Contemporary Mathematics

Outline of Quantum Mechanics
William G. Faris
Abstract. This is a brief outline of the mathematics of quantum mechanics.
It begins with examples of unitary time evolution given by the Schrödinger
equation. It is then shown how the spectral theorem for self-adjoint operators
gives a general framework for studying solutions of the Schrödinger equation.
There is a discussion of the role of Planck’s constant and uncertainty principles.
This is followed by a section on spin and statistics. The exposition concludes
with remarks about the various roles played by self-adjoint operators in the
formulation of quantum mechanics. While the main purpose of this outline is
to give a succinct and mathematically correct account of the basic notions of
quantum mechanics, there is also an attempt to explain why giving a coherent
interpretation of quantum mechanics is so difficult.
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1. The setting for quantum mechanics
1.1. Introduction. Quantum mechanics is the framework for the current theory of matter, viewed as consisting of constituents on the molecular, atomic, and
sub-atomic scale. The characteristic feature of quantum mechanics is the occurrence
of Planck’s constant
(1.1)

~ = 1.05443 × 10−27 erg s.

This has the dimensions of energy times time, or momentum times distance. In
other words, it has the dimensions of angular momentum. This number is unbelievably small, but it affects many features of our world. The mass of an electron
is
(1.2)
The ratio

m = 9.1083 × 10−28 g.

~
= 1.157cm2 /s
m
has the dimensions of a diffusion constant. This is the parameter that determines
the propagation of a free electron. It is perhaps too optimistic to think of quantum
mechanics as a theory that can be derived from classical mechanics by some process
called quantization. It may even be misleading to think of classical mechanics as
a limit of quantum mechanics, in view of the fact that ~ is a fixed number. On
the other hand, there are various scales of nature on which quantum diffusion is
negligible, and on these scales the object should behave like its classical counterpart.
(1.3)

σ2 =
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The mathematical structure of quantum mechanics is based on three fundamental ideas. These are:
• State
• Time evolution
• Observable

As we shall see, the first two may be defined as mathematical objects: vectors
in Hilbert space and unitary operators acting on these vectors. The notion of
observable will turn out to be remarkably obscure. In some accounts it is identified
with the notion of self-adjoint operator, but we shall see that this leads to problems.
The mathematical description of a quantum state is as a unit vector in a Hilbert
space. Often this is represented in a concrete form as a normalized wave function,
that is, a complex valued function depending on a space variable. The normalization
condition says that the absolute value squared of this function is a probability
density, that is, has integral equal to one. In this case it is regarded as giving the
probability density describing the random position of a particle at a single fixed
time.
Time evolution in quantum mechanics is given by unitary linear operators
from the Hilbert space to itself. Each such operator is simply an automorphism
of the Hilbert space. Typically, these unitary operators fit together to form a
one-parameter group of unitary operators, where the parameter is the time displacement. In practice this time evolution is obtained by solving a conservative
evolution equation, the famous Schrödinger equation. It is an odd situation: the
dynamics takes place on the level of the wave function, but the observed quantity
is interpreted as a particle.
An observable is sometimes identified as a self-adjoint operator acting in the
Hilbert space. It behaves something like a random variable in probability theory,
but there is a crucial difference. Given a quantum state, a self-adjoint operator
gives rise to a random variable. More generally, a family of commuting self-adjoint
operators gives rise to a family of random variables on the same probability space.
There is a problem, however, with interpreting the values of these random variables
as describing intrinsic properties of the system. The problem comes when one
considers non-commuting families of self-adjoint operators. As we shall see, there
is a serious consistency problem that prevents such an interpretation.
A possible resolution of this issue is to maintain that different observables correspond to different experimental contexts. There is no absolute notion of the value
of an observable, apart from such a context. In particular, a measurement of one
observable may preclude the measurement of another observable. However, if the
notion of measurement is needed to complete the concept of observable, then there
is the problem of describing exactly what constitutes a measurement. It is thus
doubtful that every self-adjoint operator represents an observable in the sense described here. In fact, it may be that the question of which self-adjoint operators are
associated with experimental measurements and thus represent observables depends
on the details of the time evolution.
It is generally regarded that many of the most fundamental self-adjoint operators correspond to observables. These include operators corresponding to position,
momentum, energy, and spin component. Some physicists have maintained that
these all reduce to macroscopic position measurements (for example pointer readings) via some sort of measurement process. For example, when a particle with
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spin is passed through a region where there is a suitable magnetic field, then it
is deflected in one way or the other, and this deflection is amplified into a macroscopic difference in position. Thus the apparatus with the magnetic field produces a
measurement of the spin component along the field direction. This does not mean
that the value of the spin component exists before the measurement; it emerges
from the interaction with a particular apparatus, and it is this apparatus that defines the particular component being measured. The measurement is ultimately a
determination of the position of the particle after the deflection.
Even position is problematical in quantum mechanics. The theory provides
no mechanism for defining particle trajectories. The wave function determines the
probability density for particle position at a fixed time. It does not determine the
joint probability density for the positions of the particle at two or more different
times. Thus quantum mechanics involves waves and particles, but their roles are
very different. The waves propagate according to a well-defined linear partial differential equation. There is no description of particle motion, but it is the particles
that are ultimately observed.

1.2. Plan of the exposition. The following account begins with an account
of states as vectors in Hilbert space and of time evolutions for particular systems.
In other words, the story is about the Schrödinger equation.
The development then proceeds to the spectral theorem for self-adjoint operators. This theorem has remarkable consequences. It emerges that the selfadjoint operators on a Hilbert space are in one-to-one correspondence with the
one-parameter groups of unitary operators. In particular, there is a self-adjoint
operator that determines the dynamics given by the Schrödinger equation.
The next parts are about special topics. Planck’s constant and the uncertainty
principle have important physical consequences. In many circumstances when the
potential energy has negative singularities, the total energy is bounded below, with
a bound that depends on the value of Planck’s constant. This is at least part of the
explanation for the stability of atoms. Other topics include spin and statistics. The
fact that electrons obey Fermi-Dirac statistics leads to the Pauli exclusion principle,
another ingredient in explaining the stability of matter.
Finally, there is a discussion of other roles for self-adjoint operators. Another
consequence of the spectral theorem is that, given a particular quantum state, every
self-adjoint operator may be realized as a random variable. This tempts some to
say that every self-adjoint operator is an observable, and certainly there is nothing
to forbid this choice of terminology. However if the notion of observable is restricted
to something that can be measured in an experiment, then it most likely the case
that relatively few self-adjoint operators correspond to observables. For the ones
that do correspond to observables it is necessary to give an account of how this is
accomplished by measurement. A complete account is not known to the author,
but the final section will give some hints suggested by the conventional wisdom of
quantum mechanics. The perceptive reader will notice the occurrence of the word
“macroscopic,” which is a hint that nothing is understood.
It should be emphasized that there is very little that is controversial about
quantum dynamics. The part that is obscure is how the objects described by the
dynamics are reflected in reality.
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Before proceeding to the topics outlined in this subsection, there is one more
point that should be mentioned. The usual expositions of quantum theory, including this one, emphasize the vector space description of quantum states. However,
while in quantum mechanics each non-zero vector determines a state, it turns out
that two vectors that are multiples of each other determine the same state. As
a consequence, that space of states in quantum mechanics is actually a projective
space. Furthermore, while the automorphisms of this space are typically determined
by unitary operators, in some circumstances anti-unitary operators are appropriate.
While these are important foundational issues, they will not play a major role in
what follows. See the appendix to David Wick’s book [12] for further information
about the projective space interpretation.
Here are warnings about terminology and notation. In the following, when
there is talk of real or complex functions on some set, it is taken that the set
has the structure of a standard measurable space and that the functions are Borel
measurable functions. In general, the goal is to bypass technical issues that are not
relevant to the discussion of the main subject. For instances, Hilbert spaces are
always taken to be separable. For simplicity almost all of what follows will be about
quantum mechanics in one space dimension. Nevertheless, space derivatives are
∂
. Such space derivatives are interpreted
written in the partial derivative notation ∂x
∂
in a non-classical sense: ∂x ψ = χ holds whenever ψ is an indefinite integral of the
locally integrable function χ. (That is, ψ is required to be an absolutely continuous
function.) In particular, ψ can have a slope discontinuity. The term operator is a
synonym for linear transformation defined on a vector space. For instance, in the
∂
is typically interpreted as an operator defined on the vector space of
following ∂x
∂
all square-integrable ψ such that ∂x
ψ = χ is also square-integrable. Since every
square-integrable function χ on the line is also locally integrable, the derivative
makes sense.
1.3. Hilbert space. A Hilbert space H (or complex Hilbert space) is a complex vector space with an inner product that is a complete metric space with respect
to the norm associated with the inner product. In general, we shall write a vector
in H as ψ and its norm as kψk.
The definition of inner product that we use is the following. For each ordered
pair of vectors φ and ψ in H, the inner product is a complex number hφ, ψi. The
inner product must have the following properties.
(1)
(2)
(3)
(4)
(5)

Linear in the second variable: hφ, aψ + bχi = ahφ, ψi + bhφ, χi.
Conjugate linear in the first variable: haψ + bχ, φi = āhψ, φi + b̄hχ, φi.
Hermitian symmetric: hφ, ψi = hψ, φi.
Positive on all vectors: hψ, ψi ≥ 0.
Strictly positive on non-zero vectors: If ψ 6= 0, then hψ, ψi > 0.

The convention that the inner product is linear in the second variable is somewhat unusual in the mathematics literature, but it is quite standard in physics. One
advantage is that it gives a particularly convenient notation for the dual space, that
is, the space of continuous linear functions from the Hilbert space to the complex
scalars. Thus, if φ is a vector in H, then φ∗ is the element of the dual space such
that the value of φ∗ on ψ is hφ, ψi. A fundamental result of Hilbert space theory
states that every element of the dual space may be represented in this way. This
notation is consistent with the usual notation in matrix theory, in which ψ is given
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by a column vector, and φ∗ is a row vector. The inner product φ∗ ψ is a scalar,
while the outer product ψφ∗ is a linear transformation from the Hilbert space to
itself (a projection). In particular, the inner product ψ ∗ ψ = kψk2 , while ψψ ∗ is an
orthogonal projection.
p
The norm associated with the inner product is kψk = hψ, ψi. The positivity
axiom says that kψk ≥ 0; the strict positivity says that for ψ not equal to the
zero vector we even have kψk > 0. It is assumed that the reader is familiar with
the properties of inner products and their associated norms. As usual, we say that
φ and ψ are orthogonal if hφ, ψi = 0. In this case we write φ⊥ψ, and we have
kφk2 + kψk2 = kφ + ψk2 . This is the theorem of Pythagoras.
A norm defines a metric that makes the space into a metric space. To say that
the Hilbert space is a complete metric space is to say that every Cauchy sequence
of vectors in the Hilbert space converges to a vector in the Hilbert space.
Here is one of the most useful examples of a Hilbert space. Consider the space
H of complex functions ψ defined on the real line such that
Z ∞
(1.4)
kψk2 =
|ψ(x)|2 dx < ∞.
−∞

Define the inner product by
(1.5)

hφ, ψi =

Z

∞

−∞

φ(x)ψ(x) dx < ∞.

This satisfies all the axioms, except for the strict positivity. However if we regard
each pair of functions that differ on a set of measure zero as defining the same element of the Hilbert space, then after this identification all the axioms are satisfied.
The resulting Hilbert space is denoted H = L2 (R, dx). This notation indicates that
the functions are complex functions on the real line R that are square integrable
in the sense of Lebesgue. In the quantum mechanical context, such a function is
called a wave function.
Another important example of a Hilbert space is an ℓ2 space of complex sequences that are square-summable with respect to a given weight function. The
weights wj > 0 are strictly positive. A sequence c in this space satisfies
X
wj |cj |2 < ∞.
(1.6)
kck2 =
j

In quantum mechanics there is always an underlying Hilbert space H. A state
is determined by a unit vector ψ in H. Two unit vectors define the same state if
one is a complex multiple of the other. Since the two vectors have the same length,
this complex multiple must be a phase eiθ .
1.4. Unitary operators. A Hilbert space isomorphism from a complex Hilbert
space H to another complex Hilbert space H′ is a linear transformation U : H → H′
that is a bijection and also preserves the norm, so that kU ψk = kψk. It may be
shown that a Hilbert space isomorphism automatically preserves the inner product.
Here is a fundamental example, the Fourier transform. The Fourier transform
of the complex function ψ(x) in H = L2 (R, dx) is another complex function ψ̂(k).
The mapping F that takes ψ to ψ̂ is the Fourier transform mapping. It is a unitary
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dk
) with norm
operator from the Hilbert space H to the Hilbert space Ĥ = L2 (R, 2π
Z ∞
dk
|ψ̂(k)|2
(1.7)
kψ̂k2 =
.
2π
−∞

It is determined by the relation
(1.8)

ψ̂(k) =

Z

∞

e−ikx ψ(x) dx.
−∞

The identity that expresses the fact that F is unitary from H to Ĥ is
Z ∞
Z ∞
2 dk
=
|ψ(x)|2 dx.
(1.9)
|ψ̂(k)|
2π
−∞
−∞
We can write this as
(1.10)

ψ̂ = F ψ,

with
(1.11)

kψ̂k2 = kψk2 .

Notice that the integral over k that defines the left hand side has an extra factor
of 1/(2π). The inverse F −1 of the Fourier transform is a unitary operator from Ĥ
to H determined by
Z ∞
dk
(1.12)
ψ(x) =
eikx ψ̂(k) .
2π
−∞

The Fourier transform variable k is called the wave number, and its dimension is
that of inverse length. Thus to the extent that we can compute these integrals,
we get a way of translating statements about position x to statements about wave
number k. Sometimes a Hilbert space isomorphism is called a unitary operator. In
the following we shall mainly refer to a unitary operator as a linear transformation
U : H → H of a complex Hilbert space to itself that is a Hilbert space isomorphism.
∂
We shall often use the fact that the Fourier transform of −i ∂x
ψ(x) is k ψ̂(k)
∂
and that the Fourier transform of xψ(x) is i ∂k ψ̂(k). In fact, for many purposes we
could think of these as defining the derivatives.
Here is a fundamental example of a unitary operator. Consider the space
dk
). Let α(k) be a real function on the real line. Then the operator V
Ĥ = L2 (R, 2π
defined by
(1.13)

(V ψ)(k) = e−iα(k) ψ(k)

is a unitary operator. A composition of unitary operators is again a unitary operator. For example, the composition U = F −1 V F is a quite non-trivial example of
a unitary operator.
Often unitary operators combine to form a one-parameter unitary group. This
refers to a homomorphism of the additive group of the line to the group of unitary
operators on the Hilbert space H. In other words, for each real t there is a unitary
operator Ut : H → H. The group homomorphism property says that U0 = I and
that
(1.14)

Ut+t′ = Ut Ut′ .

Finally, it is require that for each ψ in H the map t 7→ Ut ψ is continuous from the
real line to H.
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dk
).
Here is an example of such a unitary group. Consider the space Ĥ = L2 (R, 2π
Let α(k) be a real function on the real line. Then for each t the operator Vt defined
by

(Vt ψ)(k) = e−itα(k) ψ(k)

(1.15)

is a unitary operator, and this defines a unitary group. The composition Ut =
F −1 Vt F provides a non-trivial example of a unitary group.
There are analogous constructions for isomorphisms with ℓ2 spaces. Say that φj
is an orthogonal basis for the Hilbert space H. Define the ℓ2 space with the weight
function wj = 1/hφj , φj i. Then the map Z : H → ℓ2 given by (Zψ)j = hφ
Pj , ψi is an
isomorphism from H to ℓ2 . The inverse isomorphism is given by Z −1 c = j wj cj φj .
Suppose that λj are real numbers. Then the composition given by Z followed by
multiplication by e−itλj followed by Z −1 defines a unitary group Ut . Explicitly
X
wj φj e−itλj hφj , ψi.
(1.16)
Ut ψ =
j

2. The Schrödinger equation
2.1. Diffusion and the free motion Schrödinger equation. The diffusion
equation (or heat equation) describes diffusing particles. The equation is
σ2 ∂ 2
∂
u
u=
∂t
2 ∂x2

(2.1)

We look for a solution u(x, t) = (Qt ψ)(x) satisfying u(x, 0) = ψ(x). In order to
apply the Fourier transform, we take ψ in L2 (R). The Fourier transform satisfies
σ2
d
û = − k 2 û
dt
2

(2.2)

with initial condition û(k, 0) = ψ̂(k). This has solution
û(k, t) = e−

(2.3)

σ2
2

k2 t

ψ̂(k).

Recall that the Gaussian density with variance parameter ǫ2 is defined by
gǫ2 (x) = √

(2.4)

1
2πǫ2

x2

e− 2ǫ2 .

Its Fourier transform is
(2.5)

ĝ (k) =
ǫ2

Z

∞

eikx gǫ2 (x) dx = e−

ǫ2 k2
2

−∞

The expression for û(k, t) is the product of the Fourier transform of the Gaussian density of variance σ 2 t with ψ̂(k). To evaluate the inverse Fourier transform
u(x, t) use the fact that the inverse Fourier transform of a product is a convolution.
This proves the following result.
Proposition 2.1. The solution of the diffusion equation is given in terms of
the Fourier transform F for t ≥ 0 by
(2.6)

u(t) = Qt ψ = F −1 Q̂t F ψ,
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where Q̂t is multiplication by e−
convolution
(2.7)

σ2 tk2
2

9

. Its explicit form for t > 0 is given by the

u(x, t) = (Qt ψ)(x) = (gσ2 t ∗ ψ)(x) =

Z

∞

−∞

(x−y)2
1
√
e− 2σ2 t ψ(y) dy.
2
2πσ t

Notice that Qt is not unitary, but it does satisfy the stability condition kQt ψk ≤
kψk for t > 0. Typically the initial condition ψ(x) is taken to be a positive function,
and then it follows that the solution u(x, t) ≥ 0 is also positive. Furthermore, in
this case the total integral is constant. This explains why the solution is interpreted
as a density.
The interpretation of the Schrödinger equation is quite different. The function
ψ represents the quantum state. In this case the position observable is the x
coordinate. If ψ is normalized so that the L2 norm kψk = 1, then |ψ(x)|2 is a
probability density for x. The state makes the observable a random variable: the
expectation of a function f (x) is given by
Z ∞
(2.8)
Eψ [f (x)] =
f (x)|ψ(x)|2 dx.
−∞

The Schrödinger equation for free motion is
(2.9)

∂
σ2 ∂ 2
u.
u=i
∂t
2 ∂x2

The same manipulations as for the diffusion equation give the solution
(2.10)

û(k, t) = e−i

σ2
2

k2 t

ψ̂(k).

Proposition 2.2. The solution of the free Schrödinger equation is given in
terms of the Fourier transform F for real t by
(2.11)

u(t) = Ut ψ = F −1 Ût F ψ,
σ2 tk2

where Ût is multiplication by e−i 2 . The solution operator Ut is unitary. Its
explicit form for t 6= 0 is given by the convolution
Z ∞
i(x−y)2
1
√
(2.12)
u(x, t) = (Ut ψ)(x) = (giσ2 t ∗ ψ)(x) =
e 2σ2 t ψ(y) dy.
2πiσ 2 t
−∞
The only modification that must be made to pass from the diffusion equation
to quantum mechanics is to replace t by it. The same kinds of formula continue to
hold true, even though the convergence of the integrals is more delicate.
2.2. The free particle. The Schrödinger equation for free motion introduced
in the previous section defines a simple but non-trivial conservative dynamics that
depends only on a diffusion constant. It is conservative in the sense that the solution
operator is unitary and in particular preserves the L2 norm. The relevance of this
dynamics to quantum physics is an empirical fact that cannot be derived solely
from mathematics. However, it gives predictions that are not difficult to interpret.
In particular, the free particle solution describes motion at constant velocity, but
with a spread of initial velocities. Here is a more detailed description of how this
works.
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Both the spatial shift and the time dynamics have nice expressions in terms of
wave number. The spatial shift is a unitary operator from H to H with the obvious
expression
(2.13)

(Va ψ)(x) = ψ(x − a).

This may be written
(2.14)

Va = F −1 V̂a F,

where the unitary operator V̂a from Ĥ to Ĥ is given by
(2.15)

(V̂a ψ̂)(k) = e−iak ψ̂(k).

Notice that a has the dimensions of length, while k has the dimensions of inverse
length, so ak is dimensionless, as it must be.
The free particle unitary time dynamics Ut on H is given by a similar expression.
Now we have t with the dimension of time, and k with the dimension of inverse
length. In quantum mechanics we have the diffusion constant 12 σ 2 with dimensions
of length squared over time. So a suitable dimensionless combination is t 21 σ 2 k 2 .
The corresponding unitary operator on Ĥ is
(2.16)

1

(Ût ψ̂)(k) = e−it 2 σ

2 2

k

ψ̂(k).

In the position representation we have
(2.17)

Ut = F −1 Ût F.

We have already computed this explicitly as a convolution by a Gaussian with
a complex variance parameter. The result of this explicit computation has an
interesting physical interpretation.
Proposition 2.3. Define the unitary operator from H to H by
(2.18)

iy2

(Mt ψ)(y) = e 2σ2 t ψ(y).

Define another unitary operator from Ĥ to H by
1
x
(2.19)
(Zt χ)(x) = √
χ( 2 ).
2
σ
t
2πiσ t
Then the free particle solution operator is given by
(2.20)

Ut = M t Zt F M t .

This identity says that the solution Ut ψ = Mt Zt F Mt ψ is obtained by multiplying by a complex phase, taking the Fourier transform, rescaling, and multiplying
again by a complex phase. It may be derived from the explicit solution (Ut ψ)(x)
of the Schrödinger equation as convolution by a complex Gaussian. It is sufficient
to expand the quadratic expression in the exponent as the sum of three terms and
write the result as the product of three exponentials. The result is (Mt Zt F Mt ψ)(x).
This last identity determines the long time asymptotics of the solution. Consider the difference Ut ψ − Mt Zt F ψ. This has norm
(2.21)

kUt ψ − Mt Zt F ψk = kMt Zt F Mt ψ − Mt Zt F ψk.

This is equal to
(2.22)

kMt Zt F (Mt ψ − ψ)k = kMt ψ − ψk.
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However the right hand side goes to zero as t → ±∞. This proves the following
result.
Proposition 2.4. In the limit t → ±∞ the solution of the free particle Schrödinger
equation has the asymptotic form
(2.23)
Explicitly,
(2.24)

Ut ψ ∼ Mt Zt ψ̂.
ix2

(Ut ψ)(x) ∼ e 2σ2 t √

1
2πiσ 2 t

ψ̂(

x
).
σ2 t

This identity says that the asymptotic solution Mt Zt F ψ = Mt Zt ψ̂ is obtained
by taking the Fourier transform, rescaling, and multiplying by a complex phase.
Once the Fourier transform has been performed, the remaining operations are simple and explicit. The main effect is the rescaling. This leads to a velocity of
propagation at wave number k that is asymptotically σ 2 k. When t is large and x
is large with x/t ∼ σ 2 k, the amplitude (Ut ψ)(x) is proportional to the value ψ̂(k).
The solution spreads out in space according to wave number. This next proposition
gives a particularly simple form for the asymptotic position probability density.
Proposition 2.5. The position probability density for the free particle is given
asymptotically by
x
1
|ψ̂( 2 )|2 .
(2.25)
|(Ut ψ)(x)|2 ∼
2πσ 2 t
σ t
This leads to the notion of taking the wave number k or the corresponding
velocity σ 2 k as an observable . Its probability density would then be |ψ̂(k)|2 . The
expectation of a function of k is given by
Z ∞
Z ∞
x
1
x
2 dk
(2.26)
Eψ̂ [f (k)] =
f (k)|ψ̂(k)|
=
f( 2 )
|ψ̂( 2 )|2 dx.
2t
2π
σ
t
2πσ
σ
t
−∞
−∞
Compare this to
(2.27)

x2
EUt ψ [f ( 2 )] =
σ t

Z

∞

−∞

f(

x
)|(Ut ψ)(x)|2 dx
σ2 t

The asymptotic relation expressed in the previous proposition leads to the following
important result.
Proposition 2.6. An expectation involving wave number may be expressed in
terms of asymptotic position by
x
(2.28)
Eψ̂ [f (k)] ∼ EUt ψ [f ( 2 )].
σ t
In quantum mechanics it is customary to take the observable as the momentum
p = ~k = mσ 2 k instead of the velocity σ 2 k. So the notion is that position and
momentum are both observables, but a measurement of one is incompatible with
the measurement of the other. This is because for position one uses the position
density |ψ(x)|2 now, while for momentum one uses the position density |(Ut ψ)(x)|2
much later, that is, for large t.
If the probability for x is initially very localized near a point, then there will be
many wave numbers represented in the Fourier transform, and so the probability
for k will be spread out. In particular, there will be many different propagation
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velocities, and with time the dynamics will filter the various wave numbers to make
them occupy different regions in space.
2.3. Shift operators. In quantum mechanics there is a remarkable duality
between position and wave number (or momentum). The position shift operator
Va is the unitary operator given by
(2.29)

(Va ψ)(x) = ψ(x − a).

We have already seen its form in the wave number representation. The wave number
shift operator Ŵb is the unitary operator given by
(Ŵb ψ̂)(k) = ψ̂(k − b).

(2.30)

Since the momentum is p = ~k, this is closely related to the corresponding momentum shift operator. In the position representation this shift operator becomes
(Wb ψ)(x) = eibx ψ(x).

(2.31)

These unitary operators satisfy the algebraic relation
Wb Va = eiab Va Wb .

(2.32)

That is, if the order of the shifts are reversed, then the result is the same, up to
a phase factor. Of course this phase factor makes no difference when determining
the quantum state.
There is a remarkable uniqueness theorem that says that there is only one
irreducible solution of this operator equation, up to isomorphism. This theorem
gives an abstract characterization of the framework involving position and wave
number and the Fourier transform. This shows that the basic structure of quantum
mechanics may be derived from a purely algebraic relation for unitary operators.
2.4. The Schrödinger equation with a potential energy function.
Schrödinger discovered the fundamental dynamical equation of quantum mechanics.
The most common way of writing the Schrödinger equation is
~2 ∂ 2
∂
u + v(x)u.
u=−
∂t
2m ∂x2
Both sides of the equation have the units of energy. Here v(x) is the potential
energy function. The problem is to find the solution u(x, t) of this equation with
some initial condition u(x, 0) = φ(0).
For some purposes it is convenient to write the equation in a slightly different
but equivalent form. The only changes are the sign change and division by ~. This
other form is
1
∂
1
∂2
(2.34)
−i u = σ 2 2 u − v(x)u.
∂t
2 ∂x
~
Both sides of this equation have the units of inverse time. The potential energy
term is divided by ~ in order to convert energy units into inverse time units. For
each form of the potential energy function v(x) one has a separate problem, and
such problems are difficult to solve in general. We shall look at a few simple cases
where it is possible to make progress.
There is a closely related equation diffusion with removal equation
(2.33)

(2.35)

i~

1
1
∂2
∂
u = σ 2 2 u − v(x)u.
∂t
2 ∂x
~
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Suppose that v(x) ≥ 0. Then this equation has an interpretation in terms of
diffusion. The σ 2 is the usual diffusion constant. The v(x)/~ indicates a spatially
dependent rate at which the diffusing particles are being removed from the system.
So the particles diffuse and occasionally vanish.
2.5. Motion with constant force. The next natural topic is the problem
of Galileo: find the motion of a particle under the influence of a constant force ǫ.
The solution would not have surprised Galileo: constant acceleration implies linear
increase in velocity and quadratic increase in position.
Proposition 2.7. The solution of the Schrödinger equation with constant force
ǫ is
(2.36)

u(t) = Gt ψ = c(t)W ǫt~ V 21 mǫ t2 Ut ψ.

Here c(t) is a phase factor. The unitary operator Ut describes the free particle
evolution. The unitary operator W ǫt~ represents a shift in momentum p = ~k by ǫt.
ǫ 2
The unitary operator V 21 mǫ t2 represents a shift in position by 21 m
t .
One can write the solution in a more explicit form as
(2.37)

ǫt

(Gt ψ)(x) = c(t)ei ~ x (Ut ψ)(x −

1 ǫ 2
t ).
2m

The value of the phase c(t) is not important for the physics, but if we take c(t) =
1 ǫ2 t3

e−i 6 m~ , then we get the group homomorphism property Gt+t′ = Gt Gt′ . In any
case, it will emerge with the systematic derivation of the result.
Here is the derivation. Take v(x) = −ǫx in the Schrodinger equation. The
Fourier transformed equation is then
∂
ǫ ∂
1
û +
û = −i σ 2 k 2 û.
∂t
~ ∂k
2
This is the equation for translation in wave number space, but with a source term.
This equation is not difficult to solve directly, but it is illuminating to put it in
the form of a conservation law by the change of change of variable û = a(k)w. If
we choose a(k) so that ~ǫ a′ (k)/a(k) = −i 21 σ 2 k 2 , then the new equation no longer
has a source term; it is simply the translation equation in wave number space

(2.38)

(2.39)

∂
ǫ ∂
w+
w = 0.
∂t
~ ∂k

.
This equation is easy to solve by integrating along the lines that are solutions
of dk/dt = ~ǫ . These are the lines k = k0 + ~ǫ t. Along such a line the solution is
constant, and so we have w(k, t) = f (k0 ) = f (k − ~ǫ t). The solution is translation
at constant velocity in wave number space.
We have û = a(k)w, where
(2.40)

a(k) = exp(−i

1~ 2 3
σ k ).
6ǫ

The initial conditions are related by ψ̂(k0 ) = a(k0 )f (k0 ). So the solution for û is
(2.41)

û(k, t) = a(k)w(k, t) = a(k)f (k0 ) = a(k)a(k0 )−1 ψ̂(k0 ).
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Insert k = k0 + ~ǫ t to get
(2.42)

û(k, t) = exp(−i

1 σ 2 ǫ2 3
1 σ2 ǫ 2
1
t
−
i
t k0 − i σ 2 k02 t)ψ̂(k0 ).
2
6 ~
2 ~
2

Alternatively,
1 ǫ2 3
1 ǫ 2
1
t −i
t k0 − i σ 2 k02 t)ψ̂(k0 ),
6 m~
2m
2
where k0 = k− ~ǫ t. The result stated in the proposition follows by taking the inverse
Fourier transform.

(2.43)

û(k, t) = exp(−i

2.6. Spectral and propagator solutions. The following subsections treat
other simple examples where it is possible to find explicit solutions of the Schrödinger
equation with a potential energy function (or of the corresponding diffusion with
removal equation). These examples are the quantum description of a particle confined to a bounded interval, a particle confined to a half-line, and a particle with
a linear force (the harmonic oscillator). The problem is to find the operator that
maps the initial wave function at time zero to the wave function at time t. Typically, there are two ways of exhibiting the solution. A spectral solution is obtained
by mapping the Hilbert space to a weighted L2 space of functions via a unitary operator W , multiplying by a complex phase e−iλ(k)t , and then mapping back to the
original Hilbert space via W −1 . Typically, the unitary operator will be an integral
operator of the form
Z
(2.44)
(W ψ)(k) = φk (y)ψ(y) dy.
The inverse operator is of the form
(2.45)

(W −1 f )(x) =

in the continuous case or
(2.46)

Z

(W −1 f )(x) =

φk (x)f (k)w(k) dk.

X

φk (x)f (k)w(k)

k

in the discrete case. In either case the weights w(k) ≥ 0.
A propagator is a family of integral operators given by a functions pt (x, y)
indexed by t. The solution is then given by
Z
(2.47)
(Ut ψ)(x) = pt (x, y)ψ(y) dy.

The propagator may be expanded to give a spectral solution. Sometimes this
expansion is continuous, as in
Z
(2.48)
pt (x, y) = φk (x)e−iλ(k)t φk (y)w(k) dk.

Other times it is discrete, as in
(2.49)

pt (x, y) =

X

φk (x)e−iλ(k)t φk (y)w(k).

k

Unfortunately, in most cases it is impossible to find an explicit solution of either
kind. This means that it is necessary to use various approximation methods, such
as perturbation theory or variational calculations, in order to understand the dynamics. These approximation methods are at the heart of the mathematics of
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quantum mechanics. Unfortunately these topics are too extensive to include in an
short introductory account.
2.7. Particle in a box. Consider a particle confined to a bounded interval
(often called a particle in a box). The idea is that the potential energy v(x) = 0 for
0 < x < a and v(x) = +∞ elsewhere. The effect of this is to restrict the problem
to the interval [0, a] and impose zero boundary conditions at the end points of the
interval when solving the Schrödinger equation.
First look for a spectral solution. There is a new phenomenon: discrete frequencies. This comes from solving the eigenvalue problem
∂2
1
− σ 2 2 φn (x) = λn φn (x)
2 ∂x
with the boundary condition φ(0) = φ(a). The solution is
nπx
).
(2.51)
φn (x) = sin(
a
We conclude that
1 n2 π 2
(2.52)
λn = σ 2 2 .
2
a
Multiplying by ~, we see that the discrete energy levels are

(2.50)

~2 n2 π 2
.
2m a2
We can solve the evolution equation by writing an arbitrary initial condition

(2.53)

En = ~λn =

as
(2.54)

∞
1X
cn φn (x)
a n=1

ψ(x) =

Here
(2.55)

cn = 2

Z

a

φn (y)ψ(y) dy.

0

Then for the diffusion equation the solution is
X
(2.56)
u(x, t) =
e−λn t cn φn (x).
n

This describes diffusion where the particles are killed as soon as the encounter the
boundary of the interval [0, a].
For the Schrödinger equation the solution is
X
(2.57)
u(x, t) =
e−iλn t cn φn (x).
n

These solutions are oscillatory waves that bounce off the boundary.

Proposition 2.8. The spectral solution of the Schrödinger equation in a box
is given by a composition of unitary operators. The original Hilbert space is H =
L2 (0, a). It is mapped to a Hilbert space ℓ2 of sequences with norm given by
(2.58)

kck2 =

∞
1X
|cn |2 .
a n=1
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The unitary map S from L2 (0, a) to ℓ2 is given by
Z a
(2.59)
(Sφ)n = 2
φn (y)φ(y) dy.
0

The inverse map is
(S −1 c)(x) =

(2.60)

∞
1X
cn φn (x).
a n=1

The solution operator for the Schrödinger equation is given by S followed by multiplication by e−itλn followed by S −1 .
The propagator solution gives complementary information. It may be obtained
from the above solution by using the Poisson summation formula. This formula
says that if f is a rapidly decreasing function with Fourier transform fˆ, then
m=∞
X

(2.61)

m=−∞

f (x − 2ma) =

n=∞
1 X ˆ πn iπnx
f ( )e a .
2a n=−∞
a

This formula is derived by noticing that the left hand side is a periodic function
with period 2a and hence may be expanded in a Fourier series.
The previous result says that the time evolution for the diffusion equation on
the interval [0, a] is given by a propagator
(2.62)

kt (x, y) =

∞
∞
2 X −λn t
nπ
nπ
2X
πn
e
φn (x)φn (y) =
ĝσ2 t ( ) sin( x) sin( y).
a n=1
a n=1
L
a
a

nπ
nπ
nπ
Write 2 sin( nπ
a x) sin( a y) = cos( a (x−y))−cos( a (x+y)). Convert the cosine
terms to complex exponentials and use the Poisson summation formula. The result
is that

(2.63)

kt (x, y) =

∞
X

[gσ2 t (x − y − 2ma) − gσ2 t (x + y − 2ma)].

m=−∞

For the Schrödinger equation we should get the correct formula if we replace t
by it. This gives the following result.
Proposition 2.9. The propagator solution of the Schrödinger equation for a
particle confined to the interval [0, a] is given by the propagator
(2.64)

pt (x, y) =

∞
X

[giσ2 t (x − y − 2ma) − giσ2 t (x + y − 2ma)]

m=−∞

The interpretation of this result is the following. Consider x in the interval
from 0 to a. Take free particle solutions starting at y + 2am and take negatives of
free particle solutions starting at −y + 2am′ . The points y + 2am and −y + 2am′
are mirror images, where the mirror is placed at the point (m + m′ )a. Thus there
is a mirror at each integer multiple of a. The final effect is a cancellation at these
mirror points that confines the wave to the interval. In fact, it is evident that the
solution vanishes when either x or y is equal to 0 or to a. There are only standing
waves that slosh back and forth in the interval.
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2.8. Particle on the half-line. The particle on the half-line gives a simple
illustration of scattering. The potential energy v(x) = 0 for 0 < x < +∞ and
v(x) = +∞ elsewhere. The effect of this is to restrict the problem to the interval
[0, +∞) and impose zero boundary conditions at 0.
One way to get a spectral solution of the Schrödinger equation for this case
is to start with the box solution and let kn = nπ/a. Then one can let a → +∞,
and the variable k becomes a continuous variable. We get a unitary map S from
L2 (0, +∞) to L2 (0, +∞) given by the sine transform
Z ∞
φk (y)ψ(y) dy.
(2.65)
(Sψ)(k) = 2
0

Here

(2.66)

φk (x) = sin(kx).

The inverse map is also a sine transform
Z ∞
dk
−1
(2.67)
(S c)(x) =
φk (x)c(k) .
π
0
Proposition 2.10. Consider the quantum particle on the half-line with Hilbert
space H+ = L2 (0, ∞). Let S be the sine transform. Let
(2.68)

λ(k) =

1 2 2
σ k .
2

Define Mt to be multiplication by e−itλ(k) . Then the spectral solution for the
Schrödinger equation is given by the operator composition S −1 Mt S.
This spectral solution gives the a formula for the propagator in the spectral
form
Z
2 ∞ −itλ(k)
e
sin(kx) sin(ky) dk.
(2.69)
pt (x, y) =
π 0
This can also be written as
Z
1 ∞ −itλ(k)
pt (x, y) =
e
[cos(x − y) − cos(x + y)] dk
π 0
Z ∞
(2.70)
2
1 2
1
=
e−i 2 σ tk [eik(x−y) − eik(x+y) ] dk.
2π −∞

The inverse Fourier transform may be expressed in terms of free particle solutions.
This gives the following result.
Proposition 2.11. The propagator solution of the Schrödinger equation for a
particle confined to the interval [0, +∞] is given by
(2.71)

pt (x, y) = giσ2 t (x − y) − giσ2 t (x + y)

Thus for x ≥ 0 the solution is given by
Z ∞
(2.72)
u(x, t) =
pt (x, y)ψ(y) dy = (Ut ψ − )(x),
0

where Ut is the evolution operator for free motion and ψ − is the reflected initial
condition ψ − (y) = sign(y)ψ(|y|).
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This solution says that the solution is obtained by placing a mirror at the origin
and having the solution with initial condition at y matched by a solution with initial
condition at the reflected point −y that has the opposite sign. If a solution comes in
traveling to the left, then it is eventually replaced by the reflected solution traveling
right. The effect is that the solution coming in traveling to the left appears to be
scattered at the origin, with a sign change, and to emerge traveling right.
2.9. The diffusion with drift representation. We have already seen that
the Schrödinger equation is intimately related to a diffusion with removal equation.
In this subsection we show that there is yet another representation as a diffusion
with drift equation. This is an important topic in probability theory, and it is striking that it is so closely connected with quantum mechanics. See the introductory
chapter in [5] or the book [11] for more information on this topic.
Let v(x) represent a continuous real function that is bounded below. Let
(2.73)

−A =

1
1 2 ∂2
− v(x).
σ
2 ∂x2
~

As we have seen, the equation
∂u
= −Au
∂t
represents diffusion with removal at rate ~1 v(x) when the diffusing particle is at
location x. It is shown in probability theory that this diffusion has an underlying
stochastic process, a probability measure on paths that describes diffusing particles
that move in irregular paths, and sometimes vanish.
In the following, we shall often use an exponential notation for the solution of
such an equation, writing

(2.74)

u(t) = e−tA ψ.

(2.75)

This notation will later be justified by the spectral theorem for self-adjoint operators.
Suppose that A has a smallest eigenvalue λ corresponding to an eigenvector φ
in the Hilbert space. Furthermore, suppose that φ(x) > 0 at each x. Then we can
make the change of variable
L = φ−1 (A − λI)φ.

(2.76)
Then
(2.77)

−L =

′
1 2 ∂2
2 φ (x) ∂
+
σ
σ
.
2 ∂x2
φ(x) ∂x

Alternatively, we can make the change of variable
L∗ = φ(A − λI)φ−1 .

(2.78)
Then
(2.79)

−L∗ =

1 2 ∂2
∂
− σ2
σ
2
2 ∂y
∂y



φ′ (y)
·
φ(y)



.

These operators have an interpretation as diffusion with drift σ 2 φ′ (y)/φ(y). In
addition to the random diffusive motion there is a systematic drift depending on
position. The drift has units of velocity. It is shown in probability theory that
this diffusion has an underlying stochastic process, a probability measure on paths
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that describes diffusing particles that move in paths that are irregular but have a
tendency to drift in a direction given by the drift coefficient.
Why are there two such operators? Think of starting the diffusion at x and
letting it evolve for time t > 0. The resulting probability density after the diffusion
has taken place is a function of y. The forward equation (Fokker-Planck equation)
is
∂
w(y, t) = −L∗ w(y, t).
(2.80)
∂t
It has solution
(2.81)

∗

w(y, t) = (e−tL h)(y)

which describes the density as a function of the final y when the diffusion is started
at the random position h(x). The diffusion and drift combine to produce an equilibrium with probability density ρ(y) = φ(y)2 . In fact, it is easy to check that
∗
L∗ ρ = 0 and e−tL ρ = ρ.
The backward equation is
(2.82)

∂
u(x, t) = −Lu(x, t).
∂t

It has solution
(2.83)

u(x, t) = (e−tL f )(x)

which describes the describes the expectation of a function f of the final position as
a function of the initial point x. One can even combine the forward and backward
solutions to get the expectation of a function f of the final position when the initial
point is random with density h. This is
(2.84)

∗

hh, e−tL f i = he−tL h, f i.

As an example, consider the particle in the box [0, a]. The smallest eigenvalue
of the generator A is λ1 = 21 σ 2 π 2 /a2 with eigenfunction φ1 (x) = sin(πx/a). So the
drift term is σ 2 πa cot(πx/a). It is very positive near 0 and very negative near a.
So the particle diffuses, but it is repelled from the end points, leading to diffusive
equilibrium with the largest part of the probability near the center of the interval.
In conclusion, there is a deep mathematical connection between quantum mechanics and diffusion. The solution of the Schrödinger equation is e−itA . The
solution of the diffusion with removal equation is given by e−tA . The solutions of
∗
the forward and backward equations for diffusion with drift are e−tL and e−tL .
∗
Moreover, since A − λI and L and L are similar, they have the same spectral
properties.
2.10. The harmonic oscillator. One of the most famous quantum mechanical systems is the harmonic oscillator. This has many special properties that do not
generalize to more complicated systems. However it is a landmark in the subject.
The potential energy for the harmonic oscillator is the quadratic expression
1
(2.85)
v(x) = mω 2 x2 .
2
The operator that occurs in the Schrödinger equation is then
(2.86)

1 ω2 2
∂2
1
x .
A = − σ2 2 +
2 ∂x
2 σ2
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This subsection will be devoted to establishing formulas for the solution operator
e−itA . As usual, we may express the solution operator in terms of a propagator
pt (x, y). In this case the expression for the propagator is complicated, but a brief
inspection of the formula shows that it is indeed a function that is periodic in t
with angular frequency ω.
Proposition 2.12. The propagator solution to the quantum harmonic oscillator equation is given by the Mehler formula
r
ω
ω
exp(i 2
[cos(ωt)(x2 + y 2 ) − 2xy]).
(2.87)
pt (x, y) =
2πiσ 2 sin(ωt)
2σ sin(ωt)
The spectral formula is also somewhat complicated, but again it exhibits the
fact that solutions are periodic in t with angular frequency ω.
Proposition 2.13. Let g(x) denote the Gaussian function g σ2 (x). Let φ(x) >
2ω

∂ n
) φ(x)2 . Then the spectral
0 be such that φ(x)2 = g(x). Let χn (x) = φ(x)−1 (− ∂x
solution to the harmonic oscillator equation is given by
 n
∞
X
1
1 σ2
χn (x)e−i(n+ 2 )ωt χn (y).
(2.88)
pt (x, y) =
n!
2ω
n=0

The function φ(x) is the ground state wave function, and g(x) = φ(x)2 is the
corresponding ground state position probability density. The eigenfunctions χn (x)
are expressed in terms of the ground state wave function φ(x). These eigenfunctions
define an isomorphism from L2 (R) to a weighed ℓ2 space. The solution operator
1
e−itA is given by the isomorphism followed by multiplication by e−i(n+ 2 ω)t followed
by the inverse isomorphism. It follows that the eigenvalues of A are λn = (n + 12 )ω,
and the corresponding energy values are En = ~λn = (n + 12 )~ω.
The remainder of this subsection contains the derivation of these formulas.
They result from a single general formula for the solution. This formula says that
after several changes of variables the solution of the quantum harmonic oscillator
is given by a rotation in the plane. Thus the dynamics of the quantum harmonic
oscillator reduces to the dynamics of a classical harmonic oscillator. Indeed, the
solution for a classical harmonic oscillator has a very simple representation in phase
space (position and momentum together); it is just a rotation. If the classical phase
space for a single particle is represented by the complex z plane, then a rotation
with angular frequency ω is a map that sends z into e−iωt z. This kind of rotation
is precisely what underlies the dynamics of the quantum harmonic oscillator.
Even though the dynamics is essentially classical, there is still something essentially quantum mechanical about this system. For example, in the stationary
state the position is random, in fact Gaussian distributed with variance σ 2 /(2ω).
The change of variables operator W is given by a multiplication operator followed by the Fourier transform followed by another multiplication operator. Let
g(x) denote the Gaussian function g σ2 (x). Let the ground state wave function
2ω

φ(x) > 0 be such that φ(x)2 = g(x). Then the image of L2 (R, dx) under multiplication by φ(x) is a space of rapidly decreasing functions. The Fourier transforms
of these functions are entire analytic functions of a Fourier transform variable z.
The operator W is defined by
(2.89)

W ψ = ĝ −1 F φψ.
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For each complex number w define a corresponding rescaling operator by
(2.90)

(Rw f )(z) = f (wz).

This rescaling operator sends entire analytic functions to entire analytic functions.
If w = e−iωt , then the corresponding rescalings rotate the entire functions about
the origin at angular frequency ω.
Proposition 2.14. The operator e−itA that gives the solution of the quantum
harmonic oscillator equation is given in terms of rotation operators Re−iωt by
1

W e−itA ψ = e−i 2 ωt Re−iωt W ψ.

(2.91)

There is of course a corresponding result for the operators e−tA that give the
solution of the diffusion with removal equation. In this case the scalings are real
scalings of the form Re−ωt . The proof goes through for this case; at the end we can
just replace t by it.
There are three change of variable operators that go into W . The first is
multiplication by φ. First note that φ > 0 is an eigenfunction of A with eigenvalue
λ = 12 ω. From this we can compute the corresponding forward diffusion with linear
drift operator L∗ . It is given by
1 2 ∂2
∂
+ ω x.
σ
2
2 ∂x
∂x
It describes the diffusion of a probability density when the drift toward the origin
∗
is −ωx. It satisfies φ(A − λI)ψ = L∗ φψ and hence φe−tA ψ = e−λt e−tL φψ.
The next change of variable is from x to the Fourier transform variable z. Write
∗
h = φψ. Say that u(t) = e−tL h is the solution of
−L∗ =

(2.92)

∂u
= −L∗ u.
∂t

(2.93)
Take the Fourier transform
(2.94)

û(z, t) =

Z

∞

e−izx u(x, t) dy.

−∞

The equation becomes
(2.95)

∂ û
∂ û
1
+ ωz
= − σ 2 z 2 û.
∂t
∂z
2

It is convenient to make a third change of variable w = ĝ(z)−1 û. The equation
then becomes a conservation law
∂w
∂w
(2.96)
+ ωz
= 0.
∂t
∂z
The solution of this equation may be found by integrating along the curves dz/dt =
ωz. These are the curves z = eωt z0 . The solution is constant along such curves and
hence is given by
(2.97)

w(z, t) = f (z0 ) = f (e−ωt z).

This proves the result that the solution is given by scaling.
Next we work backward to compute the propagator. We have
(2.98)

û(z, t) = ĝ(z)ĝ(e−tω z)−1 ĥ(e−ωt z) = ĝσt2 (z)ĥ(e−ωt z),
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where the variance parameter is
σ2
(1 − e−2ωt ).
2ω
Scaling and multiplication in the Fourier transform representation correspond to
scaling and convolution in the x representation. So
(2.100)
Z
Z
σt2 =

(2.99)

∗

(e−tL h)(x) =

∞

−∞

gσt2 (x − y ′ )h(eωt y ′ )eωt dy ′ =

∞

−∞

gσt2 (x − e−ωt y)h(y) dy.

From this we Rcan compute e−tA . The result is the Mehler formula in the form
(e−tA ψ)(x) = kt (x, y)ψ(y) dy, where
r
ω
ω
(2.101) kt (x, y) =
exp(− 2
[cosh(ωt)(x2 + y 2 ) − 2xy]).
2
2πσ sinh(ωt)
2σ sinh(ωt)

As an immediate consequence we also have the corresponding Mehler formula for
the propagator for the quantum harmonic oscillator.
We can also begin to see the spectral properties. If we compute the action
of Re−ωt on z n we get e−nωt z n . From this we see that the eigenvalues are e−nωt .
Higher powers decay more rapidly. For the quantum mechanical problem the action
of Re−iωt on z n gives e−inωt z n . In this case higher powers oscillate more rapidly.
Now we want to undo all these transformations. Back in the original Fourier
transform representation we write the eigenfunctions as (−iz)n ĝ(z). (The (−i)n
factor is put in to make the final
take on a somewhat more familiar form.)
 formulas
∗
∂ n
φ(x)2 . This eigenfunction of e−tL is a polynomial
Back in x space this is − ∂x
times a Gaussian. These polynomials are closely related to Hermite polynomials.
Finally, we can go back to the original Hilbert space and the original e−tA
 . The
1
∂ n
φ(x)2 .
eigenvalues are e−(n+ 2 )ωt and the eigenfunctions are χn (x) = φ(x)−1 − ∂x
Finally, in order to get the spectral representation of the propagator, it is
∗
∗
convenient to look at the operator e−tL φ2 , the composition of the e−tL with
multiplication by φ2 = g. The advantage of this operator is that it is self-adjoint.
In the Fourier transform representation multiplication by φ2 = g corresponds to
convolution by ĝ(z). An easy computation shows that in the Fourier transform
∗
representation e−tL φ2 is an integral operator with kernel
(2.102)

σ2

−ωt

r̂(z, w) = ĝ(z)ĝ(e−ωt z)−1 ĝ(e−ωt z − w) = ĝ(z)e 2ω e

zw

ĝ(w).

Expand the exponential to get
(2.103)

 n
∞
X
1 σ2
r̂(z, w) =
(−iz)n ĝ(z)e−nωt (iw)n ĝ(w).
n!
2ω
n=0

∗

Take the inverse Fourier transform. This leads to the conclusion that e−tL φ2 is an
integral operator with kernel
 n
∞
X
1 σ2
∂
∂
(2.104)
r(x, y) =
(− )n φ(x)2 e−nωt (− )n φ(y)2 .
n! 2ω
∂x
∂y
n=0
From this it is immediate that e−tA is an integral operator with kernel
 n
∞
X
1
1 σ2
χn (x)e−(n+ 2 )ωt χn (y).
(2.105)
kt (x, y) =
n! 2ω
n=0
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This leads immediately to the spectral formula for the propagator for the quantum
harmonic oscillator.
3. Self-adjoint operators
3.1. Stone’s theorem. This subsection features Stone’s theorem, which gives
a correspondence between one-parameter unitary groups satisfying a continuity
condition and self-adjoint operators.
Consider a one-parameter group t 7→ Ut of unitary operators acting in the
Hilbert space H. Suppose also that it satisfies the continuity condition: for each
vector ψ in the Hilbert space, the map t 7→ Ut ψ is continuous from the real line
to the Hilbert space H. Consider the linear subspace D of H of all ψ such that
t 7→ Ut ψ is differentiable as a function from the real line to H. Then it may be
shown that D is dense in H and that Ut sends D to itself. Furthermore, there is
a unique linear operator A defined on the domain D with values H satisfying the
abstract Schrödinger equation
dUt ψ
= AUt ψ.
dt
Stone’s theorem says that the operators A that arise in this way are precisely
the self-adjoint operators, and that furthermore the self-adjoint operator A uniquely
determines the unitary group Ut . In view of this result, it is natural to denote the
unitary group determined by the self-adjoint operator A by Ut = e−itA . It will
turn out that this notion of exponential is compatible with the notion given by the
spectral theorem.
An operator A is self-adjoint if it is equal to its adjoint A∗ . The following is
a description of the general notion of adjoint operator. Let H be a Hilbert space.
Let D(A) be a dense linear subspace of H. Let H′ be another Hilbert space, and
let A : D(A) → H′ be a linear operator. Then A is said to have adjoint operator
A∗ : D(A∗ ) → H with domain D(A∗ ) ⊆ H′ if the following conditions are satisfied.
(3.1)

i

(1) For every φ in D(A∗ ) and ψ in D(A) we have hA∗ φ, ψi = hφ, Aψi.
(2) If there are φ and χ such that for all ψ in D(A) we have hχ, ψi = hφ, Aψi,
then φ is in D(A∗ ) and A∗ φ = χ.

The notion of adjoint operator is fundamental in Hilbert space theory. Here
are some examples. In the first two examples we must have H′ = H. In the last
two examples the domain is the entire Hilbert space.
• A is self-adjoint if A∗ = A.
• E is an orthogonal projection if E ∗ = E and E 2 = E.
• U is unitary if U ∗ = U −1 .

For another interesting example consider a vector χ in H. It defines a linear
transformation z 7→ zχ from C to H. It is natural to denote the adjoint transformation by χ∗ . By the definition of adjoint hχ∗ φ, zi = hφ, zχi = zhφ, χi = hχ, φiz.
This proves that χ∗ φ = hχ, φi. So χ∗ is a linear transformation from H to C.
The considerations are relevant to Stone’s theorem. Suppose that A is selfadjoint, so the adjoint of A is A. Then the adjoint of −iA is iA. This makes it
plausible that the adjoint of e−itA is eitA , that is, the adjoint of Ut is U−t = Ut−1 .
In other word, each Ut is unitary. In fact, all of this is true, and the situation is
summarized in the following theorem.
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Theorem 3.1 (Stone’s theorem). Suppose there is a one-parameter unitary
group t 7→ Ut that satisfies the continuity condition. Then there exists a unique
self-adjoint operator A that generates this group via Ut = e−itA . Conversely, each
self-adjoint operator A determines a unique unitary group Ut = e−itA satisfying the
continuity condition.
This remarkable result is ample justification for the study of self-adjoint operators. In particular, it shows that any reasonable time dynamics for a quantum
system must be given by a self-adjoint operator. See [9] for a proof.
3.2. Multiplication operators. Multiplication operators are simple and concrete, but they play a crucial role in operator theory. Suppose there is a space
L2 (K, µ) consisting of functions that are square-integrable with respect to some
measure. The measure might be continuous or discrete. In the continuous case we
would write the square of the norm as
Z
(3.2)
kf k2 = |f (k)|2 µ(dk).
In the discrete case we would have
(3.3)

kf k2 =

X

|f (k)|2 µ({k}).

There is also the possibility of mixed situations involving part integral and part
sum. The notion of integral encompasses all such cases.
Let α be a complex function on K. Then there is a corresponding operator
multα that sends the function f in L2 (K, µ) to the pointwise product α · f . If α is
a bounded function, then multα is defined on all functions in L2 . In general, multα
is defined on the domain consisting of all f in L2 such that α · f is also in L2 .
Consider the complex conjugate function ᾱ. This also defines a multiplication
operator multᾱ with the same domain. These two operators are adjoint; in particular hᾱ · f, gi = hf, α · gi. If α is a real function, then multα is self-adjoint. If α
only takes on the values 0 and 1, then it is an orthogonal projection. If |α| = 1,
then multα is unitary.
We say that an operator A is isomorphic to another operator B if there is a
Hilbert space isomorphism U such that A = U −1 BU . Note that in particular, U
must be a bijection between the domain of A and the domain of B.
Proposition 3.1. Every real multiplication operator is self-adjoint. As a consequence, every operator that is isomorphic to a real multiplication operator is selfadjoint.
Here are some examples in the case when the Hilbert space is L2 (R, dx).
∂
= F −1 multk F is self-adjoint. Its
• The first order differential operator −i ∂x
∂
role in quantum mechanics is that the operator −i~ ∂x
is isomorphic via
the Fourier transform to multiplication by p = ~k. This is the momentum
operator.
∂2
−1
multk2 F is self-adjoint.
• The second order differential operator − ∂x
2 = F
This is the square of the operator in the first example. Its role in quantum
~2 ∂ 2
mechanics is that the operator − 2m
∂x2 is isomorphic via the Fourier

transform to multiplication by

p2
2m .

This is the kinetic energy operator.
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• Let v(x) be a real function on the line. Then multv(x) is a self-adjoint
operator. This may be thought of as a potential energy operator. Often
it is denoted more briefly as v(x).
~2 ∂ 2
1
2 2
• The operator − 2m
∂x2 + 2 mω x is an operator for the total energy of
the quantum harmonic oscillator. We have seen that it isomorphic to
multiplication by (n + 12 )~ω on a weighted ℓ2 space of sequences.
The last example is a special case of the Schrödinger operator
~2 ∂ 2
+ v(x).
2m ∂x2
This is the total energy operator in quantum mechanics. In general it is a difficult
problem to know whether or not this operator is self-adjoint. One way to prove
that such an operator is self-adjoint would be to find an explicit isomorphism with
a multiplication operator. However, this is usually impossible to accomplish. For
instance, if v(x) = λx4 with λ > 0, then the operator is self-adjoint, but it requires heroic effort to get even partial information about an isomorphism with a
multiplication operator. In the case λ < 0, there is no unambiguous definition as
self-adjoint operator, because such a definition would require a choice of boundary
conditions at x = ±∞.
(3.4)

−

3.3. The spectral theorem. The spectral theorem says that every self-adjoint
operator A is isomorphic to an operator that is multiplication by a real function.
Here we state and explain this result. See [9] for a succinct proof.
Theorem 3.2 (Spectral theorem). Suppose A is a self-adjoint operator acting
in a Hilbert space H. Then there is a space L2 (K, µ), an isomorphism U : H →
L2 (K, µ), and a real measurable function α such that
(3.5)

A = U −1 multα U.

More specifically, if ψ is in H, then ψ is in the domain D(A) of A if and only
if α · U ψ is in L2 (K, µ), and in this case
(3.6)

(U Aψ)(k) = α(k)(U ψ)(k).

An isomorphism that makes A into a multiplication operator is called a spectral
representation. A spectral representation is not unique. One way to get a new
one is to make a change of labeling. For example, suppose that g : K ′ → K is a
measure space isomorphism that carries the measure µ′ to the measure µ. Define an
isomorphism W : L2 (K, µ) → L2 (K ′ , µ′ ) by (W f )(k ′ ) = f (g(k ′ )). Similarly, define
a new multiplication operator by α′ (k ′ ) = α(g(k ′ )). Then W U : H → L2 (K ′ , µ′ )
defines a new spectral representation that makes A isomorphic to multiplication by
α′ .
Another way to get a new spectral representation is to change the measure via
a density. Say that ρ is a measurable function such that ρ(k) > 0 for all k. Define
a new measure µ̃ by
Z
Z
(3.7)
h(k) µ̃(dk) = h(k)ρ(k) µ(dk).

Define a Hilbert space isomorphism R : L2 (K, µ) → L2 (K, µ̃) by (Rf )(k) =
1
ρ(k)− 2 f (k). Then RU : H → L2 (K, µ̃) defines a new spectral representation that
makes A isomorphic to multiplication by α.
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The power of the spectral theorem is that it permits taking functions of a selfadjoint operator. Let f be a complex function on the line. Then f (A) is defined as
the operator that has spectral representation given by multiplication by f (α). It
may be proved that this definition of a function of A is independent of the spectral
representation. Here is an important special case. It is the part of Stone’s theorem
that says that a self-adjoint operator determines a unitary group.
Proposition 3.2. Let A be a self-adjoint operator. Then Ut = e−itA as defined
by the spectral theorem is a one-parameter unitary group.
The proof is to note that Ut = e−itA is isomorphic to multiplication by e−itα ,
which is unitary for each real t. Furthermore, the continuity condition is satisfied:
for each vector ψ the map t 7→ Ut ψ is continuous. This continuity condition is
not difficult to prove from the spectral representation by an application of the
dominated convergence theorem.
Let A be a self-adjoint operator. Suppose that S is a subset of the line, and
1S is the indicator function of this set. Then 1S (A) is a well-defined self-adjoint
operator, called the spectral projection of A corresponding to the subset S. We say
that λ is in the spectrum of A if for every ǫ > 0 the projection 1(λ−ǫ,λ+ǫ) (A) is a
non-zero projection. We say that λ is in the point spectrum of A if 1{λ} (A) is a
non-zero projection. If λ is in the point spectrum of A, then λ is an eigenvalue of
A, and 1{λ} (A) projects onto the corresponding eigenspace. Finally, we say that
λ is in the continuous spectrum of A if λ is in the spectrum but not in the point
spectrum. Here are examples.
∂
• The first order differential operator −i ∂x
= F −1 multk F has the same
spectrum as multk . This is continuous spectrum including all of R. The
∂
isomorphic to multiplicasame is true for the momentum operator −i~ ∂x
tion by p = ~k.
∂2
−1
multk2 F has the same
• The second order differential operator − ∂x
2 = F
2
spectrum as multk . This is continuous spectrum constituting the semiinfinite interval [0, +∞). The same is true for the kinetic energy operator
p2
~2 ∂ 2
− 2m
∂x2 isomorphic to multiplication by 2m .
• Let v(x) be a real function on the line. Then multv(x) is a self-adjoint
operator. Its spectrum is the essential range of the function v. The
spectrum may be a combination of continuous and point spectrum. The
point spectrum would corresponding to portions of the graph of v(x) that
are flat. The values at such points are eigenvalues of infinite multiplicity.
~2 ∂ 2
1
2 2
• The harmonic oscillator total energy operator − 2m
∂x2 + 2 mω x has the
same spectrum as multiplication by the diagonal operator with entries
(n + 21 )~ω on a weighted ℓ2 space of sequences. This is point spectrum,
eigenvalues of multiplicity one.
3.4. Spectral measures. Consider a self-adjoint operator A and a state vector ψ (a unit vector in the Hilbert space). The spectral theorem provides a unitary
operator U : H → L2 (K, µ) and a real function α defined on a space K equipped
with a measure µ. Furthermore, the measure |(U ψ)(k)|2 µ(dk) is a probability measure on K. Thus α is a random variable in the standard sense of mathematical
probability theory, that is, a real function defined on a probability space.
As usual, the random variable has a distribution ν, a measure on the real line.
This is defined by requiring that for each bounded real function h on the line the
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corresponding expectation is
Z
Z
(3.8)
h(α(k))|(U ψ)(k)|2 µ(dk) =

27

∞

h(x) ν(dx).

−∞

In other words, it is the image of the probability measure |(U ψ)(k)|2 µ(dk) under
α.
The distribution may also be called a spectral measure, since it is non-zero
only on the essential range of α, which is the spectrum of A. Since h(A) is a welldefined self-adjoint operator, the expectation with respect to this distribution may
be written in Hilbert space language as
(3.9)
Z
Z
∞

Eψ [h(A)] = hψ, h(A)ψi =

h(x) ν(dx).

(U ψ)(k)h(α(k))(U ψ)(k) µ(dk) =

−∞

There is nothing to prevent the spectral measure ν from being discrete. In
fact, when the self-adjoint operator has point spectrum eigenvalues corresponding
to eigenvectors in the Hilbert space, then for every state the spectral measure is
necessarily concentrated on these eigenvalues. One of the early surprises of quantum
mechanics was that this can occur for a self-adjoint operator that represents energy.
This happens, for instance, for the particle in the box or for the harmonic oscillator.
These discrete energy levels are responsible for the term “quantum” in this subject.
They are seen in experimental observations of the energies. More precisely, in a
scattering experiment that probes such a system the only changes in the kinetic
energy between the ingoing and outgoing probe particles would be by eigenvalue
differences of this energy operator.
Say that ψ is in the operator domain D(A) of A. Then we can define the
expectation (mean) and second moment of A. Thus
Z
Z ∞
2
(3.10)
Eψ [A] = hψ, Aψi = α(k)|(U ψ)(k)| µ(dk) =
x ν(dx).
−∞

and
(3.11)

2

2

Eψ [A ] = kAψk =

Z

2

2

α(k) |(U ψ)(k)| µ(dk) =

Z

∞

x2 ν(dx)..

−∞

Then as usual the variance is given by
(3.12)

(∆A)2ψ = Eψ [(A − Eψ [A])2 ] = Eψ [A2 ] − Eψ [A]2 .

The second moment is an upper bound for the variance. The standard deviation is
defined as the square root of the variance.
1
Define the form domain Q(A) = D(|A| 2 ). We have D(A) ⊆ Q(A), but in
general the form domain is larger. Then for ψ in the form domain of A we can at
least define the expectation (mean) by
Z
Z
(3.13)
Eψ [A] = hψ, Aψi = α(k)|U ψ(k)|2 µ(dk) = x ν(dx).
1

1

Strictly speaking, the notation hψ, Aψi should be interpreted as h|A| 2 ψ, sign(A)|A| 2 ψi.
In a similar way we can define the form hχ, Aψi for χ and ψ each in Q(A). Again
1
1
hχ, Aψi means h|A| 2 χ, sign(A)|A| 2 ψi.
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3.5. Generalized vectors. Generalized vectors give another perspective on
the unitary operators that occur in spectral representations. Here is a brief account.
Consider an isomorphism U : H → L2 (K, µ). Choose a vector ψ in H. For each
point k in the set K there is an evaluation (U ψ)(k) that is defined for almost every
k in K. With some optimism one may hope that the exceptional set may be taken
independent of ψ, so that the map ψ 7→ (U ψ)(k) is defined for almost every k and is
linear in ψ. In general this map will not be continuous in ψ. In this circumstance,
it is convenient to write the linear functional in the form
(3.14)

(U ψ)(k) = hφk , ψi.

In the case when the map is not continuous the φk will not be given by vectors in
the Hilbert space H, and the inner product is not the usual inner product in this
space.
Here is a framework that makes sense of this notation. The vectors ψ belongs
to some smaller Hilbert space H+ ⊆ H that is dense in H, and the φk belong to
some larger Hilbert space H− with H ⊆ H− and in which H is dense. The pairing
between H− and H+ given by the brackets is conjugate linear in the first variable
and linear in the second variable, and it coincides with the usual inner product on
pairs taken from H.
Here is an example that is common when dealing with Schrödinger operators.
Let ρ > 0 be a bounded real function with finite integral over the line. The
smaller Hilbert space is H+ = L2 (R, ρ(x)−1 dx), the original Hilbert space is H =
L2 (R, dx), while the bigger Hilbert space is H− = L2 (R, ρ(x) dx). If φ is in H− and
ψ is in H+ , then the pairing that agrees with the usual inner product on H is hφ, ψi.
1
1
Since this may also be written in terms of an H inner product as hρ 2 φ, ρ− 2 ψi, it
follows from the Schwarz inequality that it is finite.
A classic example where this choice of Hilbert spaces works is for the Schrödinger
operator for free motion. Then the spectral representation is given by the Fourier
transform. The φk in this case is the function φk (x) = eikx . This is not in H, but it
is in H− . Furthermore, the Fourier transform is determined by the condition that
Z ∞
(3.15)
(F ψ)(k) = hφk , ψi =
e−ikx ψ(x) dx
−∞

for all ψ in H+ .
One common use of this notation is to express quantities like
Z
(3.16)
hχ, ψi = (U χ)(k)(U ψ)(k) µ(dk).
or

(3.17)

hχ, Aψi =

Z

(U χ)(k)α(k)(U ψ)(k) µ(dk)

hχ, e−itA ψi =

Z

(U χ)(k)e−itα(k) (U ψ)(k) µ(dk)

or
(3.18)

It is reasonable to write hχ, φk i for the complex conjugate of hφk , χi. Then the
equations become
Z
(3.19)
hχ, ψi = hχ, φk ihφk , ψi µ(dk).
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or
(3.20)

hχ, Aψi =

or
(3.21)

hχ, eitA ψi =

Z

Z

hχ, φk iαk hφk , ψi µ(dk)
hχ, φk ie−itαk hφk , ψi µ(dk)

It is also reasonable to introduce the notation φ∗k for the possibly discontinuous
linear map ψ 7→ hφk , ψi. One can then identify φk with the complex conjugate of
this map, so χ 7→ hχ, φk i = hφk , χi is conjugate linear. The identity
Z
−1
(3.22)
hχ, U f i = hχ, φk if (k) µ(dk)
suggests writing
(3.23)

U −1 f =

Z

φk f (k) µ(dk).

If one is willing to interpret the expressions in a suitable weak form, then one
can write the spectral theorem is the particularly succinct form
Z
(3.24)
A = φk αk φ∗k µ(dk).

The propagator also has a expression
Z
−itA
(3.25)
e
= φk e−itαk φ∗k µ(dk).

With the appropriate interpretation, this last formula is true in complete generality,
and furthermore it is simple enough to be memorable. However, it should be
remembered that it is just a summary of a statement about composition of unitary
maps.
The generalized vectors φk are mathematical objects that one can study in their
own right. They belong to a larger Hilbert space H− that includes H? How small
can this space be and still be large enough to include these generalized vectors? See
[2] for a possible answer. (It is sufficient that the injections from H+ to H and from
H to H− be Hilbert-Schmidt operators, but in specific cases it is often possible to
make do with a weaker condition.)
In theoretical work it may not be necessary to make explicit use of generalized
vectors, and it may even be clumsy to do so. All that is needed for quantum theory
is the isomorphism U from H to the Hilbert space to L2 and its inverse U −1 . The
generalized vectors are hidden within the definition of each particular U , and they
often need not be isolated as individual objects.
3.6. Dirac notation. The Dirac notation is a clever way of denoting vectors
and generalized vectors. Consider an isomorphism U : H → L2 (K, µ). One can
think of the set K as a set of labels. Implicitly, one assumes that different spectral
representations involve different label sets. In the Dirac notation one writes
(3.26)

(U ψ)(k) = hk | ψi.

It is natural to define hχ | ki = hk | χi. Then in the Dirac notation
Z
(3.27)
hχ, ψi = hχ | kihk | ψi µ(dk).
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and
(3.28)

hχ, Aψi =

Z

hχ | kiαk hk | ψi µ(dk).

Z

| kiαk hk | µ(dk).

Sometimes one encounters expressions like hk | in isolation. It is clear what
this means: it is a possibly discontinuous linear mapping from vectors ψ to scalars
given by hk | ψi = (U ψ)(k). Similarly, | ki is the corresponding conjugate linear
map given by complex conjugation of the linear map. In this spirit, sometimes one
sees expressions like
Z
(3.29)
I=
| kihk | µ(dk).

and

(3.30)
One can also write
(3.31)

A=

U −1 f =

Z

| kif (k) µ(dk).

Consider another spectral representation given by (V ψ)(ℓ) = hℓ | ψi. The composition V U −1 is given by
Z
−1
(3.32)
(V U f )(ℓ) = hℓ | kif (k) µ(dk).

The expression hℓ | ki is called a bracket. In general it is not a function, but some
kind of generalized function. The standard terminology in physics is that hℓ | is
called a bra, and | ki is called a ket. Sometimes a ket is thought of as a generalized
vector, as suggested by the expression for U −1 f above, which writes a vector as a
superposition of kets.
Here are some examples. In the Dirac notation the inverse Fourier transform
might be written
Z ∞
dk
hx | kihk | ψi .
(3.33)
hx | ψi =
2π
−∞

Here ψ is a vector in some abstract Hilbert space, hx | ψi is its representation as a
function of position x, and hk | ψi is its representation as a function of wave number
k. The bracket hx | ki is just another notation for the eikx factor that gives the
transformation between wave number and position representations. It is possible
to distinguish x values from k values because they have different units.
Another common situation is when a vector ψ is represented by coefficients in
terms of an orthonormal basis φn , where n runs over some index set. The coefficients
are hn | ψi = hφn , ψi. Since hψ | ni = hψ, φn i, it is natural to identify the ket | ni
with the unit vector φn . So the expansion of the vector is
X
(3.34)
ψ=
| nihn | ψi.
n

If we wanted this in the position representation, it would become
X
(3.35)
hx | ψi =
hx | nihn | ψi.
n

While in an example like the last one the ket | ni is a normalized basis vector,
this is not the only possible situation. In fact, the wave number ket | ki is given
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in the position representation by the function x 7→ eikx , which is not even in the
Hilbert space L2 . This corresponds to the fact that the map ψ 7→ hk | ψi given
by the corresponding bra is not continuous as a function on the Hilbert space H.
Ultimately, this is because the value of the Fourier transform of a function at a
point is not continuous as a function on L2 .
The clever feature of the Dirac notation is the use of the label set for the
representation to denote various kinds of vectors and generalized vectors. However,
the only place in science where the Dirac notation is in common use is in quantum
theory, and it is not necessary even there.
3.7. Spectral representation for multiplicity one. The spectral theorem
as stated above is somewhat mysterious, since there are many possible spectral representations. It would be nice to find a standard form for a spectral representation.
This would also shed light on how one could prove the spectral theorem: construct
the standard representation explicitly.
Let A be a self-adjoint operator and let Ut = e−itA be the corresponding
unitary group. We say that the unit vector ψ is a cyclic vector if the smallest
closed subspace that contains all Ut ψ is the whole Hilbert space H.
Not every self-adjoint operator has a cyclic vector. However, there is the following decomposition into cyclic subspaces.
Proposition 3.3. Let A be a self-adjoint operator acting in H. Then H is
an orthogonal direct sum of closed subspaces Hj that are each invariant under the
unitary operators e−itA . Furthermore, the subspaces may be chosen so that there
are vectors ψj in Hj that are cyclic for these restrictions.
The proof of this proposition is easy. Choose an arbitrary unit vector ψ1 and
consider the smallest closed subspace H1 with ψ1 in it and invariant under the
e−itA . The orthogonal complement of H1 is also invariant under the e−itA . If
this orthogonal complement is not the zero subspace, choose ψ2 in the orthogonal
complement. Let H2 be the smallest closed subspace of the orthogonal complement
with ψ2 in it and invariant under the e−itA . Continue in this way until the result is
a maximal family of non-zero cyclic subspaces. These will automatically span the
entire Hilbert space.
From now on we focus on finding a standard form associated with the selfadjoint operator A and the cyclic vector ψ. Actually, we shall describe two standard
forms. Here is the first.
Proposition 3.4. Consider a self-adjoint operator with a unit cyclic vector
ψ. Then there is a spectral representation W : H → L2 (R, ν). Here ν is the
probability measure that is the distribution associated with ψ and A. The spectral
representation is determined by the requirement that (W e−itA ψ)(x) = e−itx . The
operator that represents A is multiplication by x.
There is a characterization of measures associated with the real line. Here is a
brief review. As always, we consider subsets and functions to be measurable (Borel
measurable) by default. We consider measures defined on subsets of the line that
are finite on bounded intervals. Thus each subset B ⊆ R has a measure ν(B) ≥ 0.
The assignment of measures satisfies the usual requirements from measure theory.
Every such measure is given by a function F that is increasing and right continuous. To say that F is increasing is to say that x ≤ y implies F (x) ≤ F (y).

32

WILLIAM G. FARIS

(In some accounts this is called non-decreasing.) To say that F is right-continuous
is to say that the right hand limit limx↓a F (x) = F (a). We can write this more
succinctly as F (x+) = F (x). The measure of a subset (a, b] ⊆ R is given by the
difference ν((a, b]) = F (b) − F (a). The function F associated with ν is determined
up to an arbitrary constant. Once one has specified the measure on such special subsets, then it is determined for all subsets. In particular, for a single point
ν({b}) = F (b)− F (b−). Once the measure is available, there is also a corresponding
integral defined for bounded functions g by
Z ∞
Z ∞
(3.36)
g(x) ν(dx) =
g(x) dF (x).
−∞

−∞

In the special case when the measure of the whole real line ν(R) = 1, the
measure is a probability measure, the corresponding integral is the expectation,
and there is a choice of the arbitrary constant so that the function F takes values
in the unit interval. For the moment continue to consider the general case.
The function F may have both flat places and jumps, but nevertheless it has a
kind of inverse. Let I be the open interval from inf F to sup F . For y in I define

(3.37)

G(y) = sup{x | F (x) < y}.

Then G is increasing and left continuous. Furthermore, a < G(y) ≤ b is equivalent
to F (a) < y ≤ F (b).
This allows a remarkable representation of the measure ν in terms of Lebesgue
measure λ on the interval I. We have
(3.38)
ν((a, b]) = F (b) − F (a) = λ({y | F (a) < y ≤ F (b)}) = λ({y | a < G(y) ≤ b}).
It then follows that
(3.39)

ν(B) = λ({y | G(y) ∈ B}).

In addition, it may be shown that
Z ∞
Z
(3.40)
h(x) ν(dx) = h(G(y)) dy.
−∞

I

In other words, every Lebesgue-Stieltjes measure on the real line is the image of
Lebesgue measure on an interval by some increasing function G.
This representation is not a perfect correspondence between measures, since
a point measure at a discontinuity of F corresponds to Lebesgue measure on a
subinterval of I. (The mass of the point measure is the length of the subinterval.)
However consider the case when F is continuous. Then this is not an issue. There
is also no problem with places where F is flat, since these are places where the
measure is zero, and these correspond to single points in I, which have Lebesgue
measure zero. So in this case the two measure spaces (the real line R with ν and
the interval I with Lebesgue measure ν) are in quite natural correspondence.
Proposition 3.5. Consider a self-adjoint operator A with a unit cyclic vector
ψ. Suppose A only has continuous spectrum. Then there is a spectral representation
U : H → L2 (I, λ). Here I is the unit interval, and λ is Lebesgue measure. Let F be
the increasing right-continuous function associated with the spectral measure. Let G
be the inverse function (taken in the above sense) of F . The spectral representation
is determined by the requirement that (U e−itA ψ)(y) = e−itG(y) . The operator that
represents A is multiplication by G(y).
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The meaning of this result is the following. If we consider self-adjoint operators
with a cyclic vector (which implies spectral multiplicity one), then we have only two
kinds of spectral representation. We have point spectrum with distinct eigenvalues;
the spectral representation is given by eigenvectors in the Hilbert space. Or we have
continuous spectrum; the spectral representation is given by Lebesgue measure on
an interval (which may be taken to be the unit interval). In the continuous spectrum case, the operator itself is represented by multiplication by an increasing real
function γ. The spectrum of the operator is the essential range of γ. The distribution in a state is a probability measure on the spectrum. It is a continuous measure
that may be rather complicated, depending on how complicated the function γ is.
3.8. Form sums and Schrödinger operators. Stone’s theorem implies that
a self-adjoint Schrödinger operator generates a quantum dynamics, but how does
one show that a Schrödinger operator is self-adjoint? One method might be to write
the Schrödinger total energy operator as the sum of a kinetic energy operator and
a potential energy operator. Each of these has an explicit spectral representation
that exhibits it as a self-adjoint operator. So all that is required is a mechanism
of showing that the sum of two self-adjoint operators is self-adjoint. This is not
true in general for unbounded self-adjoint operators, but when the operators are
both positive there is no problem. This observation gives a very general way of
determining a quantum dynamics.
There is another way to think of this issue. How could the sum of kinetic and
potential energies fail to determine the dynamics? The kinetic energy (which is
positive) could rush to plus infinity while the potential energy could rush to minus
infinity, and after a finite time there could be some kind of catastrophe. However,
if the potential energy is positive, or even bounded below, then this cannot happen.
The following discussion presents the details of this argument.
Suppose that A is a self-adjoint operator. Then it is a linear transformation
from the dense linear subspace D(A) ⊆ H to H. Consider D(A) with a new Hilbert
space inner product given by
(3.41)
The norm is given by

hφ, χi(2) = hAφ, Aχi + hφ, χi.
kφk2(2) = kAψk2 + kψk2 .

(3.42)

This Hilbert space has a very different character from the original Hilbert space.
From the point of view of the spectral theorem, the norm in this Hilbert space is
related to the second moment of the random variable.
As an example, consider the Hilbert space L2 (R, dx) with the usual inner prod∂2
uct. Let A = − ∂x
2 . In the Fourier transform representation this becomes multiplication by k 2 . So the (2)-norm in this case is given by
∂ 2 ψ(x) 2
k + kψk2 = kk 2 ψ̂(k)k2 + kψ(k)k2 .
∂x2
Suppose that A is a positive self-adjoint operator. Then it defines a positive
1
quadratic form on the form domain Q(A) = D(A 2 ). This includes the operator
domain D(A), but for an unbounded operator it is strictly larger. Consider the
1
1
corresponding bilinear form hA 2 χ, A 2 ψi, defined for χ and ψ in Q(A). Henceforth
this will be written in the more attractive form hχ, Aψi . In the same spirit, the
corresponding quadratic form satisfies 0 ≤ hψ, Aψi < ∞ for ψ in Q(A).

(3.43)

kψk2(2) = k
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Consider Q(A) with the new Hilbert space inner product
(3.44)

hφ, χi(1) = hφ, Aχi + hφ, χi.

The norm is given by
1

kφk2(1) = kA 2 ψk2 + kψk2 .

(3.45)

From the point of view of the spectral theorem, the norm in this Hilbert space is
related to the first moment of the corresponding random variable.
As an example, consider the Hilbert space L2 (R, dx) with the usual inner prod∂2
uct. Let A = − ∂x
2 . In the Fourier transform representation this becomes multiplication by k 2 . So the (1)-norm in this case is given by
(3.46)

kψk2(1) = k

∂ψ(x) 2
k + kψk2 = kk ψ̂(k)k2 + kψ(k)k2 .
∂x

Theorem 3.3 (Form representation theorem). Let H be a Hilbert space. Let
a(φ, χ) be a positive form defined on a dense linear subspace H(1) ⊆ H. Suppose
that with the inner product
(3.47)

hφ, χi(1) = a(φ, χ) + hφ, χi

the space H(1) is a Hilbert space. Then there is a unique positive self-adjoint operator A such that H(1) = Q(A) and a(φ, χ) = hφ, Aχi.
The form representation theorem gives a particularly simple way of constructing
self-adjoint operators. Say that A and B are self-adjoint operators. In general it is
not clear that the sum A + B makes sense. However, if A and B are both positive,
then in very general circumstances one can use the form representation theorem to
define A + B as a self-adjoint operator.
Theorem 3.4 (Positive form sum theorem). Suppose that A and B are positive
self-adjoint operators. Suppose that Q(A) ∩ Q(B) is dense in H. Then there is a
unique positive self-adjoint operator A + B whose form is the sum of the forms of
A and B.
This form sum result has a simple generalization to self-adjoint operators that
are bounded below. One simply has to add appropriate constants to reduce this
case to the case of positive self-adjoint operators.
Here is an application to quantum mechanics. Consider the Hilbert space
H = L2 (R, dx) with the usual Lebesgue measure. Let P be the momentum operator.
This is isomorphic via the Fourier transform to multiplication by p = ~k. So P has
the simple explicit form
(3.48)

P = −i~

∂
.
∂x

The kinetic energy operator is
1 2
P .
2m
Then H0 is isomorphic in the Fourier transform representation to multiplication by
~2 2
1 2
2m p = 2m k . It has the explicit form
(3.49)

H0 =

(3.50)

H0 = −

~2 ∂ 2
.
2m ∂x2
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The form of H0 for ψ in Q(H0 ) = D(P ) is
Z
~2
∂
1
∂
hP χ, P ψi =
χ(x) ψ(x) dx.
(3.51)
hχ, H0 ψi =
2m
2m
∂x
∂x

The derivative may be defined by the Fourier transform. This implies that ψ(x) is
an absolutely continuous function, that is, an indefinite integral of another function,
and that both ψ and ∂ψ/∂x are in L2 (R).
Let the position operator Q be multiplication by x. If v is a real function on
the line, define the potential energy operator V to be the operator v(Q). This is
multiplication by v(x), and so it is also a self-adjoint operator. The form of V is
defined for ψ in Q(V ) by
Z
(3.52)
hχ, V ψi = χ(x)v(x)ψ(x) dx.

Suppose that v is positive (or more generally, bounded below). The total energy

is
P2
~2 ∂ 2
+ v(x).
+ v(Q) = −
2m
2m ∂x2
To use the method of form sums find a condition that guarantees that Q(H0 )∩Q(V )
is dense in L2 (R). For instance, take the dense set to be smooth functions with
compact support. These are clearly in Q(H0 ). If v is locally integrable, then they
are also in Q(V ). This proves the following result.
(3.53)

H = H0 + V =

Proposition 3.6. Suppose that v(x) is bounded below and locally integrable.
P2
+ v(Q), defined as a form sum, is a wellThen the Schrödinger operator H = 2m
defined self-adjoint operator.
−itH

One consequence of this result is that the unitary operator e ~ is a welldefined unitary evolution that gives a solution of the Schrödinger equation. For
more on form sums see the treatise [8]. The book [10] give many applications to
quantum mechanics. For a brief account see [3].
4. The role of Planck’s constant
4.1. The uncertainty principle. The Heisenberg uncertainty principle is
perhaps the most famous assertion of quantum mechanics. In this subsection we
shall see that this principle, interpreted suitably, has important physical interpretations. In particular, it shows that in some circumstances negative singularities of
the potential energy are completely harmless.
There is particularly simple and symmetric mathematical formulation of the
uncertainty principle that makes it an elementary result of Fourier analysis. This
is not a strong enough version of the principle to give the desired physical result,
but it is a place to start.
Proposition 4.1 (Heisenberg uncertainty principle). For every unit vector ψ
the standard deviations of position and wave number satisfy the inequality
1
(4.1)
(∆x)ψ (∆k)ψ̂ ≥ .
2
Since in quantum mechanics the position Q is multiplication by x and the momentum P is given in the Fourier transform representation by multiplication by p = ~k,
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the principle also takes the form
~
.
2
The Heisenberg uncertain principle is a standard result. It is a consequence of
a simple identity together with the Cauchy-Schwarz inequality. However there is
another, closely related, uncertainty principle that is just as simple but much more
powerful in its physical applications.
(4.2)

(∆Q)ψ (∆P )ψ ≥

Proposition 4.2 (Local uncertainty principle). For every unit vector ψ the
corresponding position probability density satisfies
sup |ψ(x)|2 ≤ (∆k)ψ̂ .

(4.3)

x

In quantum mechanics this implies that the expectation of a function v(Q) of position satisfies
Z ∞

1
(∆P )ψ .
(4.4)
±Eψ [v(Q)] ≤
|v(x)| dx
~
−∞

The idea of this result is that concentration in momentum implies spread in
position. The spread in position is in a very strong sense: the position probability
density near every given point is small. It is proved at the end of this subsection.
For every a > 0 there is an estimate
1
a
1
Eψ [P 2 ] + .
(4.5)
(∆P )ψ ≤ Eψ [P 2 ] 2 ≤
2a
2
This shows that in every state the expected potential energy is bounded by

Z ∞
 
a
1 1
2
.
hψ, P ψi +
(4.6)
±hψ, v(Q)ψi ≤
|v(x)| dx
~ 2a
2
−∞
An appropriate choice of a leads to the following lower bound.
Proposition 4.3. Let
(4.7)

1m
E=
2 ~2

Z

∞

−∞

2
|v(x)| dx .

In every state ψ the total energy in quantum mechanics satisfies the lower bound
P2
ψi + hψ, v(Q)ψi ≥ −E.
2m
The physical meaning of this application of the uncertainty principle is striking. Suppose that the potential energy has a negative singularity, that is, it has
arbitrarily large negative values near some point. Then it may still be true that
the total energy is bounded below. The reason is that the probability of being near
the point cannot be too large, unless this is compensated by a large kinetic energy.
The same kind of reasoning gives a rigorous proof of self-adjointness for certain
Schrödinger operators for which the potential energy is not bounded below. The
following theorem is the key.

(4.8)

hψ,

Theorem 4.1 (Relatively small form sum theorem). Suppose that A is a positive self-adjoint operator. Suppose that B is a self-adjoint operator with Q(A) ⊆
Q(B). Suppose that there exist positive constants ǫ < 1 and b such that for all ψ in
Q(A) we have
(4.9)

±hψ, Bψi ≤ ǫhψ, (A + b)ψi.
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Then there is a unique self-adjoint operator A + B whose form sum is the sum of
the forms of A and B.
This theorem is an easy consequence of the form representation theorem. It
has an important consequence for Schrödinger operators. The hypothesis on the
potential energy function is that it is the sum of an integrable function and a
bounded function. In this case, one can take the integrable part arbitrarily small
and apply the uncertainty principle bound. The result is the following assertion.
Proposition 4.4. Suppose that v(x) is the sum of an integrable function and
P2
a bounded function. Then the Schrödinger operator H = 2m
+ v(Q), defined as a
form sum, is a well-defined self-adjoint operator.
This subsection concludes with a proof of the local uncertainty principle. It is
clear that
2
Z ∞
dk
.
(4.10)
|ψ(x)|2 ≤
|ψ̂(k)|
2π
−∞
By the Cauchy-Schwarz inequality
Z ∞
2 Z ∞
Z
dk
dk ∞ 2
1
dk
(4.11)
|ψ̂(k)|
≤
.
(k + a2 )|ψ̂(k)|2
2
2
2π
2π
−∞
−∞ k + a 2π −∞
These give
(4.12)

|ψ(x)|2 ≤

1
a
1
(kk ψ̂k2 + a2 ) =
kk ψ̂k2 + .
2a
2a
2

The case a = kk ψ̂k gives a bound of the left hand side in terms of the square root
of the second moment. The bound in terms of the standard deviation follows from
a shift in wave number, since such a shift does not change the absolute value of the
position wave function.
4.2. Classical mechanics. This subsection treats the case when Planck’s
constant may be neglected. This is often called the classical limit, but this terminology gives a misleading impression of the physical situation. Since Planck’s
constant ~ = 1.05443 × 10−27 erg s is a constant, the success of classical mechanics
cannot be due to the fact that ~ approaches zero.
One way to think of the role of Planck’s constant is in terms of the original
form of the uncertainty principle due to Heisenberg. This is the statement that in
any state, the product of standard deviations ∆p ∆q ≥ ~2 . A state with localized
momentum must have a large position standard deviation.
However there is nothing in general to prevent a state from having a reasonably small position standard deviation. The idea is that a small position standard
deviation should be compatible with classical behavior. The question arises: small
compared to what? To understand this issue, we begin with Ehrenfest’s theorem,
which makes no reference at all to Planck’s constant.
Proposition 4.5 (Ehrenfest’s theorem). Let u(t) be a solution of the Schrödinger
equation. Then
(4.13)

m

d2 hu(t), qu(t)i
= −hu(t), v ′ (q)u(t)i.
dt2
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This theorem is true under appropriate hypotheses on the regularity of the
solution of the Schrödinger equation. It is proved by elementary computation. The
problem with the result is that it does not give a closed form equation for the
expected position hu(t), qu(t)i.
Let qt = hu(t), qu(t)i be the expected position. Expand v ′ (q) ≈ v ′ (qt ) +
′′
v (qt )(q − qt ) + 21 v ′′′ (qt )(q − qt )2 . Inserting this in the equation, we get
d2 qt
1
≈ −v ′ (qt ) − v ′′′ (qt )(∆q)2t .
2
dt
2
From this we see that a condition for neglecting the last term is that
s
|v ′ (x)|
.
(4.15)
(∆q)t ≪ sup
|v ′′′ (x)|
x

(4.14)

m

In other words, the condition is that the position standard deviation should be
small compared to a certain scale of variation of the potential energy function. The
conclusion is that the classical equation
d2 qt
= −v ′ (qt )
dt2
applies, at least in some loose approximation. This argument is not rigorous, but
it is illuminating, in that it hints at why classical behavior can be relevant, even
for a fixed value of Planck’s constant.
Still, there is something odd about the situation. This argument shows at best
that the expected position might come close to satisfying the classical law of motion.
The expected position is only a statistical quantity. In orthodox quantum mechanics
there is no attempt to characterize actual particle trajectories, even statistically.
That is, there is no stochastic process underlying the motion of a quantum particle.
So the quantum path cannot have a classical limit, because there is no quantum
path.

(4.16)

m

5. Spin and statistics
1
2.

5.1. Spin
In quantum mechanics angular momentum is a discrete variable. Recall that Planck’s constant ~ has the dimensions of angular momentum. It
turns out that the values of angular momentum that can occur have magnitudes
0, 21 ~, ~, 32 ~, 2~, 25 ~, . . .. Either sign can occur. Particles such as electrons, protons,
and neutrons have an intrinsic angular momentum of magnitude 12 ~. This is called
spin. The possible spin values in a given direction are ± 21 ~. So spin in a given
direction is like a variable representing a coin toss. In the following we will mostly
take the spin in units of 12 ~. Thus the values will be simply ±1.
The Hilbert space that describes the states of a spin 12 ~ particle is two-dimensional.
Write


ψ1
.
(5.1)
ψ=
ψ2
for a vector in the Hilbert space C2 . Then kψk2 = |ψ1 |2 + |ψ2 |2 . It is a unit vector
in C2 if this length is one. In this case it describes the quantum state. Such a
vector is called a spinor, since it has a geometrical significance. The space of all
spinors forms a three-sphere in four-dimensional space. This three-sphere maps to
the two-sphere in three-dimensional space. In geometry this is called the Hopf map.
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A spinor ψ in C2 that maps to a unit vector (x, y, z) in R3 determines a quantum
state that makes the spin in the direction (x, y, z) sure to have the value +1. It is
the ability to freely choose the phase of the spinor in determining the corresponding
state that allows the reduction from the 3-sphere down to the 2-sphere.
An easy way to define this map is to use spherical polar coordinates for threedimensional space. We have z = r cos(θ), x = r sin(θ) cos(φ), and y = r sin(θ) sin(φ).
Here θ is the colatitude and φ is the longitude. To get a unit vector in the twosphere set r = 1. The spinor ψ describes a unit vector as follows. Write ψ in the
form

 

cos(θ/2)eiχ1
ψ1
.
=
(5.2)
ψ=
sin(θ/2)eiχ2
ψ2
Then θ is the colatitude, and the relative phase φ = χ2 − χ1 is the longitude.

Proposition 5.1. The map from the three-sphere of normalized spinors ψ in
C2 to the two-sphere of unit vectors (x, y, z) in R3 is given by
(5.3)
and
(5.4)

z = cos(θ) = cos2 (θ/2) − sin2 (θ/2) = |ψ1 |2 − |ψ2 |2
x + iy = sin(θ)eiφ = 2 cos(θ/2) sin(θ/2)e−iχ1 eiχ2 = 2ψ̄1 ψ2 .

The inverse image of a unit vector in three-dimensional space is a circle. This
corresponds to an arbitrary phase in the spinor. This inverse image also has an
explicit representation.
Proposition 5.2. The unit vector (x, y, z) determines the corresponding spinor
up to a phase by the formula
 1+z 
 x−iy 


1
1
ψ1
iχ2
2
2
q
=
e
.
= eiχ1 q
(5.5)
x+iy
1−z
ψ2
1+z
1−z
2
2
2

2

3

The relation between a vector R and a spinor is complicated by the fact that
the vector is quadratic in the spinor. The next proposition will show that there
is a correspondence between the vector and the state defined by the spinor that is
linear.
For this it is convenient to describe the spinors in terms of the Pauli matrices
defined by






0 1
0 −i
1 0
(5.6)
σx =
, σy =
, σz =
.
1 0
i 0
0 −1

These combine to make a vector ~σ whose components are these three matrices.
Consider a vector ~u with components (x, y, z). Then the corresponding Pauli
matrix is


z
x − iy
(5.7)
~σ · ~u =
.
x + iy
−z
These matrices satisfy the algebraic relation
(5.8)
2

(~σ · ~u)(~σ · ~v) = ~u · ~v I + i~σ · (~u × ~v).

In particular (~σ · ~
u) = ~u · ~u I.
The formula for the product of Pauli matrices should seem familiar to most
mathematicians. Recall that a quaternion is a sum t + ~u, where t is a scalar and
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~u is a vector in three dimensional space. It is obvious how to define the product
of two quaternions, except for the term involving the product of two vectors. This
quaternion product is given by combining the scalar dot product and the vector
cross product to give a quaternion
(5.9)

~u ~v = −~u · ~v + ~u × ~v

If we represent the scalar t by t times the identity I, and if we represent the vector
~u by −i~σ · ~u, then the resulting matrices form an representation of the quaternion
algebra.
Let ~u be a unit vector, so that (~σ · ~u)2 = I. Then ~σ · ~u represents the spin
along this axis. It has eigenvalues ±1. Let


1
1
1 + z x − iy
.
(5.10)
E(~u) = (I + ~σ · ~u) =
x + iy 1 − z
2
2
This E(~u) projects onto the eigenspace of ~σ · ~u with eigenvalue 1. The spinors in
this eigenspace map to the unit vector u. These represent states where the spin
component in the u direction is 1. It is not hard to see that the spinors in the
eigenspace with eigenvalue −1 map to the unit vector −u. These represent states
where the spin component in the u direction is −1.
Proposition 5.3. Each state vector ψ of the spin 1/2 system corresponding to
the unit vector ~
u defines a corresponding projection operator ψψ ∗ . The correspondence between projection operators defining states and the unit vectors ~u is given
explicitly by
(5.11)

ψψ ∗ = E(~u).

5.2. Composite systems. This subsection contrasts two constructions of
Hilbert spaces. A direct sum of Hilbert spaces corresponds to disjoint union of
sets, while a tensor product of Hilbert spaces corresponds to cartesian product
of sets. It is the tensor product construction that gives the quantum mechanical
description of composite systems.
Suppose that H is a Hilbert space and that H1 is a closed linear subspace of
H. Let H2 be the orthogonal complement of H1 in H.
L Then the projection theorem
says that H is the orthogonal direct sum H = H1
H2 . Thus, for every vector
ψ in H there is a vector φ in H1 and a vector χ in H2 with ψ = φ + χ, and this
decomposition is unique. Finally, since φ is orthogonal to χ, we have the theorem
of Pythagoras kψk2 = kφk2 + kχk2 . Sometimes this is called an internal direct sum.
If instead we are given
L two Hilbert spaces H1 and H2 , then we can form a new
Hilbert space H = H1 H2 that is an external direct sum. This consists of all
ordered pairs φ ⊕ χ with φ in H1 and χ in H2 . The norm of a pair is defined by
taking the theorem of Pythagoras as a definition, so kφ ⊕ χk2 = kφk2 + kχk2 .
Say that the two Hilbert spaces are spaces of functions: H1 = L2 (X1 ) and
H2 = L2 (X2 ). Then the direct sum H = L2 (X1 ⊔ X1 ), where X1 ⊔ X2 is the
disjoint union. Thus if φ is a function on X1 , and χ is a function on X2 , then φ ⊕ χ
is the function on X1 ⊔ X2 whose value on x is φ(x) if x ∈ X1 and χ(x) if x ∈ X2 .
The tensor product construction is similar to the external direct sum. N
Given
Hilbert spaces H1 and H2 , there is a tensor product Hilbert space H = H1 H2 .
Furthermore, given vectors φ in H1 and χ in H2 , there is always a vector φ ⊗ χ in
H2 . However now the situation is more complicated; the vectors of this form need
not constitute the entire tensor product space. For instance, linear combinations
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of such vectors also belong to the tensor product space. The inner product in the
tensor product Hilbert space should satisfy hφ ⊗ χ, φ′ ⊗ χ′ = hφ, φ′ ihχ, χ′ i. Again
this needs to be extended to linear combinations. All this can be done, but the
details require some care.
One way to see what is going on is to represent the Hilbert spaces as H1 =
L2 (X1 ) and H2 = L2 (X2 ). Then H = L2 (X1 × X2 ), where X1 × X2 is the cartesian
product. So a function in H is a function ψ(x1 , x2 ) that is square-integrable with
respect to the product measure. If φ and χ are vectors in H1 and H2 , then their
tensor product is
(5.12)

(φ ⊗ χ)(x1 , x2 ) = φ(x1 )χ(x2 ).

There is certainly no reason to expect that the general function of two variables
will have this product form. However, consider a vector ψ in the tensor product
Hilbert space. If it factors as ψ = φ ⊗ χ, then it is called decomposable. Obviously
this is a very special case.
In addition to tensor product vectors, there are tensor product operators. For
instance, if A : H1 → H1 and B : H2 → H2 , then there is an operator A ⊗ B :
H → H determined by (A ⊗ B)(φ ⊗ χ) = Aφ ⊗ Bχ. In the case when A and B are
self-adjoint, it is also natural to consider the commuting operators A ⊗ I and I ⊗ B
and their sum A ⊗ I + I ⊗ B. Then there is a corresponding relation for unitary
operators
(5.13)

exp(−it(A ⊗ I + I ⊗ B)) = exp(−itA) ⊗ exp(−itB).

In quantum mechanics, the tensor product describes composite systems. Thus,
for instance, if H1 = L2 (X1 ) is the Hilbert space for particle 1, and H2 = L2 (X2 )
is the Hilbert space for particle 2, then H = L2 (X1 × X2 ) is the Hilbert space for
system consisting of the two particles. (Here the particles are assumed distinguishable.) This leads to the remarkable conclusion that the wave function ψ(x1 , x2 )
for the two particle system is a function of both particle position coordinates at
once. In general, the wave function ψ will not be decomposable. In that case, the
two particle system is said to be entangled. There is no longer a well-defined wave
function for the individual particles. This is the typical case.
Consider the decomposable case when ψ = φ⊗χ, that is, ψ(x1 , x2 ) = φ(x1 )χ(x2 ).
Then it is possible to think of φ(x1 ) and χ(x2 ) as describing the states of the individual particles. However this case is very much the exception. N
One famous case of the tensor product is the Hilbert space C2 C2 describing
two spins. There is an entangled state of the combined system called the singlet
state. This is given by

 
    
1
1
0
0
1
⊗
−
⊗
.
(5.14)
ψ0 = √
0
1
1
0
2
The idea is that the spins are as opposite as they can get. We shall see in a later
section that this state is invariant under rotations.
Physicists often use the Dirac notation in the context of spin systems. Thus
they might use labels ↑ and ↓ for the vector indices. So the singlet state might be
denoted
1
(5.15)
ψ0 = √ ( |↑i⊗ |↓i− |↓i⊗ |↑i ) .
2

42

WILLIAM G. FARIS

Or the indices for the tensor product states might be pairs of arrows, so the same
state would be
1
(5.16)
ψ0 = √ ( |↑↓i− |↓↑i ) .
2
It is easy to compute the properties of spin in the singlet state. (See, for
instance, the appendix to [12].) Consider unit vectors ~u and ~v. There is an
operator ~σ · ~
u ⊗ I for the ~u component of the first spin and operator I ⊗ ~σ · ~v for
the ~v component of the second spin. In the singlet state these each have values ±1
with equal probabilities. Since they commute, they have a joint distribution. If ρ
is the angle between the unit vectors ~u and ~v, then the probability that they have
the same value is sin2 (ρ/2), and the probability that they have the opposite value
is cos2 (ρ/2). In particular, when ~u = ~v and ρ = 0 they are always opposite. This
system is a building block for many remarkable quantum effects exhibiting some
form of non-locality.
People sometimes argue about whether quantum mechanics is non-local. Of
course, this depends on the meaning of the word “local.” (See the appendix to
[12] for one analysis.) However there is already a rather evident sense in which
quantum mechanics is non-local, namely, that the wave function for two particles
is a single function of the two particle coordinates. This can have dramatic effects
even when the particles are widely separated in space, provided this wave function
is not decomposable. If the particles have spin, then their spin state can also
be indecomposable, as in the example of the entangled singlet state. Composite
systems in quantum theory can behave very differently from what one would expect
from their constituents.
5.3. Statistics. Another fact about quantum mechanics is the special treatment of composite systems of indistinguishable particles. There are two kinds of
systems: Bose-Einstein (boson) and Fermi-Dirac (fermion). For Bose-Einstein systems the state vectors of a composite system are restricted to be symmetric under
interchange, while for Fermi-Dirac systems they are restricted to be anti-symmetric
under interchange. Fermi-Dirac statistics are particularly important in atomic systems, since they apply to electron systems. This leads to the famous Pauli exclusion
principle, which says that two electrons cannot occupy the same quantum state.
Finally, there is a principle that connects spin and statistics. Identical particles of spin for 0, 1, 2, . . . obey Bose-Einstein statistics, while identical particles of
spin 12 , 32 , 25 , . . . obey Fermi-Dirac statistics. In particular, since electrons have spin
1
2 , they obey Fermi-Dirac statistics. Hence the Pauli exclusion principle for electrons. The connection between spin and statistics is both general and profound; see
Fröhlich’s article “Spin and quantum statistics” [6, pp. 19–61] for a mathematical
discussion. Quantum mechanics is already an amazing subject; the extra features
involving spin and statistics merely underline what a strange theory it is.
6. Fundamental structures of quantum mechanics
6.1. Self-adjoint operators as dynamics. The spectral theorem implies
that for each self-adjoint operator A there is a corresponding one-parameter unitary
group t 7→ Ut = e−itA . It satisfies the continuity condition: for each vector ψ in the
Hilbert space, the map t 7→ Ut ψ is continuous from the real line to the Hilbert space.
Stone’s theorem also gives a converse statement: every one-parameter unitary group
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satisfying the continuity condition arises in this way. If one believes that quantum
dynamics is given by unitary operators, then this result shows why self-adjoint
operators play such a central role in quantum theory.
A densely defined operator A : D(A) → H is said to be Hermitian if for each
φ and ψ in D(A) we have hAφ, ψi = hφ, Aψi. This is a purely algebraic property,
but it is not enough to make the operator self-adjoint. For the operator to be
self-adjoint there is an additional analytic condition. This says that if there are φ
and χ such that for all ψ in D(A) we have hχ, ψi = hφ, Aψi, then φ is in D(A) and
Aφ = χ. The significance of this condition is explained in treatments of operator
theory, such as [3].
The adjoint operator of a Hermitian operator may have a larger domain, and in
general it will not be Hermitian. The usual interpretation of this situation is that
the Hermitian operator A has too many boundary conditions, making its domain
too small, while the adjoint A∗ has too few boundary conditions, making its domain
too big. A self-adjoint operator has just the right boundary conditions needed to
allow it to define an unambiguous dynamics.
It is possible that A is Hermitian (but not self-adjoint) and A∗ is also Hermitian.
In that case A∗ is self-adjoint, and A is said to be essentially self-adjoint. This
corresponds to a case when the domain is restricted in some unimportant way, but
still defines the correct boundary conditions. When an operator is essentially selfadjoint, it determines a unique self-adjoint operator, and this self-adjoint defines a
quantum dynamics as before.
The self-adjointness problem is to define the quantum dynamics e−itA for each
real t. This is a problem of fixed time interval and large energy. Some of the main
results were described in a previous section. Once this is accomplished, there is the
task of finding the asymptotic behavior of the dynamics for t → ±∞. This is the
study of spectral theory and associated phenomena, such as scattering. This is a
problem of fixed energy interval and large time. This subject is too extensive to
cover in an outline of limited scope.
6.2. Self-adjoint operators as states. This subsection treats very special
operators: positive self-adjoint operators with trace one. These give a particularly
convenient way of describing quantum states. First we need some preliminary
considerations.
An operator K is Hilbert-Schmidt if tr(K ∗ K) < ∞. This trace is defined in
the following way. Let φn be an orthonormal basis. Then
X
X
(6.1)
trK ∗ K =
hφn , K ∗ Kφn i =
kKφn k2 .
n

n

It may be shown that this is independent of the choice of orthonormal basis. Also,
the adjoint K ∗ is Hilbert-Schmidt, with trKK ∗ = trK ∗ K. If K acts in an L2 space,
then K is always given by an integral operator
Z
(6.2)
(Kf )(x) = k(x, y)f (y) dy.

The product W = K ∗ K is also an integral operator
Z Z
∗
k(z, x)k(z, y)f (y) dz dy.
(6.3)
(W f )(x) = (K K)f (x) =
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It may be shown that in this case
(6.4)

∗

tr(K K) =

Z Z

|k(z, y)|2 dz dy.

So Hilbert-Schmidt operators are easy to characterize: they are integral operators
with square-integrable kernels.
If W = M ∗ K is the product of two Hilbert-Schmidt operators M ∗ and K,
then it itself is a Hilbert-Schmidt operator. However not every Hilbert-Schmidt
operator arises in this way. An operator W is said to be trace class if it is the
product W = M ∗ K of two Hilbert-Schmidt operators. Its trace is defined by
X
X
(6.5)
trW = trM ∗ K =
hφn , M ∗ Kφn i =
hM φn , Kφn i.
n

n

2

If a trace class operator W acts on an L space, it is an integral operator
Z
(6.6)
W = w(x, y)f (y) dy

with square integrable kernel. One might hope that the trace would be defined by
the integral
Z
(6.7)
tr(W ) = w(x, x) dx.

On the other hand, it might seem too good to be true, since one is integrating
over a set of measure zero in the product space. There is something delicate about
checking that an operator is trace class. However, if W is represented as W = M ∗ K,
and the kernel w(x, y) is correspondingly represented as
Z
(6.8)
w(x, y) = m(z, x)k(z, y) dz,
then the integral expression for the trace is valid.
The class of operators of present interest are positive self-adjoint trace class
operators with trace equal to one. Thus W is such an operator if W ∗ = W and
W ≥ 0 and trW = 1. By the spectral theorem these operators are of the form
X
(6.9)
W =
λn χn χ∗n .
n

P
where the χn are unit vectors, and the λn ≥ 0 satisfy tr(W ) = n λn = 1.
Two unit vectors define the same quantum state if they differ by a phase.
So one can identify the state associated with the vector ψ with the orthogonal
projection E = ψψ ∗ onto the corresponding one-dimensional space. This orthogonal
projection is a very special kind of positive self-adjoint operator with trace one. The
expectation of the self-adjoint operator A in this state is
(6.10)

hψ, Aψi = tr(AE).

Consider a quantum mechanical system with a random state. This means that
there is a given probability measure γ on the space of all states. The state space
is identified as the space of all one-dimension orthogonal projections E. Form the
operator average
Z
(6.11)
W = Eγ(dE).
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It may be shown that W is a positive self-adjoint operator with trace one. The
conventional term in quantum mechanics for such an operator is density matrix.
The utility of this notion is due to the equation
Z
(6.12)
tr(AE)γ(dE) = tr(AW ).

The density matrix gives a convenient summary of the result of the averaging.
One cannot go backward from the density matrix W to recover the measure
γ. It is true that the spectral representation of W produces a discrete measure
with masses λj on a set of states corresponding to orthogonal vectors χj . However,
there is no guarantee that this is the measure that actually gave rise to the density
matrix. There is no obstacle, for instance, to obtaining a random quantum system
by a random choice of state vectors that are not orthogonal.
Sometimes a density matrix is said to specify a mixed state. (In the case
when it is a one-dimensional orthogonal projection it is a pure state. This is the
notion of state that we have been using up to now.) When a mixed state arises
by randomization, the actual randomization that is used is not determined by the
state.
There is another way that a density matrix can occur. Consider a subsystem
that is part of a larger system. The larger system may be in a pure state, but
this does not mean that the subsystem has a description via a pure state. However
observations on the subsystem may always be described by a density matrix. In this
case, it is called a reduced density matrix. The use of the reduced density matrix
represents a loss of information about the original larger system.
As an example, take the case when we have two particles with entangled wave
function ψ(x1 , x2 ). Since this is a pure state, the density matrix is an integral
operator given by the integral kernel ψ(x1 , x2 )ψ(y1 , y2 ). Consider the first particle.
This system has reduced density matrix given by the integral operator with kernel
Z
(6.13)
w(x1 , y1 ) = ψ(x1 , x2 )ψ(y1 , x2 ) dx2 .
This density matrix defines a quantum mixed state that suffices for predictions
involving the first particle alone. It is not a pure state for the first particle, nor
does it characterize a random quantum pure state for the first particle. In fact, the
reduced density matrix for the first particle has lost much of the information about
the original state of the two particle system.
There is an exception in the case when the original state of the two particle
system is decomposable, so there is no entanglement. In that case the reduced
density matrix is a pure quantum state for the first particle. The second particle
has no influence on what is happening with the first particle, and so it may be
ignored.
A particularly famous example is the composite system obtained by combining
two spin 1/2 systems. In Dirac notion the density matrix for the singlet state is

1
( |↑↓ih↑↓| + |↓↑ih↓↑| − |↑↓ih↓↑| − |↓↑ih↑↓| ) .
2
It is not difficult to rewrite this in matrix notation. For instance, the last term is
(6.15)
 
 

 



0
1
0 0
0 1
1 0 ⊗
0 1 =
|↓↑ih↑↓|=|↓ih↑| ⊗ |↑ih↓|=
⊗
.
1
0
1 0
0 0
(6.14)

ψ0 ψ0∗ =
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The resulting formula is

1
1
∗
ψ0 ψ0 =
0
2

0
−
(6.16)
0
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0
0
1
0







0 0
0 1

⊗

0
⊗
1

0
0







0
0

0
1





1
0

0
0



+
⊗

 

0 0
0 1
−
⊗
.
1 0
0 0

After some computation this becomes

 
 
 

1
1 0
1 0
1 0
1 0
∗
⊗
−
⊗
ψ0 ψ0 =
0 1
0 1
0 −1
0 −1
4

 
 
 

0 1
0 1
0 −i
0 −i
−
⊗
−
⊗
(6.17)
.
1 0
1 0
i 0
i 0

The Pauli matrices make an appearance. In brief, this says that
1
(6.18)
ψ0 ψ0∗ = (I ⊗ I − ~σ ⊗ ~σ ) .
4
The singlet state is a rotation invariant pure state.
Consider the combined system in the singlet state, and look at the reduced
density matrix for one of the spins. This matrix is


1
1 0
(6.19)
W =
.
0 1
2

This mixed state gives incomplete information about the spin, since it neglects its
intimate relation with the other spin. Another point of view would be to think
of it as a randomized state. Choose an arbitrary spin direction. Then it is the
randomization of the spin up and spin down states in this direction, when the spin
up and spin down states are taken with equal probability. This representation as a
random pure state is far from unique.

6.3. Self-adjoint operators as observables? The dynamical role of selfadjoint operators as generators of one-parameter unitary groups is entirely clear.
This is given by Stone’s theorem. The role of self-adjoint operators as observables
is comparatively mysterious.
It is not controversial that for every state and every self-adjoint operator A
there is a realization of A as a random variable α defined on a probability space.
It is even the case that for every state and every pair of commuting self-adjoint
operators A, B there is a realization of A, B as a pair of random variables α, β on
a probability space. Suppose that A, D are another pair of commuting self-adjoint
operators. Again there is a realization of A, D as a pair of random variables α′ , γ ′ .
The problem comes when B, D do not commute. The spectral theorem does not
give a single probability space1 that works for both pairs A, B and A, D.
The random variables α and α′ both correspond to the self-adjoint operator
A. One could imagine that in each concrete realization of the physical system the
random variables α and α′ have equal values. This could be explained if for each
1Such a space exists. Let β and γ ′ be conditionally independent given α, and use the
probability distribution for α and the conditional distributions for β given α and for γ ′ given α
yielded by quantum mechanics. Since quantum mechanics is silent about the joint distribution of β
and γ ′ one is free to do this. (The situation is different with the no-hidden-variables theorems, like
Hardy’s, for which the graph corresponding to the relevant quantum mechanical joint probabilities
has cycles.) This example was communicated by Sheldon Goldstein.
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time the experiment is done there is a number ZA associated with the self-adjoint
operator A. This quantity would reflect an actual property of the system.
It turns out that there is no such quantity. Self-adjoint operators cannot correspond to intrinsic properties of the physical system. There are many impossibility
results that show this. The most famous of these is based on Bell’s inequality, a result of elementary probability theory. (See the appendix to [12] for an account.) It
shows that if there were properties associated with self-adjoint operators, then this
inequality would be violated. A nice feature of Bell’s analysis is that the physical
system is so simple; it is a system of two spin 1/2 particles in the singlet state.
Hardy [7] derived an even more convincing result, in which the contradiction is
exhibited on a certain fraction of the individual runs of the experiment, rather than
statistically. We follow the account in [1]. Again the example involves a system
of two spin 1/2 particles and a certain state of the combined system. Curiously
enough, the state in Hardy’s example is not the singlet state.
Hardy defines certain spin component operators A, B, C, D. Each has a spectrum ±1. Say that A, C are associated with the first particle, while B, D are
associated with the second particle. Then the following pairs commute: AB = BA,
AD = DA, BC = CB, and CD = DC.
Suppose that self-adjoint operators, considered in isolation, actually correspond
to intrinsic properties. Suppose furthermore that calculations involving commuting self-adjoint operators proceed in the usual way. For the state considered by
Hardy and the four self-adjoint operators A, B, C, D there would be corresponding
physical quantities ZA , ZB , ZC , ZD with definite numerical values (depending on
the realization). However Hardy shows that calculations involving only commuting self-adjoint operators give the following four results for the joint probabilities
computed from the state:
(1)
(2)
(3)
(4)

P [ZA = 1, ZB = 1] > 0.
P [ZB = 1, ZC = −1] = 0.
P [ZD = −1, ZA = 1] = 0.
P [ZC = 1, ZD = 1] = 0.

According to 1, in some substantial proportion of repetitions of the experiment
the outcome is such that both ZA and ZB have the value 1. Consider only such
outcomes. By 2 and 3 both ZC and ZD have the value 1. Then 4 says that this
cannot happen. The supposition that there are such physical quantities has led to
a contradiction. They do not exist.
Many physicists are aware of this situation, although perhaps not all realize
that it is fatal for the concept of self-adjoint operator as observable. In fact, they
often cheerfully acknowledge that for a particular experiment one self-adjoint operator may have an associated physical value, while another self-adjoint operator may
not have such a value at all. Obviously, which is the case must depend on something more than the self-adjoint operator. The self-adjoint operator alone does not
determine what is observed.
The result of this analysis is that a self-adjoint operators must be combined
with some other ingredient in order to define an observable. This extra ingredient
is the experimental context that defines the measurement. The random physical
quantity, if it is defined at all, depends not only on the self-adjoint operator, but also
on the experiment. So it is no surprise that the random variable α associated with
A in a measurement of A, B may have different values from the random variable
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α′ associated with A in measurement of A, D. A possible mechanism for this is
presented in the next subsection.
Nothing in the above discussion proves that there cannot be intrinsic properties of the system, independent of the experimental context. All it shows is that
such properties cannot be described exclusively by self-adjoint operators. There
are variations of non-relativistic quantum mechanics in which a system does have
intrinsic properties. See, for instance, [1] for Bohmian mechanics or the contribution by Carlen in [5] for stochastic mechanics. These formulations are often
overlooked, but they have considerable conceptual value. In particular, they often
provide instant counter-examples to a variety of careless assertions about quantum
theory.
An example of such properties is given by the description of spin in stochastic
mechanics. In the model of Dankel the spin variable is allowed to be continuous.
When the spinning particle interacts with a magnetic field oriented in a certain
direction, the result is that the spin component becomes oriented in this same
direction and takes on one of two possible values [4]. Furthermore, the spinning
particle is deflected in the corresponding direction. So while spin is an intrinsic
property of the system, discrete spin only emerges as a result of the interaction. This
model gives a vivid illustration of how a self-adjoint operator (the spin component
operator for the given direction) corresponds to a meaningful physical variable (the
actual spin, or the corresponding deflection) only as a result of the introduction of
an extra ingredient (the magnetic field).
The situation is less clear in the case of orthodox quantum mechanics, because
of a lack of agreement on the interpretation of the theory. It may be that it also
describes intrinsic properties in some indirect way, if one can believe the account in
the following subsection. If this were not the case, then it would be a puzzle that
experiments can have outcomes.

6.4. Self-adjoint operators with measurement as observables. Here is
a brief account of one possible interpretation of quantum mechanics. It is influenced
by [1], a survey that considers a variety of approaches. The present description
attempts to be close to quantum orthodoxy, and, given this constraint, reasonably
precise and consistent. As in many such accounts, the exposition is marred by
the introduction of undefined terms. In this case, the terms “measurement” and
“experiment” are at least partially specified, but the term “macroscopic” is not
subject to serious analysis.
The fundamental idea is that an observable consists of more than a self-adjoint
operator; there is also an experimental context. The self-adjoint operator merely
provides a convenient summary of certain aspects of the situation. There may be
more than one experiment that gives rise to a particular self-adjoint operator. So
the only kind of measurement involving the self-adjoint operator is when one is
performing the experiment.
We only deal with the case of point spectrum. In this case a self-adjoint operator
acting in the Hilbert space H may be written the form
(6.20)

A=

X
j

λj Ej
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The eigenvalues λj are real numbers (not necessarily distinct). There is an orthogonal family Hj of closed subspaces of the Hilbert space H whose direct sum is H.
The operators Ej denote the orthogonal projections onto the subspaces Hj .
The complete description involves the system together with an environment,
forming what one might call the total system. The self-adjoint operator acts on the
original system Hilbert space H. The environment Hilbert space H′ is intended to
describe the apparatus
N used for the experiment. The total system Hilbert space is
a tensor product H H′ of original system and environment Hilbert spaces. Thus
the original system is a subsystem of the total system.
An original system vector of the form Ej ψ is an eigenvector of the operator A
with eigenvalue λj . Let Φ be the initial state of the environment. Suppose that it is
possible to find a unitary time dynamics U for the total system that sends Ej ψ ⊗ Φ
to a state
(6.21)

U (Ej ψ ⊗ Φ) = Rj ψ ⊗ Φj .

The environment states Φj are taken to form an orthonormal family. The Rj are
a family of linear operators on the original system Hilbert space H defined by the
above equation. Since U is unitary, we see that kRj ψk2 = kEj ψk2 for each ψ. In
other words, the operators Rj satisfy Rj∗ Rj = Ej2 = Ej . The effect of the unitary
dynamics for the total system is to produce a correlation between original system
and the environment in which the original system vector Rj ψ goes with environment
vector Φj .
Let
P ψ be a unit vector representing the initial state of the original system. Since
ψ = j Ej ψ, the unitary dynamics for the total system gives a final state
X
Rj ψ ⊗ Φj .
(6.22)
U (ψ ⊗ Φ) =
j

The initial state of the original system was a pure state with state vector ψ. The
final state of the original system is a mixed state with state vectors given by normalizing Rj ψ, taken with probability
(6.23)

pj = k(Rj ψ) ⊗ Φj k2 = kRj ψk2 = kEj ψk2 = hψ, Ej ψi.

This kind of dynamical mapping of a pure state of the original system to a mixed
state of the original system via a unitary map of the total system (of which the
original system is a subsystem) is an example of decoherence. In the resulting
description of the original system all information about the relative phases of the
components Ej ψ is lost.
It is impossible to map a pure state of the system to a mixed state of the system with a unitary dynamics of the system alone. In an example of this kind the
mapping is accomplished with a unitary dynamics for the combined total system.
There is no reason to believe that the original system should have a unitary dynamics obtained from the Schrödinger equation, since there is an interval of time
for which it is not an isolated system.
If we associate the number λj with the random choice of j, then for each real
function f we have the expectation
X
X
f (λj )hψ, Ej ψi = hψ, f (A)ψi.
f (λj )pj =
(6.24)
j

j
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The system operator A together with the pure system state ψ gives the statistics
of λj with the mixed state probabilities pj .
Here is perhaps the simplest example. Consider a spin 1/2 particle. The Hilbert
space is the tensor product of a two-dimensional H with the space of wave functions
H′ = L2 (R3 ). Pick a direction in space, and impose a magnetic field along this
direction. As the particle passes through the region where this magnetic field acts,
it (or rather, its wave function) is deflected in one of two directions, parallel to the
magnetic field direction. This deflection is obtained by solving a generalization of
the Schrödinger equation in which the magnetic field interacts with the spinning
particle, and the solution operator is the unitary operator U . The self-adjoint
operator that is relevant to this experiment has spectral projections E± that project
onto the states where the spin in the given direction has one or the other sign. The
unitary operator U maps the initial state ψ ⊗ Φ = (E+ ψ + E− ψ) ⊗ Φ to the final
state R+ ψ ⊗ Φ+ + R− ψ ⊗ Φ− . The dynamics is run long enough so that for all
practical purposes the wave functions Φ± have disjoint supports. Thus the final
state is the sum of two orthogonal states with norms kR± ψk2 = kE± ψk2 . These
represent the probabilities of spin ±1 along the given direction.
Since the time of Bohr it has been customary to interpret the world on the
atomic level in terms of experience on the macroscopic scale. In this spirit, consider the environment state vectors Φj as being wave functions with macroscopically
disjoint supports. In this circumstance the correlation with the environment may
be thought of as permanent, for all practical purposes. Therefore no contradiction
arises from the supposition that the system state is realized with a particular value
of j. It is then customary to regard λj as the actual experimental value and Rj ψ
(suitably normalized) as the actual state vector of the system after the measurement. This is called reduction or collapse of the state vector. It corresponds to the
standard situation in applications of probability, where it is natural to think that
experiments that are actually performed have outcomes.
The probabilities of these outcomes are given by the probabilities pj = kEj ψk2
associated with the self-adjoint operator and the state ψ. However, as we saw in
the previous subsection, the actual outcomes that are obtained must depend on
something else. It is the association with macroscopically distinct states and the
associated collapse that provides the mechanism.
The Schrödinger equation is deterministic and thus cannot possibly provide
a random outcome. So collapse is not obtained by solving the Schrödinger equation. It would seem that collapse is a problematic operation from the point of
view of quantum dynamics. On the other hand, collapse does not contradict the
Schrödinger equation, since no one expects that the system should obey this equation while it is in interaction with the environment. And the result is that the
pure state given by ψ is mapped to another pure state given by Rj ψ, suitably
normalized. The idea is that at the beginning and at the end of the experiment
the original system may be regarded as a quantum mechanical system in its own
right, rather than as a subsystem of a larger system. The mapping itself is obtained
by considering the original system as a subsystem of a larger system and invoking
decoherence followed by collapse. From the point of the view of the original system it appears only as a rather mysterious random process. It is this process that
allows quantum experiments to have physically realized outcomes. For a quantum
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mechanical system to have an intrinsic property it would seem that there must be
an interaction with the macroscopic world.
Is this all there is to quantum reality? In other words, is it necessary to have
this kind of amplification to the macroscopic level in order to make sense of the
theory? Perhaps the answer is yes, but this leaves many questions unanswered.
We conclude this subsection with a technical comment. The above discussion
showed that an experiment of a certain kind can provide a measurement for a selfadjoint operator. However there is a somewhat more general but still reasonable
notion of experiment that need not provide a such a measurement. Suppose that
there is a unitary time dynamics U such that for each system vector ψ we have
X
(6.25)
U (ψ ⊗ Φ) =
Rj ψ ⊗ Φj .
j

Here the Rj are bounded operators, without the restriction that Rj∗ Rj is an orthogonal projection. Each individual Oj = Rj∗ Rj is a bounded positive selfadjoint operator. The unitarity condition implies that for each initial ψ the sum
P
ψk2 = kψk2 . As a consequence, the operators Oj are normalized to satj kR
Pj
isfy j Oj = I. The same calculation as above shows that the probability of the
support corresponding to index j is
pj = k(Rj ψ) ⊗ Φj k2 = kRj ψk2 = hψ, Oj ψi.

(6.26)

If we associate the number λj with this event, then there is no difficulty in computing
X
X
X
f (λj )hψ, Oj ψi.
f (λj )kRj ψk2 =
f (λj )pj =
(6.27)
j

j

j

So it would seem that the entire discussion of experiment carries over to this more
general situation, where there is no reference to a self-adjoint operator A. The
system is in a mixed state in which Rj ψ occurs with probability pj . The collapse
of the state to one of the Rj ψ remains just as valid. This form of experiment seems
just as reasonable as the more restrictive one presented above.
It is still possible to define a self-adjoint operator
X
λj Oj ,
(6.28)
A=
j

but this representation is far from being a spectral representation. The self-adjoint
operator A is useful for expressing the expectation (or mean)
X
X
λj hψ, Oj ψi = hψ, Aψi,
λj pj =
(6.29)
j

j

but it is not relevant to computing the distribution of the λj . In fact the distribution
of A is concentrated on its eigenvalues, and the λj are not eigenvalues of A. Thus
it is misleading to regard the experiment as providing a measurement for A.
This more general kind of experiment seems just as plausible as what we had
before. The result is that certain numbers λj are observed, but they are not numbers
associated with a self-adjoint operator. Perhaps the notion that observables must
correspond to self-adjoint operators may be taken with some skepticism.
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