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ox =+1 Energy: H(o)=—-J3_, 0x0y
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Each vertex has k + 1 neighbors (here k = 4)

ox =+1 Energy: H(o)=—-J3_, 0x0y

Gibbs measures:

pn(a) = Z,hexpl(1/T) X yev, Jox0y + 2w, hxox]

he ~ 3 es, 0y (b.c.) or given set of reel numbers (g.b.c.)
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Translation Invariant Sates

@ For T < T.: the states u* and p~ corresp. to ¢/ = +1 and

o' = —1 are extremal

o For T > T.: the states u® and corresp. to h = 0 (free b.c.) is
extreme (and unique)

Tc = J/ arctan(1/k)
(Preston '74, Spitzer '75)
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The BG (Blekher-Ganikhodzhaev) states

o For T < T.: there exists u* constructed with mixtures of +
and — b.c.
@ They differ from the u™ and u~ states

@ One can construct uncountable many such (extreme) sates

(Blekher-Ganikhodzhaev '90)
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Recursive equations method

e measures [, and p,_1 are said compatible if

Z Mn(Un) = Mn—l(Un—l)

O’x,XEWn

e This holds iff the h satisfy

e In case one is interested in T1 states, one has to look at solutions
of

h=k f(h)

e Depending on T and J, there exist either 3 sol. or only 1 sol.
and the value of T is obtained by solving k f'(h) =1
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Contours method

e Consider, in a finite domain, a configuration o that disagree with
a ground state configuration say +

+ sites are called correct and — sites are calle incorrectotherwise.
The set of incorrect sites decomposes into connected components
called contours.
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Contours method

e Consider, in a finite domain, a configuration o that disagree with
a ground state configuration say +

+ sites are called correct and — sites are calle incorrectotherwise.
The set of incorrect sites decomposes into connected components
called contours.

e Energy estimates:
the cost is proportional to the boundary of the contour.
The boundary is of the size of the interior

o—(J/T)Ctelr|

e Entropy estimates:
The number of connected subgraphs with n bonds, containing a
given vertex, is bounded from above by

(k + 1)2n
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Others " Dobrushin-like” states

e The measure 0 is extreme iff T > Tsg > J/ arctan(1/v/k)
(Bleher-R.-Zagrebnov '95), (loffe '96)

= For Ts¢ < T < T, the +, — and free states are extreme.

e In this range one can construct extreme states mixtures of +
(or —) and free boundary conditions
(Akin-Rozikov-Temir '11)
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Weakly Periodic sates

e Such states have been constructed by Rozikv and Ramatullaev in
'08. The are neither T.I. nor B-G type. e k > 4, Recursive
equation method, extremality not proven.

e construction rather complicate and abstract
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Start with a dimer configuration D of black bonds
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Alternative construction of R-R states

\

Start with a dimer configuration D of black bonds

_ D— -1 forbeD
D+ D+ _ D D— __ ’
Tx Oy T x _{+1 for b ¢ D,

O'é)+:+1, UOD* =-1

Jean RUIZ
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@ By contours method

@ Sites of a given configuration are correct if they agree with oP
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How to proove extremality

By contours method

Sites of a given configuration are correct if they agree with o
and incorrect othewise. Then proceed as before to define
contours

@ Energy estimate for R-R states (proof by induction)

H(or) — H(oP) > 2J[ k — 3] |Int (T) |

@ k> 4 is needed and also low T
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A construction of more general weakly periodic Gibbs

states

Let D C E be an arbitrary collection (finite or infinite) of edges of
TX. As before

D+ _ D+ _ _D— _D— _
o, 0, =0, 0, =

—1 for be D,
+1 for b¢ D,

a(]D+:+1, oy =-—L
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A construction of more general weakly periodic Gibbs

states

Let D C E be an arbitrary collection (finite or infinite) of edges of
TX. As before

-1 forbeD

D+ D+ _ _D— _D— __ 5

Ox %y T Y {+1 for b ¢ D,
a(]D+:+1, oy =-—L

dp = max # {bondsin Dincidenttov} < (k —1)/2
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A construction of more general weakly periodic Gibbs

states

Let D C E be an arbitrary collection (finite or infinite) of edges of
TX. As before

D+ _ D+ _ _D— _D— _
o, 0, =0, 0, =

—1 for be D,
+1 for b¢ D,

a(]D+:+1, oy =-—L

dp = max # {bondsin Dincidenttov} < (k —1)/2
Energy estimate (proved by induction)

H(or) — H(oP) > 2J[(k + 1) — 2 (dp + 1)] [Tnt (T) |. *
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The configurations cP* and oP~ are ground state configurations.
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~ are ground state configurations.

The configurations cP* and oP

There exists a value Ty of the temperature, such that for all
temperatures T < T and all collections D satisfying (*) the states
uP+and P~ are extremal Gibbs states.

(Here the temperature T does not depend on D).
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Two remarks
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Two remarks

e D = &. In that case the states u?* and p?~ are just the (+)
and (—) states.

e In the case when D consists of a single bond b, the states >t
and 1P~ are among the non-translation invariant states uf
constructed by Blekher and Ganikhodzhaev
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