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Herglotz functions

Let C+ = {z € C | Imz = 0}. Any analytic map m : C;. — C extended to C_ by
m(zZ) = m(z) for z € C4, is called a Herglotz function (sometimes also: Stieltjes,
Nevanlinna, Pick, Nevanlinna—Pick functions).
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Herglotz functions

Definition

Let C+ = {z € C | Imz = 0}. Any analytic map m : C;. — C extended to C_ by
m(zZ) = m(z) for z € C4, is called a Herglotz function (sometimes also: Stieltjes,
Nevanlinna, Pick, Nevanlinna—Pick functions).

Theorem

| \

For any Herglotz m, there exist a measure (i on R, and constants a € R, b > 0, s.t.

m(z):a+bz+/}</\l_z—$) du(X\)

< 00.

dp(X)
1+ )2

where fR

N

Conversely: having such i produces a Herglotz function.
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Herglotz functions

Definition

Let C+ = {z € C | Imz = 0}. Any analytic map m : C;. — C extended to C_ by
m(zZ) = m(z) for z € C4, is called a Herglotz function (sometimes also: Stieltjes,
Nevanlinna, Pick, Nevanlinna—Pick functions).

Theorem

| \

For any Herglotz m, there exist a measure (i on R, and constants a € R, b > 0, s.t.

m(z):a+bz+/}</\l_z—#) du(X\)

< 00.

dp(X)
1+ )2

where fR

N

Conversely: having such i produces a Herglotz function.
From now on assume
I+1
ess supp . = U[%ﬁj] = ¢, where o < 3 < a4
=1

Then m(z) = [, d‘;(f;) is a meromorphic Herglotz function on C U {oco} \ e.
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Riemann surface S

Recall e = Ul-tl [y, Bj].

Define S to be the Riemann surface associated to \/ HIH (z— B)(z — o).

Informally: take two copies S+ and S— of C U {oo} \ ¢ and glue them together
along e: passing through e takes us from Sy N C4 to S—- N C_, and from S_ N C
to S+ NnC_.
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Riemann surface S

Recall e = Ul-tl [y, Bj].

Define S to be the Riemann surface associated to \/ HIH (z— B)(z — o).

Informally: take two copies S+ and S— of C U {oo} \ ¢ and glue them together
along e: passing through e takes us from Sy N C4 to S—- N C_, and from S_ N C
to S+ NnC_.

Does m have a meromorphic continuation from S to (some domain of) S?
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Riemann surface S

Recall e = Ul-tl [y, Bj].

Define S to be the Riemann surface associated to \/ HIH (z— B)(z — o).

Informally: take two copies S+ and S— of C U {oo} \ ¢ and glue them together
along e: passing through e takes us from Sy N C4 to S—- N C_, and from S_ N C
to S+ NnC_.

Does m have a meromorphic continuation from S to (some domain of) S?

Motivation: if p corresponds to (almost) periodic Jacobi problems, then the
continuation exists to the whole S.
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Let 1 be a finite measure on R with compact support.
Perform Gram-Schmidt on {x"};2
pn(x):

F e to produce a system of

/ Pn(X)pm(x)dp(x) = Sum
Easy to show the following recurrence relation holds
where a,

~

>0.b, €
the matrix

XPn(X) = Gni 1Pyt (X) + bug1pn(x) + anpn—1(x),

/)] ay 0 o
a by a
J = 0 a b3

i.e. in the orthonormal basis {p, }

- multiplication by x has

The other direction: p is the spectral measure of 7 and the cyclic vector dy.
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Let 1 be a finite measure on R with compact support.
pal):

Perform Gram-Schmidt on {x"}7 to produce a system of orthonormal polynomials

/R Pa ()P (X)d(x) = Gum
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Orthogonal polynomials on the real line and Jacobi matrices

Let  be a finite measure on R with compact support.

Perform Gram-Schmidt on {x"}72 to produce a system of orthonormal polynomials:
pn(x):

[ piopn)du) = 8
R
Easy to show the following recurrence relation holds

Xpn (%) = anp1pnt1(X) + bug1pn(x) + anpn—1(x),

where a, > 0,b, € R, i.e. in the orthonormal basis {p, },=,, multiplication by x has

the matrix
b] aj 0
ap b2 a -
J = 0 a by --- (Jacobi matrix)

The other direction: f is the spectral measure of 7 and the cyclic vector do.
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One-sided Jacobi matrices = {ay, by },<;; two-sided Jacobi matrices = {an, bn }nez.

A Jacobi matrix is called periodic with period p if a,, = au, byyp = b, for all n.

u]
‘ |
it

DA



Introduction Periodic OPRL The result Appendix
(oo} O@000 [e]e]e} [e]
Periodic OPRL

One-sided Jacobi matrices = {ay, by },<;; two-sided Jacobi matrices = {an, bn }nez.
A Jacobi matrix is called periodic with period p if a,4, = an, buyp = b, for all n.

The discriminant of {ax, b, }*_, is the polynomial of degree p defined by

n=1

A() = Tr ﬁ;(zazb]‘ 701)

7
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Periodic OPRL

One-sided Jacobi matrices = {ay, by },<;; two-sided Jacobi matrices = {an, bn }nez.
A Jacobi matrix is called periodic with period p if a,4, = an, buyp = b, for all n.

The discriminant of {ax, b, }*_, is the polynomial of degree p defined by

n=1

A(z)zﬁ(ﬁij( z;}b]‘ 701 ))

Jj=pr
Each periodic {ay, ba }ncz has purely absolutely-continuous spectrum consisting of p
intervals U_, [ay, B] = ¢, a; < 3 < a1,
In fact, o ({dn, butnez) = A7'([-2,2]) =e.
One-sided case: oo ({an, bu}521) = A7 ([-2,2]) = .
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Periodic OPRL

One-sided Jacobi matrices = {ay, by },<;; two-sided Jacobi matrices = {an, bn }nez.
A Jacobi matrix is called periodic with period p if a,4, = an, buyp = b, for all n.

The discriminant of {ax, b, }*_, is the polynomial of degree p defined by

n=1

A(z)zﬁ(ﬁij( z;zbj 701 ))

j=p
Each periodic {ay, ba }ncz has purely absolutely-continuous spectrum consisting of p
intervals U_, [ay, B] = ¢, a; < 3 < a1,
In fact, o ({an, bu}nez) = A7 ([-2,2]) = e.
One-sided case: oo ({an, bu}521) = A7 ([-2,2]) = .

For which sets e does there exist a periodic Jacobi matrix with o ({an, by }ncz) = ?
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Periodic OPRL

One-sided Jacobi matrices = {ay, by },<;; two-sided Jacobi matrices = {an, bn }nez.
A Jacobi matrix is called periodic with period p if a,4, = an, buyp = b, for all n.

The discriminant of {ax, b, }*_, is the polynomial of degree p defined by

n=1

A(z)zﬁ(ﬁij( z;zbj 701 ))

j=p
Each periodic {ay, ba }ncz has purely absolutely-continuous spectrum consisting of p
intervals U_, [ay, B] = ¢, a; < 3 < a1,
In fact, o ({an, bu}nez) = A7 ([-2,2]) = e.
One-sided case: oo ({an, bu}521) = A7 ([-2,2]) = .

For which sets e does there exist a periodic Jacobi matrix with o ({an, by }ncz) = ?

Another question

If one exists, describe the set of all such matrices.
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Recall ¢ = U_, [y, B]], 0 < B < g1
For which sets e does there exist a periodic Jacobi matrix with o ({an, by }nez) = ¢?

Answer: if and only if the equilibrium measure of each interval [o;, §;] is rational.
In general: there exists an almost periodic Jacobi matrix.

Another question

If one exists, describe the set of all such matrices.
Answer: define the isospectral torus
7. = {periodic {an, b }nez | o({an, bn}necz) = ¢}.
Then 7, is an /-dimensional torus in Rz’), where [ is the number of gaps in ¢

generically [ = p — 1).

Note: the same statement holds for the almost periodic case.
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Isospectral torus

Recall ¢ = Uf:l[aj7ﬁj], o < G < ajpi.

For which sets e does there exist a periodic Jacobi matrix with o ({an, bn tnez) = €?
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Isospectral torus

Recall ¢ = U;’:l[aﬁﬁj], o < G < ajpi.

For which sets e does there exist a periodic Jacobi matrix with o ({an, bn tnez) = €?

Answer: if and only if the equilibrium measure of each interval [y, 3;] is rational.
In general: there exists an almost periodic Jacobi matrix.
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Isospectral torus

Recall ¢ = U;’:l[aﬁﬁj], o < G < ajpi.

For which sets e does there exist a periodic Jacobi matrix with o ({an, bn tnez) = €?

Answer: if and only if the equilibrium measure of each interval [y, 3;] is rational.
In general: there exists an almost periodic Jacobi matrix.

Another question

If one exists, describe the set of all such matrices.

Kozhan phic i ions of finite gap Herglotz functions



Introduction Periodic OPRL The result Appendix
(oo} [e]e] le]e] [e]e]e} [e]
Isospectral torus

Recall ¢ = U;’:l[aﬁﬁj], o < G < ajpi.

For which sets e does there exist a periodic Jacobi matrix with o ({an, bn tnez) = €?

Answer: if and only if the equilibrium measure of each interval [y, 3;] is rational.
In general: there exists an almost periodic Jacobi matrix.

Another question

If one exists, describe the set of all such matrices.

Answer: define the isospectral torus
7. = {periodic {an, bu}nez | o({an,bn}nez) = e}.

Then 7. is an [-dimensional torus in R%, where / is the number of gaps in ¢
(generically [ = p — 1).
Note: the same statement holds for the almost periodic case.
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The m-function of a one-sided Jacobi matrix J = {an, bu},2; is the Herglotz
function of the corresponding measure: m(z) = [ dpx)

52 € C\ suppp.
Let 7" be “once slrippcd" Jacobi matrix, i.e. with Jacobi parameters {a,, b, },=.
Using recursion ul/n( DY =pb —z—m(z;7)"", and periodicity
m(z; TV) = m(z f) one can show that /11( :

J ) obeys a quadratic equation, and in
fact,

m(z) =
for some polynomials a, p.
. ! ! B \
It turns out A(z)* — 4 =[]7_, (z — ) (z — o) (recall that e = A~"([—2,2])).
Thus for measures p, whose Jacobi matrix is periodic, m has a meromorphic
continuation to the whole surface S.
Note: same is true for for the almost periodic case, though the proof is more involved.

What if y is “close to having a periodic Jacobi matrix”? Can we extend m to a part of
S 9
ST
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m-functions

The m-function of a one-sided Jacobi matrix J = {an, by };2, is the Herglotz

function of the corresponding measure: m(z) = [, _(X) ,z € C\ suppp.

Let 7 be “once stripped” Jacobi matrix, i.e. with Jacobi parameters {ay, by },2,.
Using recursion a?m(z; 7V) = by — z — m(z; J) ™", and periodicity

m(z; TP)) = m(z; J), one can show that m(z; 7) obeys a quadratic equation, and in
fact,

for some polynomials a, p.
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m-functions

The m-function of a one-sided Jacobi matrix J = {an, by };2, is the Herglotz
function of the corresponding measure: m(z) = |. d“ (f) ,z € C\ suppp.

Let 7" be “once stripped” Jacobi matrix, i.e. with Jacobi parameters {ay, by },2,.

Using recursion a?m(z; 7V) = by — z — m(z; J) ™", and periodicity
m(z; TP)) = m(z; J), one can show that m(z; 7) obeys a quadratic equation, and in
fact,

for some polynomials a, p.

It turns out A(z)* — 4 = [[7_,(z — B))(z — o) (recall that e = A™"([-2,2]))
Thus for measures i, whose J acobl matrix is periodic, m has a meromorphic
continuation to the whole surface S.
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m-functions

The m-function of a one-sided Jacobi matrix J = {an, by };2, is the Herglotz

function of the corresponding measure: m(z) = [, _(X) ,z € C\ suppp.

Let 7" be “once stripped” Jacobi matrix, i.e. with Jacobi parameters {ay, by },2,.
Using recursion a?m(z; 7V) = by — z — m(z; J) ™", and periodicity

m(z; TP)) = m(z; J), one can show that m(z; 7) obeys a quadratic equation, and in
fact,

for some polynomials a, p.

It turns out A(z)? — 4 = 7_1(z = B)(z — @) (recall that e = ATY([=2,2)).
Thus for measures 1, whose Jacobi matrix is periodic, m has a meromorphic
continuation to the whole surface S.

Note: same is true for for the almost periodic case, though the proof is more involved.
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m-functions

The m-function of a one-sided Jacobi matrix J = {an, by };2, is the Herglotz

function of the corresponding measure: m(z) = [, _(X) ,z € C\ suppp.

Let 7 be “once stripped” Jacobi matrix, i.e. with Jacobi parameters {an, bn}2,.
Using recursion a?m(z; 7V) = by — z — m(z; J) ™", and periodicity

m(z; TP)) = m(z; J), one can show that m(z; 7) obeys a quadratic equation, and in
fact,

for some polynomials a, p.

It turns out A(z)? — 4 = 7_1(z = B)(z — @) (recall that e = ATY([=2,2)).
Thus for measures 1, whose Jacobi matrix is periodic, m has a meromorphic
continuation to the whole surface S.

Note: same is true for for the almost periodic case, though the proof is more involved.

What if 1 is “close to having a periodic Jacobi matrix”? Can we extend m to a part of
S_?
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Given two bounded sequences {au, by tnez, {ay, by, fnez, define
dn((a,b), (@', b")

Ze

(lam+k = apgr| + Btk = D),
and then
dn((a,b),”

2) = inf{d,,((a,b), (d

uA//}]\(uC
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Given two bounded sequences {au, by tnez, {ay, by, fnez, define

dn((a,b), (@', b)) = > e “(|amtx = il + [bwis — bl
k=0
and then

dn((a,b),7c) = inf{du((a,b), (d',b')) | (d',b') € T}
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Theorem

Theorem

Lete = U_ [ay, B]], aj < Bj < jty, is such that each [y, (3] has equal equilibrium
measure (“open gaps case”). Let A be the polynomial of degree p such that
e=A"'[-2,2].

Assume ess supp p = e, and let m(z) =
matrix. Then for R > 1,

dp(x)
R x—z

, and J be the associated to (v Jacobi

@ m has a meromorphic continuation to the region S— N Eg
o m(z) —mi(z) # 0 forz € Eg \ A~ ({£2})
i
limsup(dy (7, 7:))"/* < R~

n— oo

Here Eg = A~ (x(RD)), where x(z) = z+z".

Remark: here m*(z) is m evaluated on the second sheet of S, i.e. m*(z) = m(n(z)),
wherew : Sy — S_,7+— 2.
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A nice picture

Here how Ex = A7 ' (x(RD)) (x(z) = z 4z~ ") evolves as R grows:
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To check if a Herglotz function has a meromorphic continuation:
o Find the corresponding measure g

Find the corresponding to p Jacobi matrix J

Compare how close J is from the isospectral torus of suppu (compute R)
Domain of meromorphicity is A™' (x(RID))
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To check if a Herglotz function has a meromorphic continuation:
o Find the corresponding measure g

o Find the corresponding to p Jacobi matrix J
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Moral

To check if a Herglotz function has a meromorphic continuation:
o Find the corresponding measure g
o Find the corresponding to y Jacobi matrix J

@ Compare how close J is from the isospectral torus of suppy (compute R)
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Moral

To check if a Herglotz function has a meromorphic continuation:
o Find the corresponding measure g

o Find the corresponding to y Jacobi matrix J

Compare how close J is from the isospectral torus of suppu (compute R)

@ Domain of meromorphicity is A~ (x(R D))
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Thanks for your attention
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