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Mean value property for harmonic functions

The well-known mean value property for harmonic functions reads:

/ h(x)dx = |B/|h(x),  Vhe HL'(B/(x)),
Br(Xo)

where HL'(B;(x)) denotes L' harmonic functions on B,(xp).
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Mean value property for harmonic functions

The well-known mean value property for harmonic functions reads:
/ h(x)dx = |B/|h(x),  Vhe HL'(B/(x)),
Br(Xo)

where HL'(B;(x)) denotes L' harmonic functions on B,(xp).

Let du = |By|dx, (x)dx, then the above identity can be written as

/ h(x)dx = /h(x)du Yh e HL'(B/(xo)).
Br(xo)
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Definition of Quadrature domain

Definition (Quadrature domain)

Suppose that we are given a finite, positive measure p with compact support
in RN, and a class of functions T. We say Q is a Quadrature domain with
respect to ;4 and a class T if support of i is subset of Q2 and

/thXZ(Z)/hdu, VheT. )

We denote this Q € QD(p, T).
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Examples of QD

Let
E={(x,y)st x?/& + y?/b® < 1},
and
d,u =2abyv1— X2X[_171]dx.
Then

/ hdxdy = / hdu,  Vhe HL'(E).
E
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Examples of QD

Let )
1—
D= {eeyyst <1y < U,
and
dp = 2(1 — /[X[)x[-1,19x.
Then

/ hdxdy = / hdu,  VYhe HL'(D).
D
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QD as free boundary problems Newtonian potentials

Newtonian potentials

Let

wn | x[2=Nfor N > 3,
G(x) = N1| I|n ~
—5-In|x|for N = 2,

denotes the Fundamental solution to the Laplace operator. Here wy are
chosen such that —AG = 4.
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QD as free boundary problems Newtonian potentials

Newtonian potentials

Let

wn | x[2=Nfor N > 3,
G(x) = N1| I|n ~
—5-In|x|for N = 2,

denotes the Fundamental solution to the Laplace operator. Here wy are
chosen such that —AG = 4.

Then for Q € QD(HL', ;1) and ¥x € Q° we have

U0 = [ Gle=y)duty) = [ @lx=yydy = U (x).
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QD as free boundary problems A PDE formulation

A PDE formulation

Define u = U*(x) — UXx2(x). Then

—AUu=p—xq IinRN
u=0 in RN\ Q,
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QD as free boundary problems A PDE formulation

A PDE formulation

Define u = U*(x) — UXx2(x). Then

—AUu=p—xq IinRN
u=0 in RN\ Q,

If in addition we assume Q € QD(SL', 1), then we will apparently have u > 0,
for all x € RN. This will give us the obstacle problem

—Au=p—1 in{u>0}
u=|Vul=0 ond{u>0}.
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Motivation

Recently, Shahgholian, Emamizadeh, and Prajapat introduced the notion of
the Two-phase quadrature domains by linking it to the so-called Two-phase
obstacle problem.
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Two phase Quadrature domain Motivation

Motivation

Recently, Shahgholian, Emamizadeh, and Prajapat introduced the notion of
the Two-phase quadrature domains by linking it to the so-called Two-phase
obstacle problem.

Definition (Two phase QD)

Suppose we are given constants A\, > 0, bounded nonnegative measures i,
and disjoint domains Q4 such that supp(u+) C Q. If for every integrable
harmonic function hon Q2 UQ_, that also has continuous extension to

004 N oQ2_, the following integral identity holds:

Achdx — | A_hdx = /hd(M+ — o), 2)
Q, Q_

then we call Q = Q, UQ_ a Two-phase quadrature domain with respect to i,
and \;.

4
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Two phase Quadrature domain A PDE counterpart

A PDE counterpart

In terms of partial differential equation above definition gives rise the following
free boundary problem:

Au=Xixa, —A-xo_ —(u"—p7) in RV,
u=0 in RN\ Q.
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Two phase Quadrature domain A PDE counterpart

A PDE counterpart

In terms of partial differential equation above definition gives rise the following
free boundary problem:

Au=Xixa, —A-xo_ —(u"—p7) in RV,
u=0 in RN\ Q.

If in addition we enlarge the class to Vh € SubL'(Q,) N SuperL'(2_), then

using the same Newtonian potential argument as before we arrive at

AU = N X{u>0y — A=X{u<oy — (" —p7) in RY.
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Two phase Quadrature domain Plot of Two phase QD

Plot of Two phase QD

Here we take no = 5_1/4, /L+ = 251/4.

Figure: Courtesy of F. Bozorgnia
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Multi phase Quadrature domain The model equation

The model equation

The setting of the problem in terms of partial differential equation is as follows:
Given are m positive measures y,; and constants \;, (i = 1,..., m). We want to
find functions u; > 0, (i =1,...,m), with Q;NQ; =0 (i # j and Q; = {u; > 0})
and such that

Aui = ) = (Nixe, — Ajxey) — (1 — ) in RN\ Up Q. (3)
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Multi phase Quadrature domain The model equation

The model equation

The setting of the problem in terms of partial differential equation is as follows:
Given are m positive measures y,; and constants \;, (i = 1,..., m). We want to
find functions u; > 0, (i =1,...,m), with Q;NQ; =0 (i # j and Q; = {u; > 0})
and such that

Aui = ) = (Nixe, — Ajxey) — (1 — ) in RN\ Up Q. (3)

This, in other words, means that for each pair (i, j) with i # j the function
u; — u; solves a two-phase problem outside the union of the supports of the
other functions.
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Definition of Multi-phase QD

Definition (Multi-phase Quadrature domain)

Suppose we are given m bounded positive measures p;, and disjoint domains
Q; such that supp(pi) C Q. For each i # jlet he HL'(Q; U Q)), his
continuous across 0Q; N 9€2;, and h = 0 on Uy ;0. If for each i # j the
above class of harmonic functions admit the following QI

hxidx — [ hxdx = / hd(pi — py), (4)

Q Q

then we call Q@ = {Q;}7", an m-phase QD with respect to the measure {y;}7" ,,
and the positive constants {);}7" ;. (In general \; can be taken to be strictly
positive functions.)
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Triple junction points
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Triple junction points

Theorem (A.A, H.Shahgholian, 2016)

Multi-phase Quadrature Domains with triple junction point, which does not
touch the support of the measure, do exist.
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Multi phase Quadrature domain

Triple junction points

Junction points in R2

Theorem (A.A, H.Shahgholian, 2016)

Multi-phase Quadrature Domains with triple junction point, which does not
touch the support of the measure, do exist.

Figure: Three-phase QD with junction point at (0, 0).
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Quadruple junction points

Let the origin be a quadruple junction point, for a given multi-phase QD, and
that for some r > 0 we have B, Nsupp(r) = 0, where p is the measure
corresponding to that multi-phase QD. Let further u; (i = 1,--- ,4) be the
corresponding function for each phase Q;. Suppose we have the following
simple geometry

(B, 0Q N0w)\ {0} =0, (B, N0 N)\ {0} = 0. (5)
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Quadruple junction points

Let the origin be a quadruple junction point, for a given multi-phase QD, and
that for some r > 0 we have B, Nsupp(r) = 0, where p is the measure
corresponding to that multi-phase QD. Let further u; (i = 1,--- ,4) be the
corresponding function for each phase Q;. Suppose we have the following
simple geometry

(BNoQNoQ)\ {0} =0, (B, NN 0y)\ {0} =0. (5)

Theorem (A.A, H.Shahgholian, 2016)

Multi-phase Quadrature Domains with a quadruple junction point, and the
geometry described in (5), do not exist.
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Quadruple junction points

If we allow the junction point to hit the support of the measure, one can
actually create a quadruple point as follows.
Take the following Quadrature domain D

p-{ysto<x<a < I=G=0

2

with respect to the measure p defined as follows

dp =201 = v/[x = 1[)xpo,2 0.
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Quadruple junction points

If we allow the junction point to hit the support of the measure, one can
actually create a quadruple point as follows.
Take the following Quadrature domain D

with respect to the measure p defined as follows
dp =201 = v/[x = 1[)xpo,2 0.

Now, we rotate the domain D clockwise with respect to the origin, by angle

7/2. Repeating this process three times we will end up with a picture as in the
next figure.
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Quadruple junction points

Figure: Quadruple junction in the support of the measure.

Avetik Arakelyan ( NAS of Armenia ) 4-11 September, 2016 28/29



Multi phase Quadrature domain Junction points in R2

Literature

Gustafsson, B., and Shapiro, H. S. What is a quadrature domain? Springer,
2005.

Gustafsson, B., and Shahgholian, H. Existence and geometric properties of
solutions of a free boundary problem in potential theory. J. Reine Angew.
Math. 473 (1996), 137-179.

Sakai, M. Quadrature domains, vol. 934. Springer-Verlag Berlin, 1982.

Emamizadeh, B., Prajapat, J. V., and Shahgholian, H. A two phase free
boundary problem related to quadrature domains. Potential Analysis 34, 2
(2011), 119-138.

Gardiner, S. J., and Sjodin, T. Two-phase quadrature domains. Journal
d’Analyse Mathematique 116, 1 (2012), 335-354.

Gardiner, S. J., and Sjodin, T. Quadrature domains and their two-phase
counterparts. In Harmonic and Complex Analysis and its Applications.
Springer, 2014, pp. 261-285.

Arakelyan, A., and Shahgholian, H. Multi-phase quadrature domains and a
related minimization problem. Potential Analysis 45, 1 (2016), 135-155.

Avetik Arakelyan ( NAS of Armenia ) 4-11 September, 2016

29/29



	Quadrature Domains (QD) 
	Mean value property for harmonic functions
	Definition of Quadrature domain
	Examples of QD

	QD as free boundary problems
	Newtonian potentials
	A PDE formulation

	Two phase Quadrature domain
	Motivation
	A PDE counterpart
	Plot of Two phase QD 

	Multi phase Quadrature domain
	The model equation
	Definition of Multi-phase QD
	Junction points in R2


