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W= Z aj 0y, aj € N, x; distinct and locally finitely many.
J

M(X) ={p e M (X)|1(X) < oo} set of finite point measures.
P € PM"(X) point processes, probability measures on M (X).
P € PM5(X) finite point processes.



General setting Infinitely divisible point processes Point processes with a signed Lévy pseudo measure Examples

Infinitely divisible point processes with Lévy measure L

Definition
A point process P is infinitely divisible if for every n € N there exists a
point process P, such that

P="FP,*...xP,
—_———

n—times
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Infinitely divisible point processes with Lévy measure L

Definition
A point process P is infinitely divisible if for every n € N there exists a
point process P, such that

P=P,x...%xP,
—_———

n—times

e Classical result: For every infinitely divisible point process P there
exists a measure L on M (X) (Lévy measure or cluster measure)

such that [ (1 — e #M)L(dp) < oo for f € Fpe 1 (X) and
M (X)

Lp(f) = e ") P(d 1) = exp(— (1—e M) L(dp))
M'{X) M'{X)
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Infinitely divisible point processes with Lévy measure L

Definition
A point process P is infinitely divisible if for every n € N there exists a
point process P, such that

P=P,x...%xP,
—_———

n—times

e Classical result: For every infinitely divisible point process P there
exists a measure L on M (X) (Lévy measure or cluster measure)
such that [ (1 — e #M)L(dp) < oo for f € Fpe 1 (X) and

0
Lp(f) = e ") P(d 1) = exp(— (1—e M) L(dp))
M'{X) M'{X)

e We call &; = P the random KMM-process for L.
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Infinitely divisible point processes with Lévy measure L

e L measure on M (X) (cluster measure) such that the first moment
of L is locally finite. That is

/ J(F) L(d 1) < 00 for all f € Foe o (X).
M (X)
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Infinitely divisible point processes with Lévy measure L

e L measure on M (X) (cluster measure) such that the first moment
of L is locally finite. That is

/ w(f) L(d p) < oo for all f € Fpe 4+(X).
M (X)
e Classical result: Let P; Poisson point process in M (X) then
Su=Pog

where

M (M (X)) = M (X)
S =048, +... >y

Examples
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Characterization of infinitely divisible P.P. via an integral
equation

Theorem (Mecke, 1969)

Let P be a point process then P = & <

Ce(h) = [ [ b nt@xPan) = [ [ [ hxvw) Cilexdn)Piar

for all h > 0 measurable on X x M (X).
For short

CP:C[_*P.
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Point processes with a signed Lévy pseudo measure

o Let now L* and L~ be two Lévy measures on M7 (X), that is

/ (1 — e M) (d p) < 0o for all f € Fye o (X).
M; (X)
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/ (1 — e M) (d p) < 0o for all f € Fye o (X).
M (X)
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e Equivalently:
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Point processes with a signed Lévy pseudo measure

Let now LT and L~ be two Lévy measures on M (X), that is
/ (1 — e M) (d p) < 0o for all f € Fye o (X).
M (X)
Main question: When does exist a point process P in X such that
Lp(f) = exp (- / (1—e D) (Lr—L7)(d M)), f € Foe 4 (X).
M (X)

Equivalently:
%LJr = C\\S‘L— * P.

L= LT — L~ is called signed Lévy pseudo measure.
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Point processes with a signed Lévy pseudo measure

e Let LT and L~ be of the form

(oo}

[ et @ =3 [ oo+ 4805 dx,).

M (X) =X

where ©F and ©; are Radon (locally finite) measures on X".
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Point processes with a signed Lévy pseudo measure

e Let LT and L~ be of the form

(oo}

[ et @ =3 [ oo+ 4805 dx,).

M (X) =X

where ©F and ©; are Radon (locally finite) measures on X".

e Introduce the signed Radon measures ©, = ©; — ©, .
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Point processes with a signed Lévy pseudo measure

e Let LT and L~ be of the form

[ et @ =3 [ oo+ 4805 dx,).
n=1

M (X) Xr
where ©F and ©; are Radon (locally finite) measures on X".
e Introduce the signed Radon measures ©, = ©; — ©, .
Theorem

Let Lt and L~ be measures on M (X) of the above form such that

(1 — e M) (d p) < 0o for all f € Fpe o (X),

M (X)

k
gk(@lﬁ) => 11 eM(? £) >0 forall fi,. .., fi € Fpes(X).
J= JEw

gESK wET

Then there exists a point process & such that S+ = S - * .
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Idea of the proof

o Let L =LT — L. Take A C X bounded then
La(p) = L(Aam;ny ), ¢ > 0 measurable,

is the finite signed Lévy measure of

1 1
Q’\(‘P)_E(/\);n!/N‘P(‘sn+~~-+5xn)9n(dxl---dxn)-
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Idea of the proof

o Let L =LT — L. Take A C X bounded then
La(p) = L(Aam;ny ), ¢ > 0 measurable,

is the finite signed Lévy measure of

1 1
Qn(p) = E(/\);n!/,\n(p((sxl + ... 46x) en(dxt ... dxy).
e That means

ta(N=eo(~ [ a-eriaw).

M (N)



nfinitely divisible point processes Point processes with a signed Lévy pseudo measure

Idea of the proof

o Let L =LT — L. Take A C X bounded then
La(p) = L(Aam;ny ), ¢ > 0 measurable,

is the finite signed Lévy measure of

1 1
Qn(p) = E(/\);n!/,\n(p((sxl + ... 46x) en(dxt ... dxy).
e That means

ta(N=eo(~ [ a-eriaw).

M (N)

e Conclude with Lévy's continuity theorem.
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Characterization of point processes with a signed Lévy
pseudo measure via an integral equation

Theorem

Let |L| = Lt + L~ be of first order and P a point process, then P = S if
and only if

(Ci— * P)(h) + Cp(h) = (Cp+ x P)(h)
for all h > 0 measurable on X x M"(X). Recall

(CLi*P)(h):///h(x,VqL,u) Co+(dxdv)P(d p)
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Characterization of point processes with a signed Lévy
pseudo measure via an integral equation

Theorem
Let |L| = Lt + L~ be of first order and P a point process, then P = S if
and only if

(Ci-x P)(h) + Cp(h) = (Cu+ x P)(h)

for all h > 0 measurable on X x M"(X). Recall

(CLi*P)(h):///h(x,VqL,u) Co+(dxdv)P(d p)

Corollary
For a particular class of testfunctions h we have

Caq\(h) — Cg,(h), as AT X.
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Classical Gibbs processes

Let X =R9 and ¢ : X x X — R U {oo} be a stable and regular pair
potential, that is

Ep(0u + .-+ 04) = Y &(xi,x) > —Bn, for some B € [0,00),

1<i<j<n

Cy = sup/|1 —e M dy < 0.
xeX

Let us denote by Uy the Ursell function corresponding to ¢, that is
U ) = 3 T (90— 1),
GeC,{i,j}eG

where C, denotes the set of all undirected connected graphs with n
vertices.

Examples
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Classical Gibbs processes

n!
n=1 Xn

Zn
Ly(p) = Z—/(p((&l + . 0 Us(xa, .o xn)d Xy . d X,
Locally finiteness of first moment of |Ly| = L;f + L. Let f € Fue,(X)
/u(f)|L¢|(du)

/dxf _1)| / dxo...dx, |[Ug(x,%2,..., Xn)]

Ruelle's algebraic approach yields

90(5X1 +...+ 6x,,) 67E¢(6X1+"'+6X") dxi...dx,.
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Classical Gibbs processes

Theorem
For sufficiently small z € (0,00) and a stable and regular pair potential
¢, S, exists and is a Gibbs process.
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Classical Gibbs processes

Theorem
For sufficiently small z € (0,00) and a stable and regular pair potential

¢, S, exists and is a Gibbs process.

P is a Gibbs point process to the pair potential ¢ and activity
z € (0,00) if it is a solution to the Campbell equilibrium equation

[ Hoc uta Pt = [ [ hoxue 5y B 2x(dx) Pl ),

where h > 0 on X x M"(X) and the conditional energy is given by

Joty)u(dy),  [lo(x,y)lu(dy) < oo

00, else.

Ep(x, 1) = {
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Determinantal processes

Let k: X x X — R be a bounded and non negative definite kernel, that
is for any z1,...,z, € Rand xg,...,x, € X

n

Z zik(xj, x;)z; > 0.

ij=1

Additionally assume
Wk—SUP/Ikxy|dx<1

Li(p) = Z (_lgn_l/go(éxl—i—. c0x,) k(x1, x2) oo k(Xny x1) d xg ... d X

n=1 Xn
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Determinantal processes

Locally finiteness of first moment of |Lk|. Let f € Fpc 4+ (X)
[ ) 1Lalten)

= Z/ f(x1) [k(x1, x2)|[k(x2, X3)| - - . [k(Xn, x1)| d x1 ... d x,

1 1
_ =(A)ZH/A D6y + o+ 6,) det([k(xisx)}ig) dxi - .. dxo
- n=0 "
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Determinantal processes

Theorem

Let k : X x X — R be a bounded and non negative definite kernel such
that

Yk = sup/|k(x,y)| dx < 1.
yeX

Then the point process 3, corresponding to the signed Lévy pseudo
measure

> -1 n—1
Le(p) = Z %/gp(én—i—‘ o 0x,) k(x1, x2) - k(Xny x1) dxq ..o d X
n=1 Xn

is a determinantal process with correlation kernel

o0

K(Xay) = Z(_l)m_lk(m)(x7)/)a

m=1

where kM (x,y) = k(x,y) and k™ (x,y) = [ k{m=D(x,2)k(z,y) d z,
m> 2.
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Gibbs - determinantal processes

Is there a Gibbsian modification of determinantal processes? That is,
does the thermodynamic limit of the local processes

/ OOy + - ..+ 0y,) e EoCatt0a) det({k(x;, %)} ) dx1 ... d x,

as AT X exist?



Gibbs - determinantal processes

Is there a Gibbsian modification of determinantal processes? That is,
does the thermodynamic limit of the local processes

/ OOy + - ..+ 0y,) e EoCatt0a) det({k(x;, %)} ) dx1 ... d x,

as AT X exist?

This will be the subject of the next talk!

Examples
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