SCHRODINGER OPERATORS WITH POTENTIAL
V(n) = n=" cos(2mn’)

HELGE KRUGER

ABSTRACT. Let H be the Schrodinger operator with potential V(n) = n™~7 cos(2mn?),

where p € (1,2) and v € (0, % — prl) I show that for almost every boundary

condition H has pure-point spectrum.

1. INTRODUCTION

In this short note, I wish to show that already the sequence n (mod 1) generates
sufficient randomness to expect results for decaying potentials similar to the case
of independent, identically distributed random variables as discussed by Simon in
[12]. Let p and ~ satisfy

1 p-1
1.1 1,2 - - —
(1) pea, ve(og-23
and introduce the potential
1
(1.2) Vyp(n) = v cos(2mn?).

For 8 € R, we introduce the half-line Schrédinger operator H;?)p (Zy) — P (Zy)
by

(1.3) (pru)(n) _ {u(n +1) +u(n—1)+VrP(n)u(n), n>2;

u(2) + (Va,,(1) + B)u(), n=1
Here (3 plays the role of a boundary condition. Since V,, ,(n) converges to 0 as
n — oo, we have that oess(HY ) = [-2,2]. We will show

Theorem 1.1. Let p and v obey (1.1). Then for almost every 3, Hﬁp has pure
point spectrum in [—2,2].

This result is motivated by the work of Lukic [I0], in which he showed that for
V(n) = -5 cos(2ran) with v > 0 and « irrational the operator H has absolutely
continuous spectrum in [—2,2]. Furthermore, he shows that the possible singular
spectrum [—2, 2] is contained in a finite set of points.

The condition on 8 in Theorem is optimal. In fact it is known (see Sec-
tion 12.4. in [13]) that for a dense Gs set of 3 the operator Hfip has singular

continuous spectrum.
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Remark 1.2. It is possible to consider more general potentials of the form

f(n)

nyte’

(1.4) V(n) = % cos(2mn’) +

where vy and p obey (1.1)), f(n) is a bounded sequence, and € > 0. The proof of the
theorem is essentially the same.

Remark 1.3. The proof shows that for some € > 0, we have for all generalized
etgenfunctions

(1.5) [ (n)] < exp(=|n|)

for n large enough. It be possible to give an upper bound similar to [12] by a simple
extension of the proof.

Let me now discuss, if the range of v and p given in is optimal. By the
results of Christ and Kiselev [2], Deift and Killip [4], or Remling [II], we have
that Hg , has absolutely continuous spectrum for v > % Furthermore, the results
of Stolz from [I5] imply that H,f , has purely absolutely continuous spectrum for
p € (0,1) and v > 0. The already mentioned result by Lukic [10] imply absolutely
continuous spectrum for p =1 and v > 0.

However, I would expect that in the complement of this range, that is p > 1 and
v € (0, %) the operator H. 5 , has pure point spectrum for almost every 8. The main
reason for this is that the Lyapunov exponent L) (E) associated to the potential
V(n) = 2\ cos(2mn”) is expected to behave like Ly(E) > yA? for some v > 0 as
A — 0. See the work of Bourgain [I], and my own in [7] and [§] for some positive
results in this direction.

Naive computations with transfer matrices actually suggest the following more
general picture. Assume that V is a bounded potential and that the associated
Lyapunov exponent behaves like Ly(E) ~ A as A — 0. Then one would expect
absolutely continuous spectrum for v > % and v < %. Somewhat supportive of this
is Question 4.7. in the review article [14] of Simon.

2. PROOF OF THEOREM [L.1]

Introduce for « irrational, w € [0,1], and A > 0 the Almost—Mathieu operator
by
2.1) I%f,w : H(Z) — 1%(2),
Hy o wu(n) =u(n+1) +u(n — 1) + 2\ cos(2m(w + na))u(n).
We will need the following fact about the spectrum of this operator.

Theorem 2.1. Let § > 0, A > 0, « drrational, and w € [0,1]. There exists a
constant k = k(d) > 0 such that for

(2.2) 2cos(ma) € [-2+ 8,6 U[4,2 — 4],
we have
(2.3) dist(+2 cos(ma), a(ﬁ,\@,w)) > k.

Proof. See [1], [B], [7], [9]. O
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Given an interval [a,b] C Z with a > 2, we denote by H%,b] the restriction of

HY | to £2([a,b]). We have dropped the 3 from the notation, since HY 1o longer
depends on it. We will use the assertion of that the Almost—Mathieu operator has
gaps, to conclude that also appropriate finite restrictions of Hg , do.

Before stating this, let us introduce some notation. For k > 2, we introduce

(2.4) Ay = (2871 2R 4 ok
(2.5) Ro= (2828,

(2.6) Ay = [2F 2k 1],

(2.7) AF = 2Rt 41,28 4ok,

We also define

(2.8) 5:%(2—p—2’y).

We note € > 0 if holds.

Proposition 2.2. Let § >0 and k > k(5). There exists a set £5 ;. such that

(1) |5l < 572
(i) Let
(2.9) E e ([-2+6,-01U[0,2—6]) \ & -
Then there exist intervals I* C Af satisfying
(a) #(IF)>2.200+2e)k 41,
(b) dist(E,o(HA%) > 2-(rrek,
The proof will be given in one of the following sections. I note that this propo-
sition is the main step and one could for example finish the proof by an adaptation
of the results of Stolz in [I6]. I have decided to include a proof to present some

ideas of [8] in a more accessible framework. For xz,y € A C Z, \ {1}, the Green’s
function is introduced as

(2.10) Go(Bsm,y) = (0, (Hy, — E)'ey)
with e, the standard basis of £?(Z ).
Corollary 2.3. Let § > 0 and k > ky(0). There exists a set £, such that

(i) €5k < 7=
(ii) Lety € Ag, x € {2F~1 2k+1 4 ok=11 " gnd

(2.11) E € ([-2+46,-0]U[6,2—6])\ & -
We have
(2.12) G (B, 2,y)| < exp (72%6’@) .

We now proceed to derive Theorem The strategy of proof is often called
spectral averaging. See for example Section 12.3. in the book [I3] by Simon for
another implementation of this strategy. Fix some +, p satisfying (1.1]). For § > 0,
introduce

(2.13) &= () | U&x

0>k2(5) \k>¢
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The Borel-Cantelli argument shows that |E5| = 0. In particular also

(2.14) 5:U5;

Jj=2

has zero measure. It is well-known that there exists a unique probability measure
1P that satisfies

(2.15) [t = e @, - e

for Im(z) > 0. This measure is known a the spectral measure. The main ingredient

in spectral averaging is

Lemma 2.4. There exists a set B such that |R\ Bl = 0 and for 8 € B, we have
B —
uP (&) =0.

Proof. By Theorem 11.8. in [13], we have that [ 1Pdp is the Lebesgue measure.
Thus

[ w5 =o.
Since p”(£) > 0, the claim follows. O

We will now show that for § € B, H” has pure point spectrum. For p# almost
every E € (—2,2) \ {0} there exists a generalized eigenfunction, that is a nonzero
solution u of

(2.16) HY*u = Bu

interpreted as a difference equation satisfying |u(n)| < n for n > 1 and u(0) = 0.
See for example Lemma 3.1. in [I7].

Proof of Theorem[1.1 Let 8 € B and u some generalized eigenfunction belonging
to the generalized eigenvalue E. We will show that u € ¢2(Z, ), which implies that
1? must be a pure point.

By construction of £, we can choose § > 0 and £ > 1 such that

Ee[-2+6, -6 Ul6,2—4].
and for k > /¢
E € &sy.
For x € A§ = [2%,2%1] we have
u(x) = —GA% (B, 2, 2F)u(28 1 — 1) — G (B, 2, 281 4 28 Dy (2M 4 2F1 4 1),

Since by Corollary 2.3 the Green’s functions are exponentially small in z, we obtain
that |u(z)| < Z for k large enough. This implies that u € ¢2(Z,) finishing the
proof. O
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3. PROOF OF PROPOSITION

We note that (m +n)? = m? +n - pmP~t 4+ O( n? ). Motivated by this, we

m2—¢
introduce a,,, = pm”~!', w,, = m”, and the potential

(3.1) Vin(n) = %cos(?#(amn—kwm)).

We introduce the whole line Schrédinger operator H,, = A + V,,,, where A is the
discrete Laplacian. This is just the Almost—Mathieu operator. In fact, we have

(3.2) Hy, = ﬁ%m*“’,am Wim

We furthermore have that V;,(n) —V;, ,(n) is small for [n —m| small. We make this

precise

Lemma 3.1. Assume (1.1) and define € as in ([2.8)). For |n| < mYT2¢  we have
Gy

(3.3) [V(m+n)—Vi(n)| < e

where C1 = C1(v, p) is a constant only depending on vy and p.

Proof. We compute
Vim+n)—Vyn) = (1 - 1) cos(2m(m +n)”)

(m+n)y mv

+ % (cos(2m(m + n)?) — cos(2m(amn + wm))) -

So
n 2mp(p—1)
[V(im+n)—Vi(n) < m—n) 1 (m—n)yi2e
The claim follows. ]
Define
(3.4) N = Pk(”JFZE)J , Epm =2cos(map,).

Lemma 3.2. Let C > 0 and assume (L.1)). For k > ko(C) > 1, define

(3.5) S = V CWJ .

There exist {mE}5__ o such that

C C
(36) E7n5i (S |:2'Yk(8 — 1), W(S + 1):|
and
(3.7) mE e QM L N 41,28 p okl N ).

Proof. Since the map z + 2cos(mx) is Lipschitz, it suffices to find a sequence mF
such that o+ (mod 1) is %2% dense in [0,1]. Then we can choose m¥ as a
refinement.
For this observe first that
plp—=1) _plp—1) 1

« — oy, < R
m+l m o= m2_p - mY m’Y’
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where we used (1.1]). Second, we can compute that
Qugrit yor—1_ N1 — Qgraty yqq = p2RFEDETDFENTL (9k=1 o _9)p=1 1) > 2
for k large enough. The claim follows. (]

We apply this lemma with C = %, where & is the constant from Theorem [2.1
We introduce the energy intervals

t_ gt 4f L pr R L
(3.8) IF = |En + 5w B~ S5

We also have for k > 1 large enough that for any

(3.9) Ee[-2+9,-0]Ud2— ]
there exists s such that E € I} and ¢ such that E € I; . Define
(3.10) QF =[mf — N,m! + NJ.

We now obtain

Lemma 3.3. For k > 1 large enough. We have that

+
(3.11) # (o) N IE) < 4.
Proof. Let m = m¥, a = a,n, w = wp,, and Q = QF. By Theorem we have

~ K K

G(H%m_w,a,w) n [Em - W,Em =+ W] = @

Next, since

7 _ @ 7Z\Q

H%m*”,a,w = H%m*‘ﬁa,w b H%m*’*,a,w tK
with K a rank 4 operator, we have

=5Q KR KR
# (U(H%m—%a,w) N[Em — s Bm + W]) =4

Now, the claim follows from Lemma (3.1 O

Introduce the set £ 1 as the set of energies
(3.12) Eec[-2+46§,-0]U[d2 -]

such that for some s and ¢, we have

. Qt 1

(313) dlSt(E, O'(Hry7p )) > W’
_ 1

1 Q; -

(3.14) dist(E,0(H?)) > Sy

We have that

Lemma 3.4. We have
11
1 < .
(3.15) €1l < 57
Proof. Because of the properties of the set IF, it suffices to eliminate a
of the energies in (3.11]). Hence, we have the bound
1 1
< — <
Eril < 68 meTe < 3

for k large enough. This finishes the proof. O

-1
o(k+ 1) (v+3e)

< 1
= ﬁa

N =
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Proof of Proposition[2.4 Let E € & . Then we may choose It = Q7 from (3.13)
and I~ = @Q; from (3.14). The claim follows. O

4. PrRoOF oF COROLLARY 2.3

Define the set Fj as the set of energies F € [—2,2] such that
(4.1) dist(E, o (H1%!1)) < 2e=(2)7
for some a € A, and b € A;

Lemma 4.1. For k large enough, we have that
11

4.2 < .

(12) Al <5

22k

Proof. There are less then many possible choices for a,b. Each set O’(Hlﬁbb])

contains less then 25*1 elements. Hence, we are taking the o2 neighborhood of
a set containing less then 23#+1 elements. The claimed estimate follows. [

We introduce
We see that [£7 | < 5.

Proof of Corollary[2.3 Let E € Sik and let I* be the two intervals from Proposi-
tion (ii.b). By the Combes—Thomas estimate (see [3] or Lemma 10.1 in [§]), we
obtain from (3.11)) that

clr -yl

Ii
|G'y,p(E7xay)| < exp <_2(7+5)k)

for an universal constant ¢ > 0 and z,y € I*+.
Choose a in the center of I and b in the one of I~. By the second resolvent
equation

ke
4

|G (B )| < e (IG(B 2, a)| + |G, (B, 2,b)])

P

2k(v+25)> )

ke
2.2°4 -
< 4e exp ( ICEST:

The claim follows by choosing k large enough. O
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