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1. The model

Configuration q = {q1,...,qn} of N particles in a box A C R4
interacting with a pair potential V : R¢ — R:

(stable) Y V(e-g¢)>-BN,  YN.q,..ay
1<i<j<N
(tempered) c(B) = / e V(@D _1|dg < oo, V3 >0
Rd

Hamiltonian:

Ha(q) = Z V(gi,q5)

1<i<j<N
Canonical partition function:
1
Z@/\N = — dgy ...dgn G_BHA(q)
b b N! /\N

Grand canonical partition function:

=sA(z) = ZZNZ@A,N z . activity
N>0



2. Thermodynamics
Free energy (for density p):

1
fa(p) = lim fsn(N), where fsga(N) := log ZP"
’ AL N—o0, N=[plAl) ’ TBIA AN

Compute egn of state, corrections to ideal gas: Mayer,... 40’'s.
Working with the grand canonical ensemble:

(1) ﬁpg(z) = |||m ilog_gA(z)—anz”

IAl—oo |A|

n>1
1 0
(2) p(z) ;= lim TP log =g a(2) = nbpz"
Al=oo [A] Oz ’ Z
n>1
Invert (2) and replace z(p) in (1):
m
= 1-— o virial expansion
Bpa(p) = p g m+15 p p

m>1
At A — oo, pg and fg are related via the Legendre transform:
fa(p) = sup{plogz — ps(2)} = plog z(p) — ps(z(p))



3. Why grand canonical?

Using Mayer’s idea:

e BH (@) — H (1+ e~ BV (ai—q;) _ 1) = Z H fiis

1<i<y<N EC&E(N) {i,j}eFE
where

EN) ={{i,j}:t,je{l,..,N},i#*j} and f;;:= o~ BVP(ai—a) _ 1

Defining wa(g) 1= f/\m H{@.j}eE(g) fi Lﬂldqi, we obtain the b,’s:

S mw =eonlY 23 un)

NZ>0 gelN n>1 g€ln

with several generalizations.

(Another combinatorial identity gives the 3,'s.)



4. Cluster expansion method

Let the space of polymers be (I' = {y1,...},G,w = {w(y1),.-

and

n
Zr = Z Hw(%)zexp chwl ,

{715t~ i=1 IeT
where I is a multi-index on ' and

1
— E _1)IEG)]
C] — T ( 1) )

GCGr
or equivalently

_ 1 327 " 0g Zr w
T aI(vl)w(%) . 31(%%0(7”)

CI1

w(1)=0
Thm: If sz'y’ lw(7)]eMFe() < q("), then

Z \wal\ezwesuppzl(”c(”’) < Jw(y") e Fe()

I'I1(v)>1

- })



5. Cluster expansion in the canonical ensemble

. . = . dag;
Letm:={V:V C {1,~. N Gag) =, H@-ewg) . H{i,j}eE(g) i
and (A(V) = decv Ca(g). We have:

k
va—M > ngo—A—‘N > e,

{91,593~ =1 {(Vi,..,Vi}o 1=1
g1 connected |[Vi|>2,V



5. Cluster expansion in the canonical ensemble

I . = I dq;
LetM:={V:V C{L,....,N}},{a(9) = [, [Licviy i Tl yene) fid
and (A(V) = decv Ca(g). We have:

ZgAN = WN Z HCA(QZ)_— Z HCA(V)

{91, gkt~ =1 {V1,..., Vit 1=1

g1 connected |[Vi|>2,Vi
Then:
Thm: Jcg = co(B, B) > 0 independent of N,A s.t. if pC(B) < co:
1 1 NN N
— log Z%%, . = lo F , F < Ce ™
A 9Zs AN = A 9 +|/\‘ Z 3,n,A (1) |[Fgna(n)| < Ce

n>1
with N = |p|A|] and in the thermodynamic limit
1
lim Fgna(n) = ——Bnp""
N, Al—o0, N=[p|A] n+1"

ﬁni=i Z H fijdgz...dgn+1, q1 =0

n!
9€Buy1 Y BD™ i e B (g)
V(g)>{1}



6. Convergence

A flavor of the first order correction p?:

1 1 Ny 1
— V)~— —C , C = —BVD) _ 114
A V:§V=2<( ) V\|(2)|/\| A(B),  CA(B) /A|e |dg

. N dgi
(recall that: (A (V) =) . e [Licv R 1 iivenc fid)-



6. Convergence

Get a flavor of the first order correction p?:

1 N
— E 1% C C = V@ _1|d
A C(V) ~ |/\|( )|/\| A(B),  CA(B) = /|€ |dq

Vi|V|=2

. e dg;
(recall that: (a(V) =30 o [ [Licy M Ty eneg) fid)-

Similar for convergence: y .. [GA(W)leVI =" ZV:M:“ ICA(V) e <

< 300 /Hﬁiz SOV 2
2

n> TET, {i,j}eE(T)

< (2ﬁB+a)Z = (|1/\\f|> i (6(2BB+a)C/\(B))n_1




7. How to get the 2-connected coefficients

ITHZCIC/I\:%Znil(Ngl) Z crCh
T

n>1 LA(D={1,...n+1}
N 1 (N—1)...(N—=n)|A]" ,
A Zn—l— 1 Al n! >, %
n>1 IA(D)={1,...n+1}

Two observations:
e Look at the order of volume: n — ZVGsuppI(|V| — DI(V)
Hence, since n+1 < ZVGSUDM(|V| — 1) 4+ 1 we have:

I(V)=1,VV € suppI, and
n+1= Z (V] — 1) + 1.

Vesuppl



e EXxact cancellations for the remaining terms: let g = b1 Ubo,

where b1 = {1,2} and by = {2,3} are the 2-conn. compo-
nents. Note:

D erGh = Ca(b) +En(b2) +e18a(b1Ub2) +e2la(b1)ea (b2) + .-

I~g

Is itCl+CQZO?



e EXxact cancellations for the remaining terms: let g = b1 Uby,
where by = {1,2} and by = {2,3} are the 2-conn. compo-
nents. Note:

Z crépn = Ca(b1) +Ca(b2) +c1la(b1Ub2) + ol (b1)Ca(b2) +. . .

I~g
Is itC1—|—CQZO?

One can use the combinatorial formula, or check that all
mixed terms can only be found in:

log Z(g) :=10g(1 4 {a(b1) 4+ Ca(b2) + Ca(b1 U b2))
(putting = 0 all other variables).



e EXxact cancellations for the remaining terms: let g = b1 Ubo,
where by = {1,2} and by = {2,3} are the 2-conn. compo-
nents. Note:

Z cr¢n = Ca(b1) +Ca(b2) +c1la(b1Ub2) +cola(b1)Ca(b2) +. . .

I~g
Is it61+0220?

One can use the combinatorial formula, or check that all
mixed terms can only be found in:

log Z(g) :=109(1 4 {a(b1) 4 Ca(b2) + Ca(b1 U b2))
(putting = 0 all other variables). But:

...=log H (14 Ca(ba))

i=1,2



8. Questions
e Direct combinatorial proof?
e Can we get a better radius of convergence?

e Possible candidates for polymers (graphs, 2-connected graphs,
trees, set of vertices,...)



