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Influences of boolean functions on hypercube

f : {0, 1}n → {0, 1}. The influence of j-th coordinate on f

Ij(f) := P{x ∈ {0, 1}n : f(x) 6= f(x⊕ ej)},

where x⊕ ej denotes the point obtained from x by replacing xj by 1− xj .
Here P = product Bernoulli measure on {0, 1}n.

Central concept in Discrete Harmonic Analysis - applications in
Combinatorics, Theoretical Computer Science, Percolation, Social Choice
Theory, ...

Identify the subset A ⊆ {0, 1}n with the indicator function 1A.
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Why useful?

Geometric meaning: For set A ⊆ {0, 1}n,

nX
j=1

Ij(A) = 2−(n−1)#{ edges between A and Ac}.

Lower bound on max influence by Kahn-Kalai-Linial (KKL) ’88:

max
1≤j≤n

Ij(A) ≥ ct(1− t) logn

n
, t = Ber⊗n(A).

Russo’s Lemma (Margulis ’74, Russo ’82): If A ⊆ {0, 1}n increasing, then

dBer(p)⊗n(A)

dp
=

nX
j=1

Ij(A).
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Influences in continuous probability space

How can we define influences for f : (Rn, ν⊗n)→ {0, 1}?
Several existing definitions!

A ⊆ Rn, Axj :=
˘
y ∈ R : (x1, . . . , xj−1, y, xj+1, . . . , xn) ∈ A

¯
.

Bourgain et.al. ’92:

Ij(A) = P
n
x ∈ Rn : 1Ax

j
is not constant function

o
.

Artificial
KKL bound still holds!

Mossel et.al. ’09:

Ij(A) = E
h
Var(1Ax

j

˛̨
x \ {xj})

i
.

Reasonable
No KKL type bound.

All of them lack geometric interpretation for continuous probability spaces.
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Our definition : Geometric influence

The geometric influence of the j-th coordinate on A ⊆ (Rn, ν⊗n) is

IGj (A) := E[mν(Axj )].

where

mν(Axj ) := lim inf
r↓0

ν(Axj + [−r, r])− ν(A)

r
.

is lower Minkowski content of the fibre Axj .

We always assume ν has a density.
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Geometric interpretation

Lemma

Let ν be a probability measure on R with a ’nice’ density. Let A ⊂ Rn be a
convex set. Then

lim
r↓0

ν⊗n(A+ [−r, r]n)− ν⊗n(A)

r
=

nX
i=1

IGi (A).

In literature, lim infr↓0
ν⊗n(A+[−r,r]n)−ν⊗n(A)

r
is sometimes called

‘boundary under uniform enlargement.’

Not true for general sets, e.g. Qn.
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Main Result : KKL-type bound

Theorem

Consider the product Gaussian measure Φ⊗n on Rn. Then for any
Borel-measurable set A ⊂ Rn with Φ⊗n(A) = t

max
1≤i≤n

IGi (A) ≥ ct(1− t)
√

logn

n
,

where c > 0 is a universal constant.

Dependence on n is tight.

Similar statements for measures whose isoperimetric function I(t) satisfy

I(t) ≥ K min{t, 1− t}
„

log
1

min{t, 1− t}

«δ
for all t ∈ [0, 1] and for some δ > 0.
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Russo’s formula and sharp threshold

Let ν be a probability measure on R with ‘nice’ continuous density λ.
Let {νθ : θ ∈ R} denote a family of probability measures with νθ has a density
λθ(x) = λ(x− θ).

Lemma

Let A ⊆ Rn be increasing. Then the function θ → νθ
⊗n(A) is differentiable

and its derivative is given by

dνθ
⊗n(A)

dθ
=

nX
j=1

IGj (A)

Corollary

Let Φθ = N(θ, 1). Let A ⊂ Rn be an increasing and transitive

Φ⊗nθ0 (A) > ε ⇒ Φ⊗nθ1 (A) > 1− ε

where θ1 − θ0 = c log(1/2ε)(logn)−1/2.
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Gaussian isoperimetric inequality under symmetry

Theorem (Sudakov & Tsirelson ’74, Borell ’75)

For any A ⊆ Rn

lim inf
r↓0

Φ⊗n(A+ [−r, r]n)− Φ⊗n(A)

r
≥ φ(Φ−1(t))| {z }

Gaussian isoperimetric function

where t = Φ⊗n(A).

Theorem

Then for any transitive set A ⊂ Rn we have

lim inf
r↓0

Φ⊗n(A+ [−r, r]n)− Φ⊗n(A)

r
≥ ct(1− t)

p
logn,

where t = Φ⊗n(A) and c > 0 is a universal constant .
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A statistical application

Let X1, X2, . . . , Xn i.i.d. N(θ, 1).

H0 : θ = θ0 vs H1 : θ = θ1 (θ1 > θ0)

The most efficient test:

Reject H0 if X̄n > K where Pθ0{X̄n > K} = 5%

. To have its power at least 95%, we need θ1 > θ0 + Ω( 1√
n

).

How bad we would perform if we use the test:

Reject H0 if f(X1, . . . , Xn) > K where Pθ0{f(X1, . . . , Xn) > K} = 5%

where f : Rn → R satisfies

(i) f is nondegenerate.
(ii) f is transitive.
(iii) The function f is monotonically increasing in each of its coordinates.

Answer: θ1 > θ0 + Ω( 1√
logn

) ensures 95% power for all such f .
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