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One-dimensional case

Well-known martingale method has wide range of applications
in the theory of stochastic processes, particulary in problems
of convergence of sequences of random variables and in limit
theorems.

Definition. A stochastic sequence of random variables
£1,&2, .., &, ... IS called martingale if for any k> 0

E &k < oo and E(£k+1/0(€s,0§8§/€)) =& a.s.

We see that the notion of martingale is essentially used
the complete ordering property of real line. T he absence of this
property in multidimensional structures doesn’t allow directly
extend the martingale method on this case. Nevertheless several
important results in this topic were obtained. These results laid
down the foundations of the theory of the multidimensional
martingales.



The main goal of our talk is to demonstrate how the
martingale method can be applied in the theory of Gibbs
random fields.



The definition of martingale in multidimensional case as
a rule uses monotone sequences of subsets of some set. The
choice of such sequences of subsets determines various classes
of multidimensional martingales.

We will consider a sequences of finite subsets of integer
lattice Z9. Let

W:{chd,|V|<oo}

{Sy,V € W} — partially ordered set of o-algebras, i.e.
3‘/63, VeWw, VCVinggv, QQI{Q,Q}.

Definition. A stochastic family of random variables (Sy, Sy )
is called a martingale if for any V.,V € W, V. C V we have

E ’SV| < o0 and E (SV/%V) = SV a.s.



We will consider the martingales, which definition is based
on the notion of the martingale-difference random field, introduced
by Nahapetian and Petrosian in 1992.

Definition. A random field &, t € Z% is called a martingale-
difference random field if for any t € 74

E|&| < oo and E (&) (¢s,5 € 27\{t})) =0 a.s.

We will consider only random fields with finite phase spaces.



Denote

Sy =) & and Sy =0 (,teV),Vew
tev

If &, t € 74 is a martingale-difference random field then
the family (Sy,Sy),V € W, forms a martingale with respect

to any sequence V,, € W,n = 1,2,... of increasing finite subsets
of 74.

Conversely, if for given random field &, t € 74 a stochastic
family (Sy,Sy),V € W is a martingale with respect to any
sequence of increasing finite subsets, then this field is a martin-
gale-difference random field.



Constructions of martingale-difference random fields

Construction 1

Suppose that X € Rl is a set symmetric with respect to
zero and let B(X) be the o-algebra of its Borelian subsets.
Consider on B(X) a symmetric measure (i.e. p(A) = u(—A),
A€ B(X)). Let &, t € Z% be a random field with phase space
X such that its finite-dimensional distributions are absolutely
continuous with respect to the product-measure v, Vv e W
with even densities py (xt,t € V), V€ W i.e.

py (Orxs,t € V) = py (x4, € V)

for any 6, € {1,—1}. Such a random field &, t € 7.4 represents
a martingale-difference random field.



Construction 2

C%nsider a finite subset X of a real line R! such that

X= U Xp X;NX; =0, 3% 7 and
k=1

Y z=0, k=Tn.
:UEXk

Let there exists a random field &, t € Z¢ taking values in X
such that its conditional distribution

¢f (z) =P (& = /& = Zs,s € 9\ {t})

rc X, T = (Es,s e 7N\ {t}) e X2t} ¢ € 74 nas the constant
value ¢¥, when z € Xy, k=1,n, i.e.

g (z) = i re Xy, k=1,n.

Then the random field &, t € 72 is a martingale-difference
random field.



Construction 3

Let T = {7} be a partition of the lattice z¢ ( Z¢ = U1Tj,
J

T; N T, =0, j # k) and suppose that a random field &, ¢ € Z4
has the following property: for any j the random field &, t € T}
represents a martingale-difference, i.e. for any ¢ € T}

E (& )0 (¢s,5 € T\{t})) =0 as.
If in addition the random variables & and &, are independent

when s € T;, r € T}, j # k, then the random field &, ¢t € Z% is
a martingale-difference random field.



Gibbs martingale-difference random fields

Let &, t € Z be a Gibbs random field, corresponding to
the potential ® , which components take values in symmetric
with respect to zero set X. If the potential & is even, i.e.

Oy (0, t € V) = dy (2, t € V), Vew

for each 6; € {1,—1}, then such a Gibbs random field is a
martingale-difference random field.

Examples of even potentials

Sy (zg,t € V) = ][] |z - [V
teVv
and

Py (¢, t € V) = exp {—Sup || - |V|7}
teV

where yeRL, VeW, o, e X, teV.
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Theorem (CPT) . Let &, t € Z¢ be a homogeneous
ergodic martingale-difference random field such that
0 < 02 = FE¢5 < oo . Then

n—00 o - nd/2 T /o

where V,, is a d-dimensional cube with side lengthn,n =1, 2, ....

T
S 1
lim P <¢ < x) = / e_u2/2du, r c RL
— 0



For Gibbs random fields with symmetric with respect to
zero phase spaces there is a corollary from CLT for martingale-
difference random fields.

Corollary 1. Let ® be an even translation-invariant potential
such that the corresponding Gibbs random field &, t € Z4 is
ergodic and E¢3 > 0. Then for this Gibbs random field CLT is
valid.

Remark. Note that if ® is an even translation-invariant
potential such that the corresponding Gibbs random field &,
t ¢ 7% is unique, than this field is ergodic and we can use
Corollary 1.



Corollary 2. Let ® be an even translation-invariant potential
such that the corresponding Gibbs random field &, t € Z< is
uniqgue. Then for this random field local limit theorem is valid.



1. A nhew method of constructing martingale-difference
random fields



Randomization

X — finite set

p — probability distributions on X, i.e. p(x) > 0, z € X

and Y p(x)=1
reX



Y — finite set

@ Y — X — surjective map, i.e. each x € X has no less
than one pre-image y €Y




Y= ¢ (),

reX

where o1 (2) = {y €Y : p(y) =z} — set of pre-images
of x,x € X




R ={R* x € X} — family of probability distribution on Y,
each of which is concentrated on ¢~ 1 (), i.e.

R*(y) >0, y €Y, > R*(y) =1,
yey
R* (y) =0 ify¢ o (2)




Then we have probability distribution on Y

p(y) = > R*(y)p(=x), y €Y.
reX
Indeed,
p(y) >0, yeyY
and
> = > R@prk)=
yEY rxeX yEQO_l(LIJ)

Sp@) Y Ry =) p=1

reX yEp—1(x) reX



Theorem 1. Suppose we are given the random field &,
t € 79 with phase space X, finite set Y, surjective map ¢ and
the family R = {R},x € X} of probability distribution on Y ,
each of which is concentrated on ¢! (z). Then there exist a
random field n;, t € Z% with phase space Y such that

§&e = (mt), t € 7
and for any Ve W

P(T]t:yt,tEV): Hth(yt)P(gt:ZUt,tev),
teV

nweyY, xreX,teV.

Definition. A random field n;, t € Z% for which

&= (m), t ez,

we will call associated with random field &, t € Z% (by the
means of the map ).



Remarks

1)Associated random field is not necessary unique

2) By imposing certain conditionson Y, o and Ry = {R¥,z € X},
t € 79 we will obtain different associated random fields with
certain properties.



Associated martingale-difference random fields

Theorem 2. Let &, t € 7% pbe a random field with phase
space X, let ny, t € 7% be a random field with phase space Y
associated with &, t € 74 by the means of the map ¢, and let
Ry = {R¥,x € X}, t € Z% be the corresponding to n, t € Z4
families of probability distributions. If for any x € X and t &€ 74

yep—1(x)

then the random field n, t € 7@ is a martingale-difference
random field.



If families of probability distributions R; = {R},xz € X},
t € Z% are such that

(ier  vEST@

R{ (y) =

| 0, y & o1 (x)

reX,yeY, teZ? then it is sufficient to claim that a set Y
and a map ¢ be such that

> y=0,

yep~1(x)

for any z € X.



Randomization of Gibbs random fields

Theorem 3. Let &, t € Z9 be a Gibbs random field. Then
a random field n;, ¢t € Z% associated with &, ¢t € Z% is also a
Gibbs random field.



Theorem 4. Let &, t € Z% be a Gibbs random field with
phase space X and potential ® (xzxy ), xt € X, xy € XV tezad
Vew (Zd\t). Let there exists a partition of X

n
X = X, Xz'ﬂXj:(Z), 1 £ 7],
k=1
such that
S 2=0, k=1I,n
CCEXk

and the potential & (x;xyy) has the constant value on the
elements of partition of X, i.e.

® (zrry) = P (2v)

zy € X;., k= 1,n. Then the Gibbs random field &, t € Z¢ is a
martingale-difference random field.



Note that symmetric with respect to zero phase space and
even potential satisfy conditions of Theorem 4.

Corollary 3 (CLT). Let &, t € Z% be a translation-invariant
ergodic Gibbs random field with phase space X and potential ¢
which are satisfy the conditions of Theorem 4. If also Efg > 0
then for this random field CLT is valid.

Corollary 4 (LLT). Let &, t € Z% be a translation-invariant
ergodic Gibbs random field with phase space X and potential ¢
which are satisfy the conditions of Theorem 4. If also E¢3 > 0O
then for this random field local limit theorem is valid.



3. Example of applying the randomization method to
some Gibbs random field



Ising model

Tt - Ts, it —s| =1,

Dy oy (T8, Ts) = , P
) t—s )

where z;,zs € X = {—1,1} and |t — s| = max ‘t(i) — (]|,
1<i<d




Phase diagram for the Ising model

>V
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Model with even potential

(yel - lys|s [t —s[ =1,
Cb{t,s} (ytayS) = 9 t,S S Zda
0, |t_8| 7'—E 1,

\

where y,ys € Y = {-1,0,1}.

x=2|yl—1



Phase diagram for the model with even potential
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I
| IBC?‘
. >
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Coordinates of critical point for model with even potential

Bor = 4Bcr and hi. = —B5d-+In2.



The connection formulas of total spins probability distribution

Denote for V e W
Si# — total spin of the Ising model
St/ — total spin of the model with even potential

(IV|=k)/2 . .
P(Sy/ =k) =} ( : erjzj > 2MT2P (577 =k +2j).
j=0



P (S{/S — k) — o~k [P (Sevv — k:) _

(VIZK)/2 [ | 4 25 o .
Y ( > )P(szk—|—23>—|—

7=1

(IV|=k)/2 : .
+ > ( g +.2‘7 ) 22 %
=1

X

(VI=k)/2=5 [ L2+ . o .
s (MY ) s =k 20o4)-

s=1

(VIZR/2 (k425 \ o VIER/2=0 (e 42 (G 4+ 5) ) 52
n ()T )

j=1 s=1

(IVI=k)/2=j—s -
" lgl <k‘+2(]2;|—8+l)>22lP(S‘C;U:k—|—2(j—|—3—|—l)>—|—”,]



&, t € Z¢ — the homogenous random field, X = {0, 1}

ne, t € Z% — associated random field, ¥ = {—1,0, 1} such
that

§t=|77t|7 tEZd

and for any t € 74

Pr=+l)=_P(G=1), P(n=0)=P(=0).

The random field n, t € 72 is a martingale-difference because
>  y=0, for any z € X.
yep~1(x)
Connection formula for finite-dimensional probability distributions

Pp=y,teV)=2WVPE =a,tecV),
weY, rnpneX, teV,VeW,



The connection formulas of
total spines probability distributions

MG 2i [ 2] 3
P (S} =2s) = > 2—J(j_S>P(Sv=2J’),
Jj=s

J=s

vie o
P(sp=2s—1)= ) 2—2-7+1< / >P<S§/:2j—1>,

for any Ve W.



IVl—j

(S£ =j) =2 Z (— 1)’<3]+2k< _Ik_k>P(S‘"/=j—|-2k),

forany V. € W.



Characteristic function of the total spin of associated r.f.

by means of total spin probabilities of given r.f.

4

fs (= ¥ (cost)! P (s} =),
=

VeWw.



CLT for associated random field

Theorem 5. Let n, ¢t € Z% be a martingale-difference
random field associated with random field &, t € Z%. Then

fa - et°/2 as vV 1 Z°.

/ D'l
DSV




Proof.

=1-, ‘V‘ESS +o(IVI72) BSY, + o (V™)
=1— 5w VI+o(IVI2)p V4o (V™)
=1—%+0(|V|_1)=

— t?/2 +o0(1).

v =



Characteristic function of total spin of given r.f.
by means of total spin probabilities of associated r.f.

V|
foe @)= > cos (j . arccos eit> P (S‘"/ = j)
v j==1V|

VeWw.



CLT for the Ising model outside the critical point

Theorem 6. Let &, t € Z% be a Gibbs random field
corresponding to Ising model and let n, t € 7@ pbe associated

with &, t € Z% martingale-difference random field. If exists the
3
limit lim 2% = 62 and 0 < 02 < oo then
V/]\Zd ‘ ‘

ng—MSg (t) — 6_t2/2 as V' 1 7.2

DSS



Proof

V it
free W=F ¢ @)= ‘Z‘ COS (j - arccos e’ |V|> P (S‘”/ = j) =
- i j==|V]

XH VIV

2 +2

= = (14 (U wim) 7~ st o (VIT2)) P (8T =4) =

=1+ ( v 3at22|V\> B (5‘77/)2 B 6at22W|E (S‘n/>4 +o(IVIT¥2) =

= t> 2 2 11/2
1+( 4 W)plvl—%zm (302 |V +3p2|V[> = 2p|V]) +

o (IV]73/2) o VT

T hen
_ —itE\/]V]
Sq% Vp 1) =e™" | f s&
V] \/W

(1) = e~ HEVIVL GBIV _ —2/2



Thank you for your attention!



