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General setting

• X Polish space.

• M··(X ) = {µ |µ(B) ∈ N0, B compact} set of locally finite point
measures.

µ =
∑
j

aj δxj , aj ∈ N, xj distinct and locally finitely many.

• M··f (X ) = {µ ∈M··(X ) |µ(X ) <∞} set of finite point measures.

• P ∈ PM··(X ) point processes, probability measures on M··(X ).

• P ∈ PM··f (X ) finite point processes.
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Infinitely divisible point processes with Lévy measure L

Definition
A point process P is infinitely divisible if for every n ∈ N there exists a
point process Pn such that

P = Pn ∗ . . . ∗ Pn︸ ︷︷ ︸
n−times

• Classical result: For every infinitely divisible point process P there
exists a measure L on M··(X ) (Lévy measure or cluster measure)
such that

∫
M··(X )

(1− e−µ(f ))L(dµ) <∞ for f ∈ Fbc,+(X ) and

LP(f ) =

∫
M··(X )

e−µ(f ) P(dµ) = exp(−
∫

M··(X )

(1− e−µ(f )) L(dµ))

• We call =L = P the random KMM-process for L.
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Infinitely divisible point processes with Lévy measure L

• L measure on M··(X ) (cluster measure) such that the first moment
of L is locally finite. That is∫

M··(X )

µ(f ) L(dµ) <∞ for all f ∈ Fbc,+(X ).

• Classical result: Let PL Poisson point process in M··(X ) then

=L = PL ◦ ξ−1

where

ξ :


M··(M··(X ))→M··(X )

µ = δν1 + δν2 + . . . 7→
∑
j

νj
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Characterization of infinitely divisible P.P. via an integral
equation

Theorem (Mecke, 1969)
Let P be a point process then P = =L ⇔

CP(h) =

∫∫
h(x , µ)µ(d x)P(dµ) =

∫ ∫ ∫
h(x , ν+µ) CL(d x d ν)P(dµ)

for all h ≥ 0 measurable on X ×M··(X ).
For short

CP = CL ? P.
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Point processes with a signed Lévy pseudo measure

• Let now L+ and L− be two Lévy measures on M··f (X ), that is∫
M··

f (X )

(1− e−µ(f ))L±(dµ) <∞ for all f ∈ Fbc,+(X ).

• Main question: When does exist a point process P in X such that

LP(f ) = exp

(
−

∫
M··

f (X )

(1−e−µ(f )) (L+−L−)(dµ)

)
, f ∈ Fbc,+(X ).

• Equivalently:
=L+ = =L− ∗ P.

• L = L+ − L− is called signed Lévy pseudo measure.
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Point processes with a signed Lévy pseudo measure

• Let L+ and L− be of the form∫
M··

f (X )

ϕ(µ) L±(dµ) =
∞∑
n=1

1

n

∫
X n

ϕ(δx1 + . . .+ δxn) Θ±n (d x1 . . . d xn),

where Θ+
n and Θ−n are Radon (locally finite) measures on X n.

• Introduce the signed Radon measures Θn = Θ+
n −Θ−n .

Theorem
Let L+ and L− be measures on M··f (X ) of the above form such that∫

M··
f (X )

(1− e−µ(f ))L±(dµ) <∞ for all f ∈ Fbc,+(X ),

%k(
k
⊗
j=1

fj) =
∑
σ∈Sk

∏
ω∈σ

Θ|ω|( ⊗
j∈ω

fj) ≥ 0 for all f1, . . . , fk ∈ Fbc,+(X ).

Then there exists a point process =L such that =L+ = =L− ∗ =L.
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Idea of the proof

• Let L = L+ − L−. Take Λ ⊂ X bounded then

LΛ(ϕ) = L(1M··
f (Λ) ϕ), ϕ ≥ 0 measurable,

is the finite signed Lévy measure of

QΛ(ϕ) =
1

Ξ(Λ)

∞∑
n=0

1

n!

∫
Λn

ϕ(δx1 + . . .+ δxn) %n(d x1 . . . d xn).

• That means

LQΛ
(f ) = exp

(
−

∫
M··

f (Λ)

(1− e−µ(f )) L(dµ)

)
.

• Conclude with Lévy’s continuity theorem.
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• Conclude with Lévy’s continuity theorem.



General setting Infinitely divisible point processes Point processes with a signed Lévy pseudo measure Examples

Characterization of point processes with a signed Lévy
pseudo measure via an integral equation

Theorem
Let |L| = L+ + L− be of first order and P a point process, then P = =L if
and only if

(CL− ? P)(h) + CP(h) = (CL+ ? P)(h)

for all h ≥ 0 measurable on X ×M··(X ). Recall

(CL± ? P)(h) =

∫ ∫ ∫
h(x , ν + µ) CL±(d x d ν)P(dµ)

.

Corollary
For a particular class of testfunctions h we have

CQΛ
(h)→ C=L

(h), as Λ ↑ X .
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Classical Gibbs processes

Let X = Rd and φ : X × X → R ∪ {∞} be a stable and regular pair
potential, that is

Eφ(δx1 + . . .+ δxn) :=
∑

1≤i<j≤n

φ(xi , xj) ≥ −B n, for some B ∈ [0,∞),

Cφ := sup
x∈X

∫
|1− e−φ(x,y)| d y <∞.

Let us denote by Uφ the Ursell function corresponding to φ, that is

Uφ(x1, . . . , xn) =
∑
G∈Cn

∏
{i,j}∈G

(e−φ(xi ,xj ) − 1),

where Cn denotes the set of all undirected connected graphs with n
vertices.



General setting Infinitely divisible point processes Point processes with a signed Lévy pseudo measure Examples

Classical Gibbs processes

Lφ(ϕ) =
∞∑
n=1

zn

n!

∫
X n

ϕ(δx1 + . . .+ δxn) Uφ(x1, . . . , xn) d x1 . . . d xn.

Locally finiteness of first moment of |Lφ| = L+
φ + L−φ . Let f ∈ Fbc,+(X )∫

µ(f ) |Lφ|(dµ)

=

∫
d x f (x)

∞∑
n=1

zn

(n − 1)!

∫
X n−1

d x2 . . . d xn |Uφ(x , x2, . . . , xn)|

Ruelle’s algebraic approach yields

QΛ(ϕ) =
1

Ξ(Λ)

∞∑
n=0

zn

n!

∫
Λn

ϕ(δx1 + . . .+ δxn) e−Eφ(δx1
+...+δxn ) d x1 . . . d xn.
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Classical Gibbs processes

Theorem
For sufficiently small z ∈ (0,∞) and a stable and regular pair potential
φ, =Lφ

exists and is a Gibbs process.

P is a Gibbs point process to the pair potential φ and activity
z ∈ (0,∞) if it is a solution to the Campbell equilibrium equation∫∫

h(x , µ)µ(d x)P(dµ) =

∫∫
h(x , µ+δx) e−Eφ(x,µ) zλ(d x) P(dµ),

where h ≥ 0 on X ×M··(X ) and the conditional energy is given by

Eφ(x , µ) =

{∫
φ(x , y)µ(d y),

∫
|φ(x , y)|µ(d y) <∞

∞, else.
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Determinantal processes

Let k : X × X → R be a bounded and non negative definite kernel, that
is for any z1, . . . , zn ∈ R and x1, . . . , xn ∈ X

n∑
i,j=1

zik(xi , xj)zj ≥ 0.

Additionally assume

γk = sup
y∈X

∫
|k(x , y)| d x < 1.

Lk(ϕ) =
∞∑
n=1

(−1)n−1

n

∫
X n

ϕ(δx1 +. . .+δxn) k(x1, x2) . . . k(xn, x1) d x1 . . . d xn.
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Determinantal processes

Locally finiteness of first moment of |Lk |. Let f ∈ Fbc,+(X )∫
µ(f ) |Lk |(dµ)

=
∞∑
n=1

∫
X n

f (x1) |k(x1, x2)||k(x2, x3)| . . . |k(xn, x1)| d x1 . . . d xn

≤ ‖k‖∞ λ(f )
∞∑
n=1

γn−1
k

Furthermore we have

QΛ(ϕ)

=
1

Ξ(Λ)

∞∑
n=0

1

n!

∫
Λn

ϕ(δx1 + . . .+ δxn) det({k(xi , xj)}i,j) d x1 . . . d xn.
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Determinantal processes

Theorem
Let k : X × X → R be a bounded and non negative definite kernel such
that

γk = sup
y∈X

∫
|k(x , y)| d x < 1.

Then the point process =Lk
corresponding to the signed Lévy pseudo

measure

Lk(ϕ) =
∞∑
n=1

(−1)n−1

n

∫
X n

ϕ(δx1 +. . .+δxn) k(x1, x2) . . . k(xn, x1) d x1 . . . d xn.

is a determinantal process with correlation kernel

K (x , y) =
∞∑

m=1

(−1)m−1k(m)(x , y),

where k(1)(x , y) = k(x , y) and k(m)(x , y) =
∫

k(m−1)(x , z)k(z , y) d z,
m ≥ 2.
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Gibbs - determinantal processes

Is there a Gibbsian modification of determinantal processes? That is,
does the thermodynamic limit of the local processes

QΛ(ϕ) =
1

Ξ(Λ)

∞∑
n=0

zn

n!∫
Λn

ϕ(δx1 + . . .+ δxn) e−Eφ(δx1
+...+δxn ) det({k(xi , xj)}i,j) d x1 . . . d xn

as Λ ↑ X exist?

This will be the subject of the next talk!
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