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The system

Consider a ideal quantum gas in R3 composed of identical, spinless,
non-relativistic, charged particles, obeying either the Bose-Einstein or the
Fermi-Dirac statistics.

The gas particles moves in a medium
The gas is subjected to an external magnetic field B := (0,0, B), B > 0,

The system is at thermal equilibrium.



A disordered medium

The non-negative Poisson random field.
V)(x) = / p@(dy)u(y —x) xeR3 weQ,
R3

where p(“) denotes a random Poisson measure on R® and v € L§°(R3);
u >0, we have P-a.s.

(M1) vx eR30< V®)(x) < c(w)In(1 + |x]).
see e.g. Germinet, Hislop and Klein.

Question: what is the influence of the disorder on the diamagnetism?
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R. Seiringer, J. Yngvason, V. A. Zagrebnov, Disordered Bose Einstein
Condensates with Interaction in One Dimension arXiv:1207.7054

Eric Cancés, Salma Lahbabi, Mathieu Lewin, Mean-field models for
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Crystal

Here the interaction V is periodic, and satisfies

(M2) Vell (R®),p>3.

loc
VA~ 1>3a>0

Ix[*

-Probabilistic technique — V' define an R3-ergodic random field.



Intermediate case : Anderson potential

Let
V) =Y N(wu(x —x) x€R? weQ, geR.

jez?

{Ai}jezs arei.i.d. random variables and . ;s ( f,\ dx|u(x)|P)% < 00,
p > 3, A1(j) denotes the unit cube centered on S|te j

V() is a Z3-ergodic random field — R3-ergodic random field.

Further models: The random displacements model on R? or the
quasi-periodic case, see e.g. Figotin-Pastur.



Stable interactions

Let (Q, F,P) be a complete probability space and E[-] := [, P(dw)(-) be
the associated expectation. We consider random electric potentials,:

(E) V) is an R3-ergodic random field
(R) The realizations of V() are given by:
VE(x) = VO x) + V) (x) xeR3 weQ,

where P-a.s. on Q:
(R1) Vi) e P, (R?) with p > 3.

(R2) Vz(“’) obeys the conditions:

0 < VI(x) < calw)(1+|x|*) with a € (0, %) and co(w) >0



Recall that the space L?, (IR3) consists of measurable functions

f : R — C satisfying:

1

P
1Fll1<peoomton = sup( / dy|f(y)|") < oo,
[x—y|<1

x€R3

and
(| fll oo, utoc := €ss sup |f(x)] < oo.
x€R3



Hamiltonians

The 'one-particle’ operator in L?(R). Define on C§°(R3) :
Lo, 2y
Hoo(b,w) == 5(—IV —ba)*+ V¥ beR.

Here Ba(x) := Se3 Ax = 5(—x2,x1,0) and b := 'ch €R.

Then P-a.s., Vb € R, Hyo(b,w) are essentially self-adjoint operators.
Also Huo(b,w) := 3(—iV — ba)? + V), b € R is an ergodic family of
operators.

Further there exists Eg > —oco s.t. P-a.s., Vb € R,

Hoo(b, w) Z Eo.

If A = (—L/2,L/2)3 L > 0. Then we denote by H;(b,w), the
restriction of Hu(b,w) in L2(AL)



The pressure

Let B:=(kgT)"! >0 and

1:=C\ [, 40), Dy1:=C\ (—o0,—e"F].
€ = —1 refers to the bosonic case, ¢ = +1 to the fermionic case.
For b€ R and z € D. NRY, the finite-volume pressure :

P&, b, 2,€) i= ———Tr z(n,) In(I + eze PH(b))

BI/\ |

Then P-as. on Q, V3 > 0, P{*) is an analytic w.rt. (z,b) € D, x R.
The finite-volume magnetization and orbital susceptibility are :

n p(w)
(w) . 0"P; B
X8, b,z,€) = <C> 5 (B,b,z,e) n=1,2.




Integrated density of states.

Introduce the integrated density of states (IDS). Let N(E),E € R
denotes the number of eigenvalues of the operator H;(b,w) smaller than
E counting with their multiplicity and

— tim N(E)
P(E):= lim, ALl

Define (&, z) — fe(B, z;.) := In (1 + eze7#%). Under general conditions,
it holds :

Poo(ﬁ,(“}?z?e) = L|L>n3>o PL(ﬁ,w,Z,E) = _%/Rf/e(gaz)p(g)dg

— open question : regularity of p w.r.t. b



The pressure via a Dunford-integral formula

Let 3>0, beR, ze D, and K C D, be a compact set containing z.
Let Mk be a contour around [Eg, 00) and

£LY.b.2.0) = 5 [ AT 2 ORx(b..9)

Rx(b,w,§),:= (Hx(b,w) — &)™, X = L or X = co. We get

P8, b, 2,€) = |/\ FiAg e WLEY (B, b, z,€)

Theorem

Under our assumptions. Then:
i) P-a.s. on Q, Vb € R, Y0 < 81 < 2 and for any compact subset K of
D, :

Pec(B,b,2,€) = fim P((8,b,2,¢) = ZE[LL)5(0,0;6,,2,)]

uniformly in (3, z) € [B1, B2] x K.



The magnetic response

The gauge invariant perturbation theory (G. Nenciu)— Introduce

£33 62,0 =~ [ A€ 1B ZORK(b.0, O Tun(b,),
ESZ)Z(IB’ b,z, 6) = 7LT/F dffs(ﬁ72;f)RX(b7w’6)((T1,X(b’w7g))z_T27X(b7w’§))

Tl,X(xay; bawaf) = a(x - Y) : (va + ba(x))RX(x,y; bawaf),
Tox(x,y:b,0,6) = 2a%(x ~ y)Rx(x,y: b,0.€), (xy) € B\ D

2
£(b) ~ 3 b7£(0) + O(b%) if b~ 0
n=0



Magnetisation /susceptibility

we have:

n
€ w
Xn(B, b, z,€) = (g) WI&B(AL)Q")(B, b,z,e) n=1,2.



Magnetisation

Theorem

i)P-a.s. on Q, Vb € R, V0 < 81 < (> and for any compact subset K of
D, we have :

. w q € w
Xoo,l(ﬂ) b» Z, 6) = L|L>n;o Xlil)(ﬂa ba Z, 6) = <z> BE[ <(>o,)1(07 0; /Ba ba Z, 6)]
uniformly in (3, z) € [B1, B2] X K.

i) P-a.s. on Q, VB >0,Vz € D, Ps(B,,2,¢€) € CL(R), and
Xoo1(B, b, 2,€) = (3) %55 (B, b, 2, ).



Zero field susceptibility

Theorem
i) P-a.s. on Q, V0 < 1 < B2 and for any compact subset K of D, :

2
Xoo 2(B,0,2z,€) == fim XL()“;)(B,O,Z,E) = (g) %E[L(O:’?2(0,0;B,O,z,e)],

uniformly in (3, z) € [B1, B2] X K.
i) P-a.s. on Q, V3 >0 andVz € D., P.o(8,,2z,¢) is a C>-function near

b =0, and Xp 5(8,0,2,€) = (2)2%F= (8,0, 2, ¢).



Back to the Anderson /periodic case

Let Q := A1(0). For the Anderson model —

Xoo,n(B, b, 2, €) = < ) mm/de L(“’) (x,x; 8,b,z,¢)] n=0,1,2.

and for the periodic case —

Oo,,(ﬁ,bze)—<q> |Q|/dx[l (X, x; B, b,z,¢) n=0,1,2.



More on the periodic case when ¢ =1

V is C° periodic electric potential.

Let k € 20Q2 — Ej(k), j = 1,2.. be Bloch curves associated to
Hs = Hso(b = 0) and the Bloch bands:

&; = [min E;(k), max E;(k)].

— O'(Hoo) = Uac(HOO) = Uj,)il SJ'



The fermi level

Recall z = eP*. Let

poc(2,b) 1= 5220 (8,2,6) = lim Bz (3, 2,b)

Let po > 0 be fixed. If uoo(/3, po) is the unique real solution of
Poo (ﬂ7 eﬁﬂa 0) = po-

Then the Fermi energy, Er(po) = limg_ oo tioo (5 p0)-

Suppose the solution of
p(€) = po

& € (min &y, max Ey) for some N > 0 — the metallic case and

Er(po) =€



The Landau Peierls formula

Let po > 0. Suppose that 3N > 1 s.t. Er(po) € (minEn, max En) and
Sri=1{k € Q* : En(k) =EF(po)} is smooth and non-degenerate. Then

Xni(po) == ﬁli_>mooX(ﬂ,p0) _ _(f)z 1 1

c) 12(2r)?
do(k) [82En(k) 02En(K) [ O?En(k)\>
{/s |VEN(k)|[ oK oK ‘(aklakz) *R""’)}



Small density regim

Theorem

Let kp := (6m2pg)3 be the Fermi wave vector. Then when py — 0 we get
the Landau-Peierls formula:

& (mimgms)s

Xu(po) = ke + o(ke);

247m2c?2 mim;

here [ %], ., are the eigenvalues of the positive definite Hessian matrix
{95E1(0) }1<ij<s.



semi-conductor case

Let po > 0 be fixed. Suppose that there exists some N € N* such that
po = p(€) for all £ € [max En, minEnt1]. Then:

max &y + min Ent1
5 .

Er(po) =



semi-conductor case

Theorem

Assume that the Fermi energy is in the middle of a non-trivial gap. Then
there exist 2N functions ¢;(-),0;(-), with 1 < j < N, defined on Q* :

Fsc(po) = im X (5, o) = (—);(2% | Z {c,(k +{E -

F(po>}a,-(k>}.
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