Mat (m,R) with 9t > 0, and
{(aq,iq,jq)}iﬁl - T" m [07 /8) X I[ X {17 LR} m} )

the following bound holds true:

N N s 1/2
det [mjk,jN+/ (Dinsrs (Cudi,) (o — C¥N+/)>h]k 1_1‘ < [1Cllseez, (r,my) II Hﬂaquegp(ﬂrn;h) M
= 1

Bru, Pedra (Bilbao - Sdo Paulo) Determinant Bounds April 2016 9 /16



Determinant Bounds

Gram Bound for Determinants

Lemma (Gram bound)

Let H be an Hilbert space and C € B(#H). Then, for any N € N and uy, ..., un € H,

N N
et [(unr, Cudae] | < Iy Nelag = Nezmllag -

Therefore, for any 3 € RT, n € 2N, m, N € N, 9 € Mat (m,R) with 9t > 0, and

{(aq7iq,jq)}?7£1 - T" m [07 B) X I[ X {17 LR} m} )
the following bound holds true:

N
det [mjk»j/w <90i/v+/v (Chdy) (o — aN+/)>h]k -1 ‘ < HC"’”B 22 (Tnih H ’|90‘4Hz2 (Tnih) qu/,i

Problem: In general, the norm of Cy diverges, as n — oco. This problem appears
already for bounded H € B(h) when 0 € spec(H). In this case,

ICHllEG (= O (VA)  and @il @,m = O (V) -
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Determinant Bounds

Gram Bound and Multiscale Analyses

One uses the Gram bound for some regularized covariances CH/%L(I:I, i) at every L € N.
Here, for L € N, 4, : R? — [0, 1] defines a family of measurable functions so that

Ri(xy)=1, xyeR.
L=1

This decomposition can be chosen such that there are constants 4, € R*, L € N, which
at least do not depend on n € 2N and meanwhile satisfy

det |:mjk,j,v+/ <<pa,\,+,, (CH/%L(I:I, ia)gﬁik) (o — aN+I)>h] "

Jgrdq
k,I=1

2N
<o
qg=1

See, e.g., [Benfatto-Gallavotti-Procacci-Scoppola, '94], [Giuliani-Mastropietro, '10],
[Giuliani-Mastropietro-Porta, '16] and in many others works.
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Determinant Bounds

Gram Bound and Multiscale Analyses

One uses the Gram bound for some regularized covariances CH/%L(I:I, i) at every L € N.
Here, for L € N, &, : R? — [0, 1] defines a family of measurable functions so that

Ri(xy)=1, xyeR.
L=1

This decomposition can be chosen such that there are constants 4, € R*, L € N, which
at least do not depend on n € 2N and meanwhile satisfy

det |:mjk,j,v+/ <<pa,\,+,, (CH/%L(I:I, i@)@;k) (o — aN+I)>h] "

k,I=1

2N
22N 1/2
< Hqu’jq .
q=1

See, e.g., [Benfatto-Gallavotti-Procacci-Scoppola, '94], [Giuliani-Mastropietro, '10],
[Giuliani-Mastropietro-Porta, '16] and in many others works.

Observation: [Pedra-Salmhofer, '08] shows that this multiscale analysis for the
so—called Matsubara UV problem is not necessary, by proving a new bound for
determinants that generalizes the original Gram bound. Avoiding this kind of procedure
brings various technical benefits.

Bru, Pedra (Bilbao - Sdo Paulo) Determinant Bounds April 2016 10 / 16



Determinant Bounds

Universal Determinant Bound

@ We also show that the UV regularization of the Matsubara frequency is not
necessary, but, in contrast with [Pedra-Salmhofer, '08], the given covariance does
not need to be written as a chronological sum to obtain determinant bounds.
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Universal Determinant Bound

@ We also show that the UV regularization of the Matsubara frequency is not
necessary, but, in contrast with [Pedra-Salmhofer, '08], the given covariance does
not need to be written as a chronological sum to obtain determinant bounds.

@ Our estimates are sharp and hold true for all (possibly unbounded, the latter not
being limited to semibounded) one—particle Hamiltonians H:

Bru, Pedra (Bilbao - Sdo Paulo) Determinant Bounds April 2016 11 /16



Determinant Bounds

Universal Determinant Bound

@ We also show that the UV regularization of the Matsubara frequency is not
necessary, but, in contrast with [Pedra-Salmhofer, '08], the given covariance does
not need to be written as a chronological sum to obtain determinant bounds.

@ Our estimates are sharp and hold true for all (possibly unbounded, the latter not
being limited to semibounded) one—particle Hamiltonians H:

Theorem (B-Pedra, '16)

v =sup{infyy : H= H" acting on a separable Hilbert space hj with ONB {¢p; }ic1},
named the universal determinant bound, is equal tor = 1.
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Universal Determinant Bound

@ We also show that the UV regularization of the Matsubara frequency is not
necessary, but, in contrast with [Pedra-Salmhofer, '08], the given covariance does
not need to be written as a chronological sum to obtain determinant bounds.

@ Our estimates are sharp and hold true for all (possibly unbounded, the latter not
being limited to semibounded) one—particle Hamiltonians H:

Theorem (B-Pedra, '16)

v =sup{infyy : H= H" acting on a separable Hilbert space hj with ONB {¢p; }ic1},
named the universal determinant bound, is equal tor = 1.

In other words, for any 3 € RT, n€ 2N, m,N € N, M € Mat (m,R) with 9t > 0, and
{(aihiqqu)}?]ﬁl C Tn m [07 5) X ]I X {15 R} m} I

the following bound holds true:

det [ij,jN+, (entr, (Chprc) (o — Oélv+/)>h}

N 2N 2
ki1 < 1_11 ||‘Pq||h qu,jq .
q=
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Determinant Bounds

Universal Determinant Bound

@ We also show that the UV regularization of the Matsubara frequency is not
necessary, but, in contrast with [Pedra-Salmhofer, '08], the given covariance does
not need to be written as a chronological sum to obtain determinant bounds.

@ Our estimates are sharp and hold true for all (possibly unbounded, the latter not
being limited to semibounded) one—particle Hamiltonians H:

Theorem (B-Pedra, '16)

r =sup{infyy : H= H" acting on a separable Hilbert space tj with ONB {¢; }ic1},
named the universal determinant bound, is equal tor = 1.

@ [Pedra-Salmhofer,'08] gives v = 2 for the class of bounded operators H it applies.

@ Thus, the convergence of perturbation series at A = 0 of any non—relativistic
fermionic QFT (possibly in the continuum) is only ensured by the smallness of

wh = limsup sup { n~ '8 Z Z ’(eyv(CHEx)(ﬁ»z?(zd)

d
n—oo xcZ HET, yEZd
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Heuristic of the Proof

Heuristic of the Proof: Quasi—Free States

Let #H be any (separable) Hilbert space and &/ = CAR(H) the C*-algebra generated by
the unit 1 and the family {a(V)}wen of elements satisfying the CAR.

Definition (Quasi—free states with one-particle Hamiltonian H = H*)

Quasi—free states are positive linear functionals p € CAR(#)* such that p(1) =1 and,
forall Neé Nand Vy,..., Wy € H,

N

p(aH(W1) - 3T (Wn)a(Wan) - a(Wnir)) = det Kwk, HLeHWNH>H} =
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Heuristic of the Proof: Quasi—Free States

Let #H be any (separable) Hilbert space and &/ = CAR(H) the C*-algebra generated by
the unit 1 and the family {a(V)}wen of elements satisfying the CAR.

Definition (Quasi—free states with one-particle Hamiltonian H = H*)

Quasi—free states are positive linear functionals p € CAR(#)* such that p(1) =1 and,
forall Neé Nand Vy,..., Wy € H,

N

p(aH(W1) - 3T (Wn)a(Wan) - a(Wnir)) = det Kwk, HLeHWNH>H} =

Compare with the determinant we have to estimate:

N
det [fmjk,jw (n+1; (Cpie) (oue — aN+/)>h]

Kki=1

Actually, we construct a one-particle Hamiltonian H = H* € B(#) such that
~ 1
M jnys (On+1, (CHPi) (e — anvr))y = + <‘|’k, m\l’/v+/> =+p(a" (Vi)a(Wni)) -
H
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Heuristic of the Proof

Heuristic of the Proof: Quasi—Free States

To simplify, fix n € 2N, g =1 = 9t € Mat (1,R), and the one-particle hamiltonian
H = H* € B(h).

Lemma

FormeN, a1,a0 € T,N[0,1), and @1, p2 € b, there are 11,1, € b with

[|%1,2

Iy <

lp1,2 b quasi—free states p,,, v € RY, with one-particle hamiltonian

n

+
H, ~ —nln ‘1 = n_lH’ , Qe, et = (1 — n_lH) ~e £ 0(1),

such that for ax < ap,
=i
(e, (Cupr) (a = a2))y = lim p (% (€™M w)) 2 (27 M yn)) )

while for oy > ap,

(@2, (Cu) (01 — a2))y = = fim_py (a ("7 o)) a* (e w)) )

V—00
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Heuristic of the Proof

Heuristic of the Proof: Holder Inequalities

@ Assume that b is a finite dimensional Hilbert space. Then, CAR(h) ~ B(Ah) with
Ab being the fermionic Fock space and, for v € R,

pv (A) = Trap (ADy) = Trag (Ae*Hv) . AcB(Ab).

@ Forge{l,...,2N} and aqg € T,N[0,1) such that ¥ = ag — ag—1 > 0 for g > 2,

N
det (pue, (Cde) (ox —ame))y] || lim [Tray (X,)] < fim [Xu]y

=1

with
X, = D52’ (12) - a* (bn) Do a (Pns1) - - - DoV a (on) Dy~ 2+ 3% ()

and
1
[All, = (Trag (JAF))s ,  A€B(Ah), s>1.
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Heuristic of the Proof

Heuristic of the Proof: Holder Inequalities

@ Holder inequalities for Schatten norms: For n € N, r,s1,...,s, € [1,00] such that
ZJ"]:1 1/s; = 1/r, and all operators Aq, ..., A, € B(AD),

1A Adll, < TT 1A, -
j=1

@ Then, using Holder inequalities for r = 1,

Xully = HDEZ at (¢2) - DIMa(¢hoy) Dy (P2 Ham) gt (wl)H
1

Il -

T—(Up+ +9oy) g=1

< o

...HD%N
v

HD];7(192+W+192N)
@ Since |D,||; =1 and for g € {1,...,2N},

lla(¥a)lloo = lla (a)llcarg) = 1ally < lleally

it follows that
2N

N
det [<<PN+/, (Chpk) (ax — aN+/)>h]k /71’ < Jlim [IX, ], < H llpally -
= o
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