RANDOM WALK ON Z WITH ONE-POINT
INHOMOGENEITY

A. Pellegrinotti *

1 Generalities and main result

The model that I want to consider here is a particular case of the non-homogeneous case
introduced by Minlos and Zhizhina in 1994 [1]. They consider a discrete time random
walk on Z¢ with transitions probabilities

Ply— ) =Rz —y)+V(z—y,y)

Where Py(u),u € Z¢ is a symmetric probability and V(-,-) is such that
Po(u) +V(u,y) €[0,1) V y,uecZ

and

ZV(u,y):O vV oyezd

They also assume that Py(-) and V(-,-) are local, i.e. exist positive numbers Ry, R such
that
Py(u) =0, if |u| > Ry and V(u,-) =0if |u| > R.

An important assumption is that there are no traps i.e. there is not set Y C Z% such that
a walk starting at Y cannot leave the set.

For d = 1, if we denote by X; the position of the random walk at time ¢, under the
assumptions above is proved in [1] the following asymptotics:
if max{|z|, |y|} < ev/tlogt (e > 0,small) then

1 _@—y)? _ _ Uzl +lyh? 1
P(Xi=x|Xo=y) = Jonio e 2’ 4k sign(z)e” 22 +O (]:c\ n 1)] +o(1/Vt),

where 02 = Y~ u?Py(u) and k is a constant depending on the parameters of the model.
The methods of the proof is purely analityc and as the authors state in the paper it would
be desiderable to find a more probabilistic approach to the problem.
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As a first step in this direction we consider a simplified version of the model, i.e. we
consider a transition probabilities of the form

Py — x) = Po(x —y) + doyc(x — y),

where Py(-) and ¢(+) verify the same hypothesis as in the general case. The only difference
is that we assume exponential decay i.e. 4 B > 0 such that

Z(Po(u) + le(u)])eP < oo. (1.1)

u

Considering the functions

Po(A) = e Py(u)
EA) =) eMe(u)

by assumption (1.1) we have that they can be extended to a strip in the complex plane:
A — A+ ip with |u| < B.

We also assume that |po(A)] < 1 for A # 0 i.e. the corresponding random walk
is irreducible. We take for simplicity y = 0. Then we have the following local limit
asymptotics. r

Theorem Ifz = o(t%), x # 0, then the following asymptotics holds as t — oo, for
some constant kK > 0,

P(X; = 2| Xy = 0) =

1 _ a2 sign(z) b _ 2 P(2)
|:6 2to? +Te 2to? € | ‘T +O(1/\/Z)

2rto

where b =" uc(u), the function ®(x) is uniformly bounded and independent of t, and

L1 =po(p) — é(u)
R T M w7 R

L.

The proof of this Theorem is in [3].
In order to sketch the proof of this result we introduce quantities that can be introduced
also in a more general setup.

2  Preliminary constructions

In this section we describe our basic formulas for the proof of Theorem . We consider the
general case of dimension d > 1, as the basic constructions do not depend on d. We only
assume that the decay is fast enough for the Fourier transforms to exist.

Consider an inhomogeneous random walk on Z? with probabilities P(x — y), let

P(t)<x|y) = P(Xt = $|XO - y)? P(O)(x|y) = 51‘,y7



and denote by fi(x|y), for t = 1,2,..., the probability that the random walk goes from y
to x without going through the origin

) =D Ply—u) Y Pl —u)... Y. Plyo— )Py — 7). (2.1)
Y1740 y27#0 yt—170

There is (as is well know) a relation between P®(z|y) and f,(z]y) i.e.

t—1
PD(xly) = filzly) + > PP Oly) fii(x]0),  t>1
k=1

and

ilzly) = Py — ) = PO(aly).
For y = 0 we set for brevity P®(z|0) = P®(z), f,(z|0) = fi(r). We introduce the
generating functions

H(zyz) = Z PO ()21, F(z;x) = Z fi(z)2". (2.2)

Now it is easy to show that
H(zx) = 0,0+ H(2;,0)F(z; ). (2.3)
Inverting the relation (2.2), using (2.3), we have (¢ > 0)

PO = oo [ il = o [ SHG0) P (),

271 21

where 7 is an anticlockwise loop which contains the origin and does not contain the
singularities of H(z;x).
In order to make the asymptotics analysis we take the Fourier transforms:

= Z H(z; )™, F(z\) = Z F(z;2)ef™),
zeZd zeZd

and using the previous relations we get
H(z)) =1+ H(20)F(z;\)
and from this we have

H(z)\) -1
H(z;0) ~’

F(z\)

F(z\) = T=F(0)

H(z\) =1+

It is possible to express these quantities in terms of two integrals:

_ dm(p) o= [ ) dmiu)
Jo(Z)/T oD J(2) /T - (2.4)

a 1 — 2po( a 1—2zpo(p)
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where dm()\) = -2, denotes the normalized Haar measure on 7% The expressions (2.4)

(2m)d
define analytic functions for z € C\ C, where C = {2z = po(u) : u € T4} is the cut on

the real axis. Setting ¢ = minpo(p), then C = [1,1/q], if ¢ > 0 ([1,4+o0) if ¢ = 0), and
C =1[1,00)U(—00,1/q] if ¢ <O.

In what follows the superscript (0) denotes quantities related to the homogeneous
random walk Py, such as £, HO (z;2), FO(z; ).

Lemma 2.1 For the random walk with transition probability
Ply = x) = Bo(r —y) + doyc(z —y)
we have, for z € C\ C,
H(z)) = HO(z;\) + HY (2 )), F(z0) = FO(z\) + FO(z;))

where, setting I(z) =1 — zJ(2),

70) (e V) — 1 Sy 2N Jo(2)
HO(z) = 1—zpo(A)’ HO(z2) = 1—2zpo(N) I(2)
200)(. ) — z Po(H) YU i L J(2)
PN = T P T Ty [T~ ROV

The proof of Lemma 2.1 is a direct computation.

Now using the Cauchy integral formula we get:

1 dz —1 )\x
PY(z) = %/ZH—I 2, 1) 2m/zt+1 /Td A2 [ (2 N)dm(\). (2.5)

We have that the last integral in (2.5) is written in the following way:

1 i(A\z) 17
5 Zt+1/ HO(z; \)dm(A /Zt+1/ (z; N)dm(N).

To prove our theorem we need to study the quantity:

)\x
- / - /T d (2 \)dm(\),

where 7 is an anticlockwise loop which contains the origin and does not contain the
singularities of H™M(z; \).

Remark
All the mathematical objects introduced until now do not depend on the dimension.
From now on we will restrict to the case d = 1 and to fix the notation we assume ¢ > 0.



3 Main estimates

The main object of our analysis is the quantity:

27m/zt+1/ e HW (2 N)dm()), (3.1)

where T is the 1 dimensional torus. We take the loop v in (3.1) as made of two parts, a
circle of radius 1+ 4, and a small loop 7; which closes at 14§ and goes around the point
z = 1 clockwise. The main contribution to Ry(x) is coming from the integral on ;. We

perform the change of variables 3 = 7 and we get
1 20 —iAx
Re) = g [ a0 -0y0) [ EIE im0, (52

where the loop 7, is the image of 7;, and goes around the origin clockwise, and

Jr T
_ —po(u)
D(B) = 4, TR (3.3)

T 1-po(p)—B

The expressions (3.2), (3.3) define analytic functions outside the cut C = [0, 1 — ¢], where
g = minpy(A). )
There is a neighborhood U of the origin such that for 5 € U \ C we have,

/ % = ho(B)(~B)"* + Ho(8). (3:4)
S

Here hg, Hy, h1, H; are analytic functions in I/ and the phase of (—ﬁ)% in the cut plane
is determined by the condition that (— 6)% is real and positive on the negative real axis.
In (3.5) we take into account that ¢(\) is the Fourier transform of a real function ¢(u), so
that ¢(\) = ¢1(A\) 4 ica(A) where ¢;()) is even, and ¢y is odd. As ¢(0) = 0, for small A we
have ¢;(\) = O(\?), which gives the representation (3.5). To get (3.4) and (3.5) we use
the results in [2].

Combining (3.4) and (3.5) we get

D(B) = h(B)(=6)* + H(B),  BeU\C,
where h, H are analytic in U.

We first compute the integral

1) L N2 E(A)G_Mx m
RV = o [0 armemas | IR



Because the function inside the integral is integrable w.r.t. the Lebesgue measure d3dm(\)
we can change the order of integration and write

[ 0= 0y 0 = 2mi o) L+ () XA < )

where )\, is related (see [3]) to the solution of the equation 1 — pg(A) — 3 = 0.
Then we have

RV (x) = / T EN)e M (Fo(N) H (—1 + o(A))dm(N).

Ax

Using a result that we will report briefly in the appendix we get:

RO < L e
The other term is
@) _L B B 7% B . E(A)efi)m
R = o [ 90 mh0 -y [ TR o)

In order to evaluate this term we need to take the contribution given by the cut. This
gives as result that

R =~ [ e -wer |

For what concerns the PP we have

é(}\)e—i)\x

T poln) —y "

é<)\)e_i)\x m _ e—fi\x| - ‘7(2:(/)
PP [ Ty ) =) + 7

where M (y) = A(y/2y) is one of the solutions of the equation 1 — py(\) = 3 and J is the
Jacobian related to the Morse’s lemma. Moreover

) e~ MG\ — i sign(z) k) o
V) = [ o) 1) )

G(\(y);z)

G\ x) = cr(A\) sin(A|z]) + sign(z)ca(N) cos(Ax). (3.6)

where ¢(\) = ¢1(A) 4+ ica(N).
Now the contribution of the first term is

e—f@|:c| Ox _
B ) = S [T sy

Now performing the change of variables y = g we get

R (2) =

e—n|tc| /v2t5*h( u2 . U2 u2. 9
T 0



Considering the behaviour for large ¢t we have

. —klz| 2 o2
RV () ~ & Zh(0)W(0; ) / e~ du.
0

m t

By direct calculation we have

and so we get

2:1
R (2) ~
The contribution of the second term is:

e G(M(y); )
= T 2y)h(—y)(1 — y)' ———=
vord BECOLC I

Now G(-,-) is the sum of 2 terms (see (3.6)) . We take into account the first, which
we denote as

R*? (x) = dy.

(M sin(\f T
$19(a) - - / Fen-p -y S B

u?(N) u?(A)
5 , where © 5

Performing the change of variables y = is the new variable given by the

Morse’s Lemma, and observing that
J(2y)dy = u(N)dA,
we get
51 (x) = ? / " A AN sin(Alel)h(A) — D

Using a result that we will report briefly in the appendix we get:

1 2
D) < L e
t2

For the contribution of the second term in (3.6), by the same change of variables y — A,

setting g1(\) = 52((;‘)) we get

S (z) = sign(x)ﬁ /0 (o) g1 (A) cos(Az)h(Fo(A) — 1)dA.

T
As ca(A) = bA 4+ O(X?), where b = Y uc(u), we get ¢1(0) = 2. Using a result that we
will discuss in the next section, taking into account the expressions of h(0), we see that
the asymptotics is
' b 22
5 () = S9PE) b e
S = Ul ),
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Setting ®(z) = V(0; x), we get the proof of the Theorem.
The case x = 0 is studied in the following
Corollary 1 Forx =0, ast — oo, we have
1
Vot ol

Moreover the characteristic function ¢(\) of the first time of return to the origin behaves
for small X as

P(X, = 0/X, = 0) ~

d(\) = F(e*0)=1—vV20 1 (1—e?)2+0(1—e?). (3.7)
(Here F(z;x) denotes the generating function defined by (2.2).)

Corollary 1 shows that the quantity I, which in terms of the probabilities can be written

as
[e§)

I=1-73 (exF")0),
k=0
controls the returns to the origin of the random walk.

If we consider the total time 7,, of the first n returns to the origin, which is a sum
of independent variables with characteristic function given by the function ¢ in (3.7), we
have the following result.

Corollary 2 The characteristic function of the random wvariable T, /n? behaves, for
n— oo as

(1 —V2o I (1-— ein%)% +0(1 - 67'%)> eV 2A0I(1)

Therefore the asymptotic distribution of T, /n? for our inhomogeneous walk is the same
as that of a homogeneous random walk with dispersion o2I2.

4 Appendix

The main tool to get the result is the study of the integral of the following kind:

ol = [~ LA
. 1=po(N) =

where § € C. In particular the integral as function of ( is analityc outside the cut
C =10,1-q], ¢ =minpy(\). We are interested in the behaviour of I(§|f) for small 3
and near the cut.

We assume (as in our model) that f(\) and po(A) can be extended by analiticity to a
complex neighborhood of the torus.

In order to study I((3|f) we must introduce the following region: let 7 > 0

R(t)={ A=A A +iXa | N\ € (—m, 7], |No] <7}
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Then we have the following result:

Lemma 1 There is a value 7, € (0, B) such that for |B| < ‘7247*2 the equation for the
complex variable A = Ay + i)\

1 —po(A) =7
has only two solutions A = £A(1/20) in the region R(T.).
This result means that the singular point of I(3|f)| are only 2, if || <

o272

T Now we

assume 7, fixed and ¢ is a positive number such that § < #.
Now we define the following integral:

T f(A+in) dm())

PO = | T 50—

where p € R and |p| < 7. and |5] < 9.
Obiously

P(B,01f) = 1(8]f)

and when (8 = y is real and positive we define as usual the principal part as

TN dmO) F() dm()

PP - - .
2 1=D0(A) =y =0 i pa—yse L —Po(A) —y

(4.1)

The existence of the limit (4.1) is proved in the following lemma:
Lemma 2 Let f be as above, 0 < k < 7, and 0 < y < . The following assertions hold.
i) If f is even then the following type of Sokhotski relations for the complex torus hold

. e J(2y)
lim I(y £ ief) = Py, £r1f) 7= (M(V/29).

T ) dm(N)

PP =
L =po(N\) —y

= P(y, £xlf).

If f is odd, then

T (2y) B
Py, £k[f) £ 1 N FOMV/2y)) = 0.

J(+) is the Jacobian related with the application of Morse Lemma.
In the paper [3] it is proved that in a neighborhood of the origin U the representation

I(Bf) = h(B)(=B) 2 + H(B), BeU\C

holds, where h, H are analytic in . The use of Sokhotski’s formula identifies the functions
h, H in terms of the even part of f. In fact we have the following

Remark If f()\) is neither even or odd it can be decomposed as f(\) = @A)+ fO(N),
where f(©) is even and ) is odd. Then, for 3 =y € (0,6) we have

T O\ dim
ing 1(y 2 ielf) = PP [ {_(;O)(f) O o T2 02,



T ) dm(N)

PP Y
1 =po(N) —y

- T 2y) L
= Ply £rlf) i~ = FONW2y)).

Now we consider the case f(\) = g(\)e™™* where x € Z, x # 0 and g(-) is analytic in
a complex neighborhood of T. We define

Qg(y,u;fv)—fr g +ipe ™ dm(\).

For p # 0 and small, @), is uniformly bounded in z, and the following relations hold.
i) If g is even, then

™ g(N)e ™ dm(\)
o /7r 1—po(A) —y

= e "1Q,(y, — sign(z)r; )+

+%gu<@>>sﬁnw@>m>.

ii) If g is odd, then

" g\ dm()
PP/_yr L —po(A) —y

= e "Qy(y, — sign(z)k; x)—

_ isign(x) jﬁ_z)g(xm—y)) cos(\(v/29) ).

Moreover Qy(y, — sign(z)r; x) is even in x for even g and is odd for odd g.
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