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ABSTRACT. We give an elementary introduction to the subject of trace in-
equalities and related topics in analysis, with a special focus on results that
are relevant to quantum statistical mechanics. This introductory course was
presented at Entropy and the Quantum: A school on analytic and functional
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1. Introduction

1.1. Basic definitions and notation. Let M,, denote the space of n x n
matrices, which we sometimes refer to as operators on C". The inner product on
C™, and other Hilbert spaces, shall be denoted by (-, -), conjugate linear on the left,
and the Hermitian conjugate, or simply adjoint of an A € M, shall be denoted by
A*.

Let H,, denote the n x n Hermitian matrices, i.e.; the subset of M,, consisting
of matrices A such that A* = A. There is a natural partial order on H,: A matrix
A € H, is said to be positive semi-definite in case

(1.1) (v, Av) >0 forallv e C" |

in which case we write A > 0. A is said to positive definite in case the inequality
in (1.1) is strict for all v # 0 in C™, in which case we write A > 0. Notice that in
the finite dimensional case we presently consider, A > 0 if and only A > 0 and A
is invertible.

By the Spectral Theorem, A > 0 if and only if all of the eigenvalues of A are
non-negative, which is the case if and only if there is some B € M, such that
A= B*B.
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Finally, we partially order H,, by defining A > B to mean that A— B > 0. We
shall also write A > B to mean that A — B > 0. Let H;} denote the n x n positive
definite matrices.

For A € M, the trace of A, Tr(A), is defined by

=1
For any A, B € M,,,
(12) TI‘(AB) = Z Ai,ij,i = Z Bj,iAi,j = TI‘(BA) .
i,j=1 4,J=1
This is known as cyclicity of the trace. Tt tells us, for example that if {ug, ..., un}

is any orthonormal basis for C”, then

(1.3) Tr(A) = > (u;, Auy) .

J=1

Indeed if U is the unitary matrix whose jth column is u;, (U*AU);; = (u;, Au;),
and then by (1.2), Tr(U*AU) = Tr(AUU*) = Tr(A). Thus, Tr(A) is a unitarily
invariant function of A, and as such, depends only on the eigenvalues of A. In fact,
taking {u1, ..., un} to be an orthonormal basis of C™ with Au; = A ju;, j =1,...,n,
(1.2) yields

(1.4) Tr(A) =) .

An n X n density matriz is a matrix p € H with Tr(p) = 1. The symbols p
(and o) are traditional for density matrices, and they are the quantum mechanical
analogs of probability densities, and they are in one-to-one correspondence with the
set of states of a quantum mechanical system whose observables are self adjoint
operators on C".

Let S,, denote the set of density matrices on C". This is a convex set, and it
is easy to see that the extreme points of S,, are precisely the rank one orthogonal
projections on C™. These are called pure states.

Of course in many, if not most, quantum mechanical systems, the observables
are operators on an infinite dimensional, but separable, Hilbert space H. It is
easy to extend the definition of the trace, and hence of density matrices, to this
infinite dimensional setting. However, it is not hard to show that any positive semi-
definite operator p on H with Tr(p) = 1 is a compact operator, and thus it may be
approximated in the operator norm by a finite rank operator. Simon’s book [31]
contains a very elegant account of all this. Here we simply note that essentially
for this reason, the essential aspects of the inequalities for density matrices that
we study here are contained in the finite dimensional case, to which we restrict our
attention for the most part of these notes.
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1.2. Trace inequalities and entropy. Much of what we discuss here is di-
rectly related to some notion of entropy.

1.1. DEFINITION. The won Neuman entropy of p € S,,, S(p), is defined by
(1.5) S(p) = —Tr(plogp) -

The operator plogp € H,, is defined using the Spectral Theorem. This says
that for every self adjoint operator A on C", there exists an orthonormal basis
{u1,...,u,} consisting of eigenvectors of A, meaning that for some real numbers
{AM,. o, A}, Auj = Ajuy for j =1,...,n. The set {A1,..., A} is the spectrum of
A, and the numbers in it are the eigenvalues of A.

Given such a basis of eigenvectors, let P; be the orthogonal projection in C™
onto the span of u;. Then A can be written in the form

(1.6) A=) "\P
=1

This is the spectral decomposition of A.
For any function f: R — R, the operator f(A) € H,, is then defined by

(1.7) FA) =" fN)P; .

Using the evident fact that P;P, = §;,P;, it is easily checked that if f is a
polynomial in the real variable ¢, say f(t) = Z?zo a;t/, then for this definition,
flA) = E?zo a;jA’. Tt is easily checked that in general, as in the polynomial case,
f(A) does not depend on the choice of the orthonormal basis {us, ..., u,} consisting
of eigenvectors of A.

A case that will be of particular focus in these notes is f(t) = tlog(t). Given
p € Sy, let {ug,...,u,} be an orthonormal basis of C™ consisting of eigenvectors
of p: puj = Aju;. Since p > 0, each A; > 0 for each j. Then by (1.3), Y-7_3 A; = 1,
and so A\; <1 for each j. By (1.3) once more,

(1.8) S(p) ==Y Ajlogh; .
j=1

That is, S(p) depends on p only through its eigenvalues. Otherwise put, the von
Neumann entropy is unitarily invariant; i.e.,

(1.9) SWpU) = S(p)
The fact that ¢ — tlog(¢) is strictly convex together with (1.8) tells us that

I I I
—S(p) =n— Ailog N\ < — YR ! — A
(p) ”nz j 108 A; =N nJ:Zl j | 108 n; J

J=1

—n (%) log <%> = —log(n) ,
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and there is equality if and only if each A; = 1/n. Thus, we have
(1.10) 0< S(p) <logn

for all p € S,, and there is equality on the left iff p is a pure state, and there is
equality on the right iff p = (1/n)I.

Actually, S(p) is not only a strictly concave function of the eigenvalues of p, it
is strictly concave function of p itself.

That is, as we shall show in the next section,

(L11) S((1 = t)po + tp) = (1—1)S(po) +£S(p1)

for all po, p1 € Sy, with equality iff pog = p1. This is much stronger than concavity
as a function of the eigenvalues since if pp and p1 do not commute, the eigenvalues
of (1 — t)po + tp1 are not simply linear combinations of the eigenvalues of po and
P1-

Since we shall be focusing on convexity and concavity of trace functions in
these notes, we briefly discuss one reason this concavity matters, starting with the
simpler fact (1.10) that we have deduced from the concavity of the entropy as a
function of the eigenvalues of p.

In quantum statistical mechanics, equilibrium states are determined by maxi-
mum entropy principles, and the fact that
(1.12) sup S(p) =logn

PES,
reflects Boltzmann’s identity
S=klogW

which is engraved on his funerary monument in Vienna.

Often however, we are not interested in the unconstrained supremum in (1.12),
but instead the constrained supremum over states with a specified energy: Consider
a quantum system in which the observables are self adjoint operators on C", and in
particular, in which the energy is represented by H € H,,. By the rules of quantum
mechanics, the expected value of the energy in the state p is given by Tr(Hp). Our
constrained optimization problem is to compute

(1.13) sup{ S(p) : p€S, , Tr(Hp)=FE }.

The key to this solving this problem is a duality formula for the entropy that is
part of Theorem 2.13 which we prove in the next section. The formula in question
says that for any density matrix p in M,,,

(1.14) —S(p) = SGUI-II) {Tr(Ap) — In (Tre?) },
and moreover
(1.15) —S(p) =Tr(Ap) — In (TreA) = p= Tr(leA)eA .

Notice that for any fixed A € H,,, the function
p— Tr(4p) —In (TreA)
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is affine, and therefore convex. It is easy to see that the pointwise supremum of
any family of convex functions is again convex, and so proving the duality formula
(1.14) would immediately prove the concavity of the entropy.

In fact, under mild regularity conditions, every convex function can be written
in this way, as a supremum of affine functions. Such dual representations are very
useful in solving variations problems involving convex functions. We illustrate this
by solving the optimization problem in (1.13).

1.2. DEFINITION (Gibbs state). Given H € H,, and 8 € R, the Gibbs state for

Hamiltonian H at inverse temperature 3 is the density matrix pg g where

1
1.16 =——— e PH
( ) PB.H Tr[e_ﬁH]e

Define Poo,H = limgﬁoo PB,H and P—oco,H = limgi,,oo PB,H-

It may seem strange that we allow negative “temperatures” in this definition.
However, it is physically natural for systems with finitely many degrees of freedom.
On a mathematical level, negative “temperatures” are natural on account of the
following theorem:

1.3. THEOREM (Variational principle for Gibbs states). Let H € H,,, and let
A1 < - <\, be the n eigenvalues of H. Then for any E with

M <E <A,
there is a unique 3 € [—00,00] such that
E=Tr(Hppp,u) ,
and for any p € S,,
Te(Hp)=E and S(p)=sup{ S(p) : p€ S, Tr(Hp)=E} <= p=ppp.n -

Proof: We shall use (1.14) and (1.15), though these shall only be proved in Theo-
rem 2.13. Note that by (1.14), for any p € S,, with Tr(pH) = E,

(1.17) S(p) < BE + In (Tre #H) |
and by (1.15), there is equality in (1.17) if and only if

- 1 _
(118) P= T mem]e e

where O is such that Tr(ps, wH) = E, so that our constraint is satisfied. For
A < E < \,, there is exactly one such S as we explain next.
Notice that

A direct calculation shows that
L tog (Tole)) = L v re o (éTr[He_ﬁH])z .
ds? Tr [e=PH] Tr [e—PH)

By the Schwarz inequality, this is strictly positive unless H is a multiple of the
identity. If H is a multiple of the identity, necessarily EI, the optimization problem
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is trivial, and the optimal p is (1/n)I. So assume that H is not a multiple of the
identity. Then the map 5+ log (Tr[e_ﬁ H ]) is strictly convex, and hence § —
Tr(Hpg,u) is strictly monotone decreasing, and in fact,

1 S
Tr(Hpp,r) = 7211 R Z)\je BA;
J= j=1

It follows that

ﬁlim Tr(Hpg u) =M andﬁlim Tr(Hpp,H) = A -

By the Spectral Theorem, A1 < Tr(Hp) < A, for all p € S,,, and so for all E €
[MA, An], there is a unique value of 3 € [—o0, 00| such that Tr(Hpg u) = E. |

The fact that the Gibbs state pg, g is characterized by the fact that
S(ppe.a) > S(p) forall peS, with Tr(Hp)=F

gives rise to the wariational principle for Gibbs states. If one accepts the idea
that equilibrium states should maximize the entropy given the expected values of
macroscopic observables, such as energy, this leads to an identification of Gibbs
states with thermodynamic equilibrium states.

There is a great deal of physics, and many open questions, that one should
discuss to set this variational principle in proper physical context. Such a discussion
is far beyond the scope of these notes. Here we shall simply accept the deep physical
insight that equilibrium states should maximize the entropy given the expected
values of macroscopic observables, such as energy. Then, as we have seen, this
extremal property is intimately connected with the concavity of the entropy.

Further exploration of these ideas would lead one to investigate certain con-
vexity, concavity and monotonicity properties of other trace functions. These notes
will focus on the mathematical aspects of convexity, concavity and monotonicity
properties of trace functions. This is an extremely beautiful theory, and the beauty
can be deeply appreciated on a purely mathematical basis. However, one should
bear in mind that many of the most profound aspects of this theory were discovered
through physical enquiry.

As we have indicated, the entropy is not the only trace function that mat-
ters in statistical mechanics: Even in this very particular context of the entropy
maximization problem, the duality formula (1.14) involves the trace functional
A — log (Tr(eA)), and its proof makes use of what is known as the relative en-

tropy:

1.4. DEFINITION. The relative entropyof p € S,, with respect to o € S,,, S(p|o),
is defined to be 400 unless the nullspace of p contains the nullspace of ¢ in which
case it is defined by

(1.19) S(plo) = Tr(plog p) — Tr(plogo) .

As we shall see, (p,0) — S(p|o) is jointly convezr in the sense that for all
00, P1,00,01 €S, and any 0 <t <1,

(1.20) S((1—=1t)po + tp1|(1 —t)oo +tor) < (1 —t)S(poloo) + tS(p1]o1) -
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This is a deeper fact than is needed to prove the duality formula (1.14) — which only
uses the much more easily proved fact that S(p|o) > 0 with equality if and only
if o = p. This is a special case of Klein’s inequality, which we prove in Section 2,
and show it to be a direct consequences of the strict concavity of the von Neuman
entropy.

The joint convexity of S(p|o) is, as we have noted, much deeper than the strict
concavity of the von Neuman entropy. Its proof, and its applications, shall have
to wait until later. The ideas leading to the proof are closely connected with yet
another type of “entropy”;i.e., the Wigner-Yanase skew information.

The notions of “entropy” and “information” are distinct, but closely inter-
twined. The Shannon information content Is(p) of a density matrix p € S, is
defined by Is(p) = —S(p). See [19] for a discussion of this definition. Note that
with this definition, the information content of any pure state p is zero.

However, for a quantum mechanical system in which the observables are self
adjoint operators on C", and in which the energy is the observable H € H,,, some
states are easier to measure than others: Those that commute with H are easy
to measure, and those that do not are more difficult to measure. This led Wigner
and Yanase [38, 39] to introduce the Wigner-Yanase skew information Iwy (p) of
a density matrix p in a quantum mechanical system with energy operator H to be

1
Twy (p) = =5Tr ([Vp, HP?) .

Note that

(1.21) Ly (p) = TrH?p — Tr\/pH /pH ,

which vanishes if and only if p commutes with H.
Wigner and Yanase [38, 39| proved that p — Iy (p) is convex on S, i.e.,

(1.22) Iwy (1 =t)po +tp1) < (1 = t)Iwy (po) + tlwy (p1) ,

and explained the information theoretic consequences of this. From the formula
(1.21), it is clear that convexity of p — Iwy(p) amounts to concavity of p —
Tr\/pH,/pH, which they proved. Even though this is a convexity result for one
variable, and not a joint convexity result, it too is much harder to prove than the
concavity of the von Neuman entropy, or what is the same thing, the convexity of
the Shannon information.

Wigner and Yanase left open the more general problem of concavity of

(1.23) p— Tr(pP Kpt P K*)

for 0 < p <1, p# 1/2. (Dyson had raised the issue of proving this more general
case.) Lieb realized that this problem was closely connected with something then
known as the strong subadditivity of quantum entropy conjecture, which was due to
Ruelle and Robinson. Lieb [18] proved the convexity of the function in (1.23) for
all 0 < p < 1, and this deep result is known as the Lieb Concavity Theorem. Then
he and Ruskai applied it to prove [20] the strong subadditivity of quantum entropy
conjecture. Later in these notes we shall explain what this strong subadditivity is,
why it is significant, and give several proofs of it.
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For now, we mention that strong subadditivity of the entropy is an example of
a trace inequality for density matrices acting on a tensor product of Hilbert spaces
— H1 ® H2 ® Hsz in this case — that involves partial traces. The different Hilbert
spaces correspond to different parts of the quantum mechanical system: Here, H;,
‘H1 and H3 are the state spaces for degrees of freedom in various subsystems of the
whole system, and it is often important to estimate the entropy of a density matrix
p on the whole system in terms of the entropies of induced density matrices on the
various subsystems. Later in these notes, we shall extensively develop this general
topic, and inequalities for tensor products are absolutely fundamental throughout
the subject. In fact, the easiest (by far) proof of the Lieb Concavity Theorem
proceeds through a simple tensor product argument devised by Ando [1].

Before entering fully into our subject, let us close the introduction by empha-
sizing that in our exposition, we shall provide full mathematical detail and context,
but we shall be comparatively sketchy when it comes to physical detail and context.
There are many excellent accounts of the physics behind the definitions of S(p),
S(plo) and Iy (p) and other mathematical constructions that we shall encounter
here. Thirring’s book [33] is an especially good reference for much of this. It is
especially good at connecting the physics with the rigorous mathematics, but still,
what we do here provides a mathematical complement to it. For example, [33] does
not contain a full proof of the joint convexity of S(p|c). It only give the simple
argument which reduces this to the Lieb Concavity Theorem, about which it says:
“The proof of this rather deep proposition ... is too laborious to be repeated here”.
In fact, as we shall see, one can give a very simple, clean and clear proof of this.
The point of view that leads to this simple proof is due to Ando [1], and as we shall
see, it provides insight into a number of other interesting questions as well. We
now turn to the systematic development of our subject — inequalities for operators
and traces, with special focus on monotonicity and convexity.

2. Operator convexity and monotonicity

2.1. Some examples and the Lowner-Heinz Theorem.

2.1. DEFINITION (Operator monotonicity and operator convexity). A function
f:(0,00) — R is said to be operator monotone in case whenever for all n, and all
A, BeH},

(2.1) A=B = f(4)= f(B).

A function f: (0,00) — R is said to be operator convex in case for all n and all
A, BeH} and 0 <t <1,

(2.2) fl(l=t)A+tB) <tf(A)+(1—-t)f(B).
We say that f is operator concave if —f is operator convex.

By considering the case of 1 x 1 matrices, or diagonal matrices in H,,, one sees
that if f is monotone or convex in the operator sense, then it must be monotone or
convex in the usual sense as a function from (0, c0) to R. The opposite is not true.
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2.2. ExaMpPLE (Non-monotonicity of the square). The function f(t) = #? is
monotone in the usual sense, but for A, B € H,
(A+ B)> = A% + (AB + BA) + B? .

For any choice of A and B such that AB + BA has even one strictly negative
eigenvalue, (A + tB)? > A? will fail for all sufficiently small t. It is easy to find
such A and B in H}. For example, take

11 10
o) ae[P] e s2[10)
so that
2 1
AB+ BA = .
=[] o]
Thus, not even the square function is operator monotone. O

It turns out, however, that the square root function is operator monotone. This
is an important theorem of Heinz [13]. The proof we give is due to Kato [17]; see
[9] for its specialization to the matrix case, which we present here.

2.3. ExaMPLE (Monotoncity of the square root). The square root function,
f(t) = 112 is operator monotone. To see this, it suffices to show that if A, B € H}"
and A% < B?, then A < B.

Towards this end, consider any eigenvalue A of the Hermitian matrix B — A,
and let u be a unit vector that is an eigenvector with this eigenvalue. We must
show that A > 0. Observe that

(B—Xu=Au = (Bu,(B— A\u) = (Bu, Au) .
Then by the Schwarz inequality,

| Bull? = Mu, Bu) < || Bul|| Aul| -

But since A2 < B2,

1Bul| Aul| = (u, B?u)*?(u, A%u)*/? < (u, Bu) ,
we have

[ Bul> = Mu, Bu) < || Bul|? ,

and this shows that A(u, Bu) > 0, and hence A > 0. O

We now give two examples pertaining to convexity:

2.4. EXAMPLE (Convexity of the square). The square function is operator con-
vex: One has the parallelogram law

A+B\?> [A-B\* 1 1
:_AZ_BZ
(%57) «(%57) =pr e am

so certainly for f(t) = t?, one always has (2.2) for ¢t = 1/2, which is known as
midpoint convezxity. A standard argument then gives (2.2) whenever ¢ is a dyadic
rational, and then by continuity one has it for all ¢, in (0,1) of course. We will
often use the fact that in the presence of continuity, it suffices to check midpoint

convexity. (I
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2.5. ExaAMPLE (Non-convexity of the cube). The cube function is not operator
convex. To easily see this, let us deduce a consequence of (2.2) that must hold for
any operator convex function f: Take A, B € H, and all 0 < ¢t < 1, and note that

A+tB=(1-t)A+t(A+ B) .
Thus, from (2.2), f(A+tB) < (1 —1t)f(A) + tf(A+ B) which yields
f(A+1tB) — f(A)
t

Taking f to be the cube function, and then letting ¢ tend to zero in (2.4), we see
that convexity of the cube function would imply that for all A, B € H,

(B®+ BAB) + (AB> + B?A) >0 .

(2.4) <f(A+B)-f(A).

This fails for A, B chosen exactly as in (2.3); indeed, note that for this choice
B3® = B? = BAB = B, so that

(B® 4+ BAB) + (AB? + B%A) = H H ,

which is definitely not positive semi-definite! O

After seeing these negative examples, one might suspect that the notions of
operator monotonicity and operator convexity are too restrictive to be of any inter-
est. Fortunately, this is not the case. The following result furnishes a great many
positive examples.

2.6. THEOREM (Lowner-Heinz Theorem). For —1 < p < 0, the function f(t) =
—tP is operator monotone and operator concave. For 0 < p < 1, the function
f(t) =tP is operator monotone and operator concave. For 1 < p < 2, the function
f(t) = t? and operator convex. Furthermore f(t) = log(t) is operator concave and
operator monotone, while f(t) = tlog(t) is operator conver.

Lowner actually proved more; he gave a necessary and sufficient condition for
f to be operator monotone. But what we have stated is all that we shall use.

We shall give an elementary proof of Theorem 2.6 after first proving two lem-
mas. The first lemma addresses the special case f(t) =t~1.

2.7. LEMMA. The function f(t) = t=1 is operator convex, and the function
f(t) = =t~ is operator monotone.

Proof: We begin with the monotonicity. Let A, B € H}. Let C = A=Y/2BA1/?
so that

AP (A+B)r =AYV (1 +0)ATY2
Since C € H}, I — (I +C)~* € H}, and hence A~Y2[I — (I + C)~1A~Y2 > 0.

no

This proves the monotonicity.
Similarly, to prove midpoint convexity, we have

-1
L1 lpg1 (AJF_B> _ 42
2 2

A2
2

I+C>‘1

1.1,
gl + 3¢ ‘( 5
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By the arithmetic-harmonic mean inequality, for any real numbers a,b > 0,

atb  (at4bt *1'
7 = 2

Applying this with ¢ = 1 and ¢ any eigenvalue of C~1, we see from the Spectral

Theorem that .
1 1 .,.4 I+C\~
il i S (i >
10 ( : ) 0

- )

from which

1 1 A+ B\t
Ay BTl >
54 "ty ( 2 ) =0

follows directly. Again, by continuity, the full convexity we seek follows from the
midpoint convexity that we have now proved. |

The other ingredient to the proof of Theorem 2.6 is a set of integral represen-
tations for the functions A — AP in H for p in the ranges -1 <p<0,0<p <1
and 1 <p < 2:

2.8. LEMMA. For all A e H

~ . one has the following integral formulas:

P _ T = 1 _
(2.5)A7 = Sn(r(p+ 1)) /0 t t—l—Adt forall —1<p<0.
P _ 7T (11
(2.6)A Sn(7) /o t (t P dt forall0<p<1.
T e A t
2.7MAP = ——— P —+———T|dt fi 111 2.
@7) sin(w(p—l))/o <t+t+A ) oral<ps

e 1 1
Proof: For all @ > 0, and all 0 < p < 1 the integral / tP (— — )dt
0 t t-l-a

converges since the singularity at the origin is O(t?~1) and the decay at infinity
is O(tP~2). Making the change of variables ¢ = as, it is then easy to see that the
integral is a constant multiple of a?, where the constant depends only on p. This
is all we need, but in fact a simple contour integral calculation yields the explicit

ap:#/ wl(l_ L \y
sin(mp) Jo t t+a

Multiplying by a, we get

ap+1:.7r /Ootp g—f—L—I dt .
sin(mp) Jo t t4a

Dividing by a, we get

result

N /Oot”_l s
sin(mp) Jo t+a
The formulas (2.5),(2.6) and (2.7) now follow by the Spectral Theorem. |

Proof of Theorem 2.6: Note that Lemma 2.7 yields the concavity and monotonic-
ity of A — AP for p = —1. The case p = 0 is trivial, and we have already directly
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established the convexity (and the non-monotonicity) for p = 2. For non-integer
values of p, we use Lemma 2.8 to reduce to the case p = —1.

By Lemma 2.7, the map A — —(t + A)~! is operator concave and operator
monotone. Any weighted sum (with positive weights) of operator concave and
operator monotone functions is again operator concave and operator monotone.
For —1 < p < 0, (2.5) says that —AP is such a weighted sum, and so A — AP is
operator convex, and A — — AP is operator monotone in this range. A very similar
argument shows that for 0 < p < 1, A — AP is operator concave and operator
monotone.

The case 1 < p < 2 is a bit different: By Lemma 2.7, the map

At
ATt

is a sum of operator convex functions, and hence is operator convex. However, it is
a difference of operator monotone functions, and is not operator monotone. Hence
all that we can conclude is that A — AP is convex in this range. (Indeed, we have
seen that the monotonicity fails at p = 2, and so monotonicity, which is preserved
under limits, cannot hold for p near 2.)

Finally, again by the Spectral Theorem,

(2.8) log(A) = li L (AP — 1)  and  Alog(A) = li Ar-A
. = lim — —_ 8l = 111m
& p—0p & p—1 p—1

Since the map A — %(Ap —1I) has been shown to be operator monotone and operator
concave for all p € [—1,1], and since these properties are preserved under limits
taken in (2.8), we see that A — log(A) is operator monotone and operator concave.
Likewise, since A +— (p — 1)"1(AP — A) is convex for all p # 1 in the interval [0, 2],
we see that A — Alog(A) is operator convex. |

We close this subsection by stating Lowner’s necessary and sufficient condition
for f: (0,00) — R to be operator monotone: This is the case if and only if f admits
an integral representation

flo) = o+ fa— [

du(t)
for some «, 3 € R, 8 > 0, and some finite positive measure .

2.2. Convexity and monotonicity for trace functions. Given a function
f:R — R, consider the associated trace function on H,, given by

A= Tr[f(A)] .

In this subsection we address the question: Under what conditions on f is such a
trace function monotone, and under what conditions on f is it convex? We shall
see that much less is required of f in this context than is required for operator
monotonicity or operator convexity. Notice first of all that we are working now on
H,, and not only H;}, and with functions defined on all of R and not only on (0, co).

The question concerning monotonicity is very simple. Suppose that f is con-
tinuously differentiable. Let B,C € H}. Then by the Spectral Theorem and first
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order perturbation theory,
d
T (B +10)| o = Tr(f'(B)C) = Tx(CH2 ' (B)CY?) |

where in the last step we have used cyclicity of the trace. As long as f has a
positive derivative, all of the eigenvalues of f/(B) will be positive, and so f/(B) is
positive semi-definite, and therefore so is C*/2f'(B)C*/2. Tt follows immediately
that Tr(CY/2f'(B)CY/?) > 0, and from here one easily sees that for A > B, and
with C = A — B,

1
Tr[f(A)] — Te[f(B)] = / Te(CY2f'(A+tB)CY?)dt > 0 .
0

Thus, Tr[f(A)] > Tr[f(B)] whenever A > B and f is continuously differentiable
and monotone increasing. By a simple continuity argument, one may relax the
requirement that f be continuously differentiable to the requirement that f be
continuous.

The question concerning convexity is more interesting. Here we have the fol-
lowing theorem:

2.9. THEOREM (Peierls Inequality). Let A € H,, and let f be any convex

function on R. Let {us,...,u,} be any orthonormal base of C"*. Then
(29) > F (g, Aug)) < TH(f(A)] .
j=1

There is equality if each uj is an eigenvector of A, and if f is strictly convez, only
in this case.

Proof: By (1.3) together with the spectral representation (1.7),

<uj [i FO0P >

( S )| Preus | )

<i Ak || P | )

1

NE

Tr[f(A)] =

<.
Il
i

[
M:

<.
Il
=

M:

(2.10)
1

<.
Il

I
NE

[ ((ug, Auy))

<.
1l
i

The inequality above is simply the convexity of f, since for each j, > _j—; || Peu;||? =
luj||? = 1, and thus Y ;—; Axl|Peuy]|? is a weighted average of the eigenvalues of
A. Note that each u; is an eigenvector of A if and only if || Pyu;||? = 1 for some
k, and is 0 otherwise, in which case the inequality in (2.10) is a trivial equality.
And clearly when f is strictly convex, equality can hold in (2.10) only if for each
3y || Psuj||? = 1 for some k, and is 0 otherwise. |
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Now counsider A, B € H,,, and let f : R — R be convex. Let {us,...,u,} be an
orthonormal basis of C™ consisting of eigenvectors of (A4 B)/2. Then, Theorem 2.9,

W) - Bl t5)

=1
2.11) < 3 [ s dus)) + 5 (g B
=1
(212) < ST + S THA(B)]

where we have used Theorem 2.9, in the first equality, and where in (2.11) we have
used the (midpoint) convexity of f, and in (2.12) we have used Theorem 2.9 again.

This shows that for every natural number n, whenever f is midpoint convex,
the map A +— Tr[f(A)] is midpoint convex on H,,. Note that if f is strictly convex
and Tr[f(A + B)/2] = Tr[f(A)]/2 + Tr[f(A)]/2, we must have equality in both
(2.11) and (2.12). On account of the strict convexity of f, equality in (2.11) implies
that (u;, Auj) = (uj, Bu;) for each u;. By the conditions for equality in Peierl’s
inequality, equality in (2.11) implies that each u; is an eigenvector of both A and
B. Thus,

AUJ' = <Uj,AUj>’le = <Uj,B’U,j>’UJj = BUj )

and so A = B.

A simple continuity argument now shows that if f continuous as well as convex,
A Tr[f(A)] is convex on H,,, and strictly so if f is strictly convex.

Let us summarize some conclusions we have drawn so far in a theorem:

2.10. THEOREM (Convexity and monotonicty of trace functions). Let f : R — R
be continuous, and let n be any natural number. Then if t — f(t) is monotone
increasing, so is A — Tr[f(A)] on H,. Likewise, if t — f(t) is convez, so is
A — Tr[f(A)] on H,, and strictly so if f is strictly convez.

2.3. Klein’s Inequality and the Peierls-Bogoliubov Inequality. We
close this section with three trace theorems that have significant applications in
statistical quantum mechanics.

2.11. THEOREM (Klein’s Inequality). For all A, B € H,,, and all differentiable
convez functions f : R — R, or for all A,B € HY, and all differentiable convex
functions f: (0,00) = R

(2.13) Tr[f(A) - f(B) - (A= B)f(B)] = 0.
In either case, if f is strictly conver, there is equality if and only if A = B.

Proof: Let C = A — B so that for 0 <t < 1, B+tC = (1 —t)B + tA. Define
o(t) = Tr[f(B + tC)]. By Theorem 2.10, ¢ is convex, and so for all 0 < ¢ < 1,

o(1) = p(0) > 2020
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and in fact the right hand side is monotone decreasing in ¢. Taking the limit ¢ — 0
yields (2.13). Note that if f is strictly convex and C # 0, then ¢ is strictly convex.

e(t) — »(0)
t

decreasing in t. |

The final assertion follows from this and the fact that is monotone

2.12. THEOREM (Peierls-Bogoliubov Inequality). For every natural number n,
the map
A log (Trlexp(A))

18 convex on H,,

Remark The appellation “Peierls-Bogoliubov Inequality” has been attached to
many inequalities by many authors. It is often used to refer to the inequality one
gets as a consequence of Theorem 2.12 and the “increasing chordal slope argument”
used to prove Klein’s inequality.

Indeed, for any A, B € H,,, and any 0 < t < 1, let ¥ (¢) be the function

t — log (Tr[exp(A + tB)]) .

By Theorem 2.12, this is convex, and hence

W(t) — (0
v(1) - v(0) > MO0
for all ¢. Taking the limit ¢ — 0, which exists by monotonicity, we obtain
Tr[eA*B] Tr[Be4]
log > .
Trle4] Trle4]
Frequently this consequence of Theorem 2.12, which has many uses, is referred to
as the Peierls-Bogoliubov Inequality.

(2.14)

Proof of Theorem 2.12: We first define ¢ : R™ — R by ¢(z) = log <Z e’”’“).
k=1

A simple computation of the Hessian matrix of ¢ yields

0?2 eri
T) = a;d;; — a;a; where Q= —7— .
0z;0z; #lr) = a0 = aiay T

Hence for any y € R"”,

> ey =Y aui— | Y ajy;
8xi8xj =1 =1

i,j=1

2

n n
Then by Schwarz inequality, and the fact that Z?:l a; =1, Z a;y;| < Z ajyjz-.
=1 =1
Thus, the Hessian matrix of ¢ is non-negative at each x € R™, and hence ¢ is
convex. Hence, for any x,y € R™,

r+y 1 1
. < - - .
(2.15) w( 5 ) < (@) + 59(y)
To apply this, let A, B € H,,, and let {u1,...,u,} be any orthonormal basis
of C™. For each j =1,...,n, let z; = (u;, Au;) and y; = (uj, Bu;), and let = and
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y be the corresponding vectors in R™. Then if we take {u1,...,u,} to consist of
eigenvectors of (A + B)/2, we have from Theorem 2.9 that
(2.16)
A+ B - A+ B T4y
o8 (Tir [exp < 2 )D s ;eXp<“j’ 2 “j> I ( 2 > '
Now, again by Theorem 2.9, Tr[exp(A4 Z ({(uj, Au;)), and so by the mono-

tonicity of the logarithm, and the deﬁmtlon of x and ¢(x), log(Trlexp(A)]) > ¢(x).
A similar argument yields log(Tr[exp(B)]) > ¢(y). Combining these last two in-
equalities with (2.15) and (2.16) proves the theorem. |

Not only are the functions H — log (Tr[ef]) and p — —S(p) both convex,
they are Legendre Transforms of one another. (See [26] for a full mathematical
treatment of the Legendre transform.) Before proving this result, which is justifies
(1.14) from the introduction, we first extend the domain of S to all of Hy:

otherwise.

217) S(4) = {:Tr(AlnA) A€S,,

2.13. THEOREM (Duality formula for the entropy). For all A € H,,,
(2.18) —S(A) = sup {Tr(AH) — In (Tr [eH]) : HeH, } .

The supremum is an attained mazimum if and only if A is a strictly positive prob-
ability density, in which case it is attained at H if and only if H = In A + ¢l for
some c € R. Consequently, for all H € H,,,

(2.19) In (Tr [e”]) = sup {Tr(AH) + S(A) : A€ H,} .

The supremum is a maximum at all points of the domain of In (Tr (eH)), in which
case it is attained only at the single point A = e /(Tr(efl)).

Proof: To see that the supremum is oo unless 0 < A < I, let ¢ be any real number,
and let u be any unit vector. Then let H be ¢ times the orthogonal projection onto
u. For this choice of H,

Tr(AH) —In (Tx (eH)) = c{u, Au) —In(e + (n — 1)) .

If (u, Au) < 0, this tends to oo as ¢ tends to —oo. If (u, Au) > 1, this tends to oo
as ¢ tends to co. Hence we need only consider 0 < A < I. Next, taking H = ¢,
ceR,

Tr(AH) —In (Tr (e”)) = ¢Tr(A) — c — In(n) .
Unless Tr(A) = 1, this tends to oo as ¢ tends to co. Hence we need only consider
the case that A is a density matrix p.

Hence, consider any p € S,,, and let H be any self-adjoint operator. In finite
dimensions, necessarily Tr(ef’) < oo, and then we may define the density matrix o
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by

et

By Klein’s inequality, Tr(plnp — plno) > 0 with equality if and only if o = p. But
by the definition of o, this reduces to

Ti(plnp) > Tr(pH) —In (Tr (7))
with equality if and only if H = In p. From here, there rest is very simple. |

As we have explained in the introduction, (1.14), which is now justified by
Theorem 2.13, shows that the Gibbs states maximize the entropy given the expected
value of the energy.

3. The joint convexity of certain operator functions

The route to the proof of the joint convexity of the relative entropy passes
through the investigation of joint convexity for certain operator functions. This
section treats three important examples.

3.1. The joint convexity of the map (A, B) — B*A~1B* on H} xM,,. In
this section we shall prove the joint convexity or joint concavity of certain operator
functions. Our first example concerns the map (A, B) — B*A~1B* on H} x M,,
which we shall show to be convex. Our next two examples concern the operator
version of the harmonic and geometric means of two operators A,B € HY. We
shall show that these are jointly concave.

All three proofs follow the same pattern: In each of them, we show that the
function in question has a certain maximality or minimality property, and we then
easily prove the concavity or convexity as a consequence of this. All three proofs
are taken from Ando’s paper [1]. Here is the main theorem of this subsection:

3.1. THEOREM. The map (A, B) — B*A™1B from H} x M,, to H} is jointly
convex. That is, for all (Ao, Bo), (A1, B1) € HY x M,,, and all 0 <t < 1,

(3.1)

[(1—4)Bo+tBy]* 1

We remark that as a special case, this yields another proof that A +— A1 and
B — B*B are convex.

The following lemma expresses a well-known minimality property of the func-
tions B — B*A™1B.

3.2. LEMMA. Let A,C € H} with A invertible, and let B € M,,. Then the
2n x 2n block matriz
A B
s

is positive semi-definite if and only if C > B*A™1B.
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Proof: Define D := C — B*A~1B*, so that

A B] [ A4 B Lo o
B* C| | B B*A™'B 0 D"

Now notice that

- A B AL/2 A-1/2p 71° [ AY/2  A-1l/2p -
(82) {B* B*AlB]_{ 0 0 }{ 0 0 }_ '

o . . . . A B |.
Hence, positive semi-definiteness of D is sufficient to ensure that B o |®

positive semi-definite.

It is also evident from the factorization (3.2) that for any v € C™, the vector
A~1Bv A B
v B* B*A™lB

(][ B[ ])=eom.

and hence positive semi-definiteness of D is necessary to ensure that [

belongs to the null space of [ } , so that

A B

> o]

is positive semi-definite. |
A B | .
i } i

positive semi-definite has a minimum, namely C = B*A~1B*. Form this, Ando

draws a significant conclusion:

Proof of Theorem 3.1: By Lemma 3.2,

Ao Bo Al By
0|5 magn ]t B s

Lemma 3.2 says that the set of matrices C € H} such that {

is a convex combination of positive semi-definite matrices, and is therefore positive
semi-definite. It is also equal to

(1 —t)Ap +tA (1—-1t)Bp +tB1
(1—t)B +tBf (1 —1)B§AgtBo +tBiA'By

Now (3.1) follows by one more application of Lemma 3.2. |

3.2. Joint concavity of the harmonic mean. Ando also uses Lemma 3.2
to prove a theorem of Anderson and Duffin on the concavity of the harmonic mean
for operators.

3.3. DEFINITION. For A, B € HY, the harmonic mean of A and B, M_1(A, B)
is defined by
A-14 Bt ) -t

M_y(A,B) = ( .

3.4. THEOREM (Joint concavity of the harmonic mean). The map (A, B) —
M_1(A, B) on HY x HY s jointly concave.
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Proof: The key is the identity
(3.3) M_1(A,B)=2B—-2B(A+B)'B.

Granted this, the jointly concavity of M_1(A, B) is a direct consequence of Theo-
rem 3.1.

To prove (3.3), note that
B-B(A+B)™'B (A+B)YA+B)™*B-B(A+B)™'B

= AA+B)'B,

and also
(AA+B) By t=BtA+B)At=a"1+ B
|
Here we have used the minimality property in Lemma 3.2 implicitly, but there
is another way to proceed: It turns out that the harmonic mean has a certain
maximality property:

3.5. THEOREM (Ando’s variational formula for the harmonic mean). For all
A,B € HY, the set of all C € H,, such that

A0 c C
2 — >0
IR
has a mazimal element, which is M_1(A, B).
We remark that this mazimum property of the harmonic mean gives another

proof of the concavity of the harmonic mean, just as the minimum property of
(A, B) — B*A7!B from Lemma 3.2 gave proof of the convezity of this function.

Proof of Theorem 3.5: Note that as a consequence of (3.4), (3.3) and the fact
that M_1(A, B) = M_1(B, A), we have

M_1(B,A) = [A—A(A+B)*Al+[B-B(A+B)'B]
(3.4) = A(A+B)'B+B(A+B)*A,
from which it follows that
(3.5) M (A, B) = (A+ B) — (A—B)AiB(A—B).

(Incidentally, we remark that from this identity one easily see the harmonic-
arithmetic mean inequality: M_1(A,B) < (A + B)/2 with equality if and only
if A= B.)
A+B A-B 2C 0 .
. — >

Furthermore, by Lemma 3.2 , [ A-B A+B ] [ 0 0 } > 0 if and only

if
(A+B)—2C>(A-B)(A+B)"Y(A-B),

and by (3.5), this is the case if and only if C' < M_1(A, B). Finally, note that

A+B A—B]_[2OO Ao}_[cc

>
A-B A+B 0 0]—0‘:’2[03 c c

or
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3.3. Joint concavity of the geometric mean.

3.6. DEFINITION. For A, B € H| the geometric mean of A and B, My(A, B)
is defined by

Mo(A,B) _ Al/Z(Afl/ZBAfl/Z)l/ZAl/Z )

We note that if A and B commute, this definition reduces to My(4, B) =
AY2B1/2 While it is not immediately clear from the defining formula that in gen-
eral one has that Mo(A, B) = Mo(B, A), this is clear from the following variational
formula of Ando:

3.7. THEOREM (Ando’s variational formula for the geometric mean). For all
A,B € HY | the set of all C € H,, such that

{AO

>
s L

has a mazimal element, which is Mo(A, B).

C

] A
Proof: If [ c B

] > 0, then by Lemma 3.2, B > CA~1C, and hence

Afl/ZBAfl/Z > A71/20A710A71/2 — (A71/20A71/2)2 )

By the operator monotonicity of the square root functions, which has been
proved in Example 2.3 and as a special case of the Lowner-Heinz Theorem,

Al/Z(Afl/ZBAfl/Z)l/ZAl/Z <C.

On the other hand, if C = AY2(A~Y2BA1/2)1/2A1/2 then B = CA~1C
This shows the maximality property of Mo(A, B). |

3.8. THEOREM (Joint concavity of the geometric mean). The map (A, B) —
Mo(A, B) on HY x HY is jointly concave, and is symmetric in A and B. Moreover,
for any non-singular matrizc D € M,,,

(3.6) Mo(D*AD,D*BD) = D*My(A, B)D .
Finally, (A, B) — Moy(A, B) is monotone increasing in each variable.

Proof: The argument for the concavity is by now familiar. For (3.6), note that

[ A C ] 0 { D*AD D*CD

C B >0

D*CD D*BD '

Finally, for fixed A, the fact that B — AY2(A=Y2BA-Y2)1/2A12 = My(A, B)
is monotone increasing is a direct consequence of the monotonicity of the square
root function, which is contained in Theorem 2.6. By symmetry, for fixed B,
A — Moy(A, B) is monotone increasing. |
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3.4. The arithmetic-geometric-harmonic mean inequality.
Let My (A, B) denote the arithmetic mean of A and B; i.e.,

A+ B
Mi(A,B) = ; .
3.9. THEOREM (Arithmetic-Geomemtric-Harmonic Mean Inequality). For all

A,BeHT,

Ml(AaB) > MO(AvB) > M,]_(A,B) ;

with strict inequality everywhere unless A = B.

Proof: We first note that one can also use (3.5) to deduce that for all A, B € H}}
and nonsingular D € M,,,

(3.7) M_1(D*AD, D*BD) = D*M_;(A, B)D

in the same way that we deduced (3.6). However, (3.7) can also be deduced very
simply from the formula that defines M_1(A, B).

We now show that (3.6) and (3.7) together reduce the proof to the corre-
sponding inequality for numbers [16], which is quite elementary. To see this, take
D = A=1Y2 and letting L = A~Y2BA~1/2, we have from the obvious companion
for M1(A, B) to (3.6) and (3.7) that

Mi(A,B) — Mo(A,B) = AY2?[My(I,L) — Mo(I, L)]AY?
_ Ly +L— 2L1/2} AL/2
2

_ lAl/z(I_ L1/2)2A1/2 .
2

The right hand side is evidently positive semi-definite, and even positive definite
unless L = I, which is the case if and only if A = B. Likewise,

Mo(A,B) — M_1(A,B) = AY?[My(I,L) — M_1(I, L)]AY/?
Al/Z(Ll/Z _ 2(I+L_1)_1)2A1/2 .

The right hand side is positive semi-definite by the Spectral Theorem and the
geometric-harmonic mean inequality for positive numbers, and even positive definite
unless L = I, which is the case if and only if A = B. |

4. Projections onto x-subalgebras and convexity inequalities

4.1. A simple example. The notion of operator convexity shall be useful
to us when we encounter an operation on matrices that involves averaging; i.e.,
forming convex combinations. One is likely to encounter such operations much more
frequently than one might first expect. It turns out that many natural operations
on M,, can be written in the form
N
(4.1) A C(A) =) w,U;AU;

j=1
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where the weights wi, ..., wy are positive numbers wtih Zjvzl w; = 1, and the
Ui,...,Uy are unitaries in M,,. A basic example concerns orthogonal projections
onto *-subalgebras, as we now explain.

A unital x-subalgebra of M,, is a subspace 2 that contains the identity I, is
closed under matrix multiplication and Hermitian conjugation: That is, if A, B € 2,
then so are AB and A*. In what follows, all x-subalgebras that we consider shall be
unital, and to simplify the notation, we shall simply write x-subalgebra in place of
unital x-subalgebra.

Perhaps the simplest example is

Ql_{A eEM, : A=~ “’] w,zE(C}.

| w oz
Since
(4.2) [w yH§ n}:'wfﬂm wn+y§}
' y x n £ L an+yE xE+yn

we see that 2 is in fact closed under multiplication, and quite obviously it is closed
under Hermitian conjugation. Moreover, one sees from (4.2) that

Lol =L D

that is, the algebra 2 is a commutative subalgebra of Ma.

The main theme of this section is that: Orthogonal projections onto subalgebras
can be expressed in terms of averages over unitary conjugations, as in (4.1), and
that this introduction of averages opens the way to the application of convexity
inequalities. By orthogonal, we mean of course orthogonal with respect to the
Hilbert-Schmidt inner product. This theme was first developed by C. Davis [8].
Our treatment will be slightly different, and presented in a way that shall facilitate
the transition to infinite dimensions.

In our simple example, it is particularly easy to see how the projection of Mj
onto 2 can be expressed in terms of averages. Let

(4.3) Q=[(1) (1)]

Clearly Q = Q* and QQ* = Q? = I, so that Q is both self-adjoint and unitary.

NoticethatforanyA_{a Z]EMZ,

¢
1 w_ L] a+d b+ec
§(A+QAQ)_§{IH—C a—l—d]eg['

1
Let us denote 3 (A+ QAQ") by Eg(A) for reasons that shall soon be explained.

One can easily check that Eg(A) is the orthogonal projection of A onto 2.
Indeed, it suffices to check by direct computation that Eg(A) and A — Eg(A) are
orthogonal in the Hilbert-Schmidt inner product.
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The fact that
1
Ea(4) = 5 (A+QAQ")

is an average over unitary conjugations of A means that if f is any operator convex
function, then
A)+ A)Q* A)+ AQ*
Eals(a) = LA QAQ _ S4)+1(QAQ)
A+ QAQ*
! 2

) = f(Eala) .

Let us look ahead and consider an important application of this line of rea-
soning. Consider relative entropy function A,B +— H(A|B) = Tr[Alog A] —
Tr[Alog(B)]. In Theorem 6.3, this function shall be proved to be jointly con-
vex on HY x HY. Tt is also clearly unitarily invariant; i.e., for any n x n unitary
matrix U,

H({UAU*|UBU*) = H(A|B) .
It then follows that, for n = 2, and 2 being the subalgebra of M defined above,

Hp) - TUIB) QA0

> H(A—i—CjAQ*

= H(Ea(A)|Ea(B)) .

B+ QBQ*)
2

It turns out that there is nothing very special about the simple example we
have been discussing: if 2 is any *-subalgebra of M,,, the orthogonal projection
onto A can be expressed in terms of averages of unitary conjugations, and from this
fact we shall be able to conclude a number of very useful convexity inequalities.

The notation Eg for the orthogonal projection onto a x-subalgebra reflects a
close analogy with the operation of taking conditional expectations in probability
theory: Let (Q, F, i) be a probability space, and suppose that S is a sub-o-algebra
of F. Then L?(Q, S, i) will be a closed subspace of L?(2, F, ), and if X is any
bounded random variable on (€2, F, u); i.e., any function on  that is measurable
with respect to F, and essentially bounded with respect to u, the conditional expec-
tation of X given S is the orthogonal projection of X, which belongs to L?(Q, S, u),
onto L?(Q, F, ). The bounded measurable functions on (€2, F, u) of course form
an commutative #-algebra (in which the x operation is pointwise complex conjuga-
tion), of which the bounded measurable functions on (€2, S, ) form a commutative
x-subalgebra. The non-commutative analog of the conditional expectation that we
now develop is more than an analog; it is part of a far reaching non-commutative
extension of probability theory, and integration in general, due to Irving Segal
[28, 30].

4.2. The von Neumann Double Commutant Theorem.
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4.1. DEFINITION (Commutant). Let A be any subset of M,,. Then A’, the
commutant of A, is given by

A={BeM, : BA=AB forall AcA}.
It is easy to see that for any set A, A’ is a subalgebra of M,,, and if A is closed
under Hermitian conjugation, then A’ is a *-subalgebra of M,,.
In particular, if 2 is a *-subalgebra of M,,, then so is 2’, the commutant of 2.

Continuing in this way, the double commutant 21"’ is also a *-subalgebra of M,,,

but it is nothing new:

4.2. THEOREM (von Neumann Double Commutant Theorem). For any -
subalgebra A of M,

(4.4) A =9 .

Proof: We first show that for any *-subalgebra 2, and any B € 2" and any v € C",
there exists an A € 2 such that

(4.5) Av=DBv.

Suppose that this has been established. We then apply it to the x-subalgebra
M of M,z consisting of diagonal block matrices of the form

A 0 ... 0
0 A ... 0
) =AQ®I,xn, Ac.
0 .0
o 0 ... A
It is then easy to see that 91" consists of diagonal block matrices of the form
B 0 ... 0
0 B 0
=BQ®ILixn, BeU.
0 0
0 0 B
vy
Now let {v1,...,v,} be any basis of C", and form the vector v = ecC”.
Un

Then
(A Inxn)v =(B®Inxn)v = Av;=Bv; j=1,...,n.
Since {v1,...,v,} is a basis of C", this means B = A € 2(. Since B was an arbitrary
element of 2", this shows that
A" cA.

Since 2l C 2" is an automatic consequence of the definitions, this shall prove that
A==2".

Therefore, it remains to prove (4.5). Fix any v € C™, and let V be the subspace
of C™ given by

(4.6) V={Av: Aed}.
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Let P be the orthogonal projection onto V' in C". Since, by construction, V is
invariant under the action of A, PAP = AP for all A € 2. Taking Hermitian
conjugates, PA*P = PA* for all A € 2. Since 2 is a x-algebra, this imples
PA = AP for all A€ 2. Thatis, P e .

Thus, for any B € ”, BP = PB, and so V is invariant under the action of
A”. In particular, Bv € V, and hence, by the definition of V, Bv = Av for some
Aec |

4.3. REMARK. von Neumann proved his double commutant theorem [37] for
operators on an infinite dimensional Hilbert space, but all of the essential aspects
are present in the proof of the finite dimensional specialization presented here. The
relevant difference between finite and infinite dimensions is, of course, that in finite
dimensional all subspaces are closed, while this is not the case in infinite dimensions.

Thus in the infinite dimensional case, we would have to replace (4.6) by

(4.7) V={A4v: AeA},

taking the closure of { Av : A € A }. The same proof would then lead to the
conclusion that for all B € A", Buv lies in the closure of { Av : A€ A }. Thus
one concludes that A" = 2 if and only if A is closed in the weak operator topology,
which is the usual formulation in the infinite dimensional context.

4.4. EXAMPLE. The *-subalgebra 2l of M3 from subsection 4.1 is spanned by
w2 and @, where @ is given by (4.3). This x-subalgebra happens to be commu-
tative, and so it is certainly the case that 2 C ' — a feature that is special to
the commutative case. In fact, one can easily check that AQ = QA if and only if
A e, and so A = 2. Tt is then obviously the case that 2 = 2", as von Neumann’s
theorem tells us. O

4.5. LEMMA. Let A be a *-subalgebra of M,,. For any self-adjoint A € A
let A = Z;nzl A;jP; be the spectral decomposition of A. Then each of the spectral
projections Pj, j =1,...,m belongs to A. Moreover, each A € A can be written as
a linear combination of at most 4 unitary matrices, each of which belongs to 2.

Proof: It is easy to see that

1
(4.8) ri= ] =4
ie{l,..n\{Hi} J
As a polynomial in A, this belongs to 2.
If furthermore A is a self adjoint contraction, then each A; lies in [—1, 1], and
hence A\; = cos(8;) for some 6 € [0, 7). In this case we may write

m 1 m m
A=San =t (SenSeon
i=1 i=1 i=1
Note that U = Y "., ¢/ P; is unitary, and since it is a linear combination of

elements of /A, U € A. Thus we have seen that every self-adjoint contraction in A
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is of the form .
A=§(U+U*) Uedl.

Now for general A € 2, write
1 1
A=-(A+A")+ —i(A—- A") .
SUA+A") 4 (4 - AY)

which expresses A as a linear combination of self-adjoint elements of 2. From here,
the rest easily follows. |

4.6. LEMMA. Let A be a x-subalgebra of M,,. Then for any A € M,,
(4.9) Aed << A=UAU* forall Ue .

Proof: Since for unitary U, A = UAU™ if and only if UA = AU, the condition that
A =UAU* for all U € 2" amounts to the condition that A commutes with every
unitary matrix in 20. But by the previous lemma, commuting with every unitary
matrix in 2’ is the same thing as commuting with every matrix in 21’. Thus

A=UAU* forall UedA < AecA".

Then by the von Neumann Double Commutant Theorem, (4.9) follows. |

The fact that all x-subalgebras of M,, contain “plenty of projections, and plenty
of unitaries”, as expressed by Lemma 4.5, is often useful. As we shall see, there
is another important sense in which x-subalgebra of M,, are rich in unitaries. We
first recall the polar factorization of a matrix A € M,,.

4.7. LEMMA. For any matriz A € M,,, let |A| = (A*A)Y2. Then there is a
unique partial isometry U € M,, such that A = U|A|, U is an isometry from the
range of A* onto the range of A, and U is zero on the nullspace of A. If A is
invertible, U is unitary, and in any case, for all v € C",

Uv = lin(l) A(A* A+ D)"Y .

We leave the easy proof to the reader. Now let p,,(t) be a sequence of polynomi-
als such that lim,, . pn(t) = v/Z, uniformly on an interval containing the spectrum
of A*A. Then

|Al = lim p,(A*A) .
n—oo
Now, if 2 is any *-subalgebra of M,,, and A any matrix in 2, then for each n,

pn(A*A) € A, and hence |A| € 2. The same argument shows that for each ¢ > 0,
(A*A 4 eI)Y/2 € . We now claim that (A*A + eI)~1/2 € A as well. Indeed:

4.8. LEMMA. Let 2 be any *-subalgebra of M,,, and let B € H} belong to 2.
Then the inverse of B also belongs to 2.

Proof: The spectrum of ||B||~1B lies in the interval (0,1], and hence ||I —
|B||~1B|| < 1. Thus,
(IBIB)™ = [I = (I = IBIB) ™ =Y (I~ |B|B)"
n=0
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and by the above, each term in the convergent power series on the right belongs to

2l. Thus (|| B||B)~! belongs to 2, and hence so does B~1. |
Thus for each € > 0,

AcA = AAA+e)V2eq.

Taking limits, we see that if A = U|A| is the polar factorization of A, then both U
and |A| belong to . We can now improve Lemma 4.8:

4.9. THEOREM. Let A be any x-subalgebra of M,,. Then for all A € A such
that A is invertible in M,,, A is invertible in A; i.e., the inverse of A belongs to 2.

Proof: Let A be invertible in M,,, and let A = U|A| be the polar factorization of
A. Then A=! = |A|71U*. Since U € 2, which is a *-subalgebra, U* € 2 as well.
Since A is invertible, so is |A|, and we have seen that |A| € 2. Then by Lemma 4.8,
|A|~1 € 2. Altogether, we have that

=AU et

4.3. Properties of the conditional expectation.

4.10. DEFINITION. For any x-subalgebra 2 of M,,, let Eg be the orthogonal
projection, with respect to the Hilbert-Schmidt inner product of M,, onto 2 (which
is a closed subspace of M,,.) We refer to Eg as the conditional expectation given

A

4.11. EXAMPLE. Let {u1,...,u,} be any orthonormal basis of C". Let 2 be
the subalgebra of M,, consisting of matrices that are diagonal in this basis; i.e.,
A € 2 if and only if A = Z?:l ajuju; for some ay,...,a, € C. Here, we are
writing u;uj to denote the orthogonal projection onto the span of the unit vector
u;j. In the usual physics notation, this is denoted by |u;)(u;|. We shall use these
notations interchangeably.

For any B € M,,, the matrix B := > i1 (uj, Bug)lug)(u;] € A, and moreover,
for any A € 2,

Tr[A( = (u;, A(B- B)u;) =0,
j=1

and so B is the orthogonal projection of B onto 2. Thus, we have the formula

n

(4.10) Ea(B) = (uj, Bug)|u;){u;|
=1

for all B € M,,, where in the usual physical notation, )(u;| denotes the orthogonal
projection onto the span of u;. O

The next result is based on the projection lemma, which is very useful also in
finite dimensions! For the sake of completeness, we give the simple proof:
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4.12. THEOREM (Projection Lemma). Let K be a closed convez set in a Hilbert
space. Then K contains a unique element of minimal norm. That is, there exists
v € K such that ||v|| < ||w] for all w € K, w # v.

Proof: Let D := inf{||w|| : we K }. If D =0, then 0 € K since K is closed, and

this is the unique element of minimal norm. Hence we may suppose that D > 0. Let

{wn }nen be a sequence in K such that lim,,_, ||w,| = D. By the parallelogram

identity

R e
2

Wy + Whp
2

me—wn ? _ (lwm]? = D?) + (Jwnl* - D)

me+wn

2
W — Wn
2

2

2

By the convexity of K, and the definition of D, > D? and so

2 - 2
By construction, the right side tends to zero, and so {wy, }nen is a Cauchy sequence.

Then, by the completeness that is a defining property of Hilbert spaces, {wp, }nen
is a convergent sequence. Let v denote the limit. By the continuity of the norm,

[lv]] = limy, oo ||wn || = D. Finally, if u is any other vector in K with ||u|| = D,
(u+wv)/2 € K, so that ||(u+v)/2|| > D. Then by the parallelogram identity once
more ||(u —v)/2]] = 0, and so u = v. This proves the uniqueness. |

4.13. THEOREM. For any A € M,,, and any x-subalgebra A of M,,, let K4
denote the closed convex hull of the operators UAU*, U € A'. Then Ey(A) is the
unique element of minimal (Hilbert-Schmidt) norm in K 4. Furthermore,

(4.11) Te{Ea(4)] = TH[4]
(4.12) A>0 = Eq4)>0,

and for each B € 2,

(4.13) Eo(BA) = BEy(A) and Eo(AB) = Eg(A)B .

Proof: We apply the Projection Lemma in M,, equipped with the Hilbert-Schmidt
inner product, so that it becomes a Hilbert space, and we may then apply the
Projection Lemma. For each A € M, let A denote the unique element of minimal

norm in K 4, and let U € 2’ be unitary. Then by the parallelogram law,
2 2 A2 ATT*1(12
A2+ U dv
2

A—UAU*
2

A+ UAU*
2

= 4|7 .

Since (A + UAU*)/2 € Ka, |[(A+ UAU*)/2|| > ||Al|, the minimal norm in K4,

and hence )

A-UAU _0.

2

This means that A = UAU* for all unitary U € 2'. By Lemma 4.6, this means
that A € 2.
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Next we claim that
(4.14) (BJA—Ay=0 forall Be,

which, together with the fact that A € U identifies A as the orthogonal projection
of A onto 2.

To prove (4.14) note that for B € A and U; € A, U(AB)U* = UAU*B Hence
if Z;V:l ijj(AB)U;‘ is any convex combination of unitary conjugations of AB
with each U; € U/,

N N
> wU;(AB)U; = | > w;U;AU; | B .
Jj=1 j=1
It readily follows that
(4.15) AB = AB .

Now observe that since unitary conjugation preserves the trace, each element
of K 4 has the same trace, namely the trace of A. In particular, for all A € M,

(4.16) Tr[A] = Tr[4] .
Combining this with (4.15) yields
0 = Tr[AB] - Tr[AB]
= Tr[AB]| — Tr[AB]
= Tr[(A— A)B].

Since B is an arbitrary element of 2, this proves (4.14). Thus, A is the orthogonal
projection of A onto 2. Now that we know A = Eg(A), (4.11) follows from (4.16),
and the identity on the right in (4.13) now follows from (4.15), and then the identity
on the left follows by Hermitian conjugation. Finally, if A > 0, so is each UAU™,
and hence so is each member of K 4, including the element of minimal norm, Eg(A).

4.14. REMARK. Theorem 4.18 says that for all A € M,,, all x-subalgebras A of
M,, and all € > 0, there exists some set of N unitaries Uy,..., Uy € A and some
set of N weights, w1, ..., wn, non-negative and summing to one, such that

N
(4.17) [Ba(A) = > w;U;AU;|| <€ .
j=1
In fact, in finite dimensional settings, one can often avoid the limiting procedure
and simply write
N
(4.18) Ex(A) =Y wU;AU;
=1
as an exact equality. An important instance is provided in the next example. How-
ever, while the statement of Theorem 4.13 is couched in finite dimensional terms,
this is only for simplicity of exposition: The proof makes no reference to the finite
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dimension of My, and the approrimation of conditional expectations provided by
(4.17) is valid — and useful — in infinite dimensions as well.

4.15. EXAMPLE. Asin Example 4.11, let {u1, ..., u,} be any orthonormal basis
of C", and let 2 be the subalgebra of M, consisting of matrices that are diagonal
in this basis. There we derived an explicit formula (4.10) for Eg. Theorem 4.13
says that there exists an alternate expression of Eg as a limit of averages of unitary
conjugations. In fact, it can be expressed as an average over n unitary conjugations,
and no limit is needed in this case.

To see this, for Kk =1,...,n define the unitary matrix Uy by

n
(4.19) Uk =Y ™% ug) (uy .
=1
n
Then, for any B € M,,, UyBU;; = Z (U Bug) 2™ MOk 4y (). Therefore,
¢, m=1
averaging over k, and then swappiné orders of summation,

- U. BUY = mB - 2r(m—2L)k/n "
=~ UkBU; = ) (umBur) (n > e [t (e

=) (tm Bt (| = Ex(B) .

m=1
In summary, with Uy, ..., U, defined by (4.19), and 2 being the *-subalgebra
of M,, consisting of matrices that are diagonalized by {u1,...,un},
1 n
4.20 Eo(B) =— U,BU;; .
(4.20) u(B) =~ kz::l kBUj

In other words, the “diagonal part” of B is an average over n unitary conjugations
of B. O

Theorem 4.13 is the source of many convexity inequalities for trace functions.
Here is one of the most important:

4.16. THEOREM. Let f be any operator convex function. Then for any *-
subalgebra A of My,, and any self-adjoint operator A € M,,,

f(Ea(A4)) < Ea(f(4)) -

Proof: Since f(Eg(A)) — Ea(f(A)) is a self-adjoint operator in 2, all of its spec-
tral projections are in 2, and thus, it suffices to show that for every orthogonal
projection P in %A,

(4.21) Tr [P f(Ea(A))] < Tr [PEx(f(A))] -
But, since P € A,

(4.22) Tr [PEa(f(4))] = Tr[Pf(A)] -
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Next, by Theorem 4.13, for any A € M,,, Eg(A) is a limit of averages of unitary
conjugates of A. That is Eg(A) = limy_,o Cx(A), where each Cr(A) has the form

Ny

(4.23) Cr(A) = Zpk,jUn,jAU;,j
=1

and where for each k, j Uy ; is a unitary in 2/, py; > 0, and Zjvzkl pr,; = 1. Then,
by the operator convexity of f,

Ny
FC(A) < | D pkUn i FAUL; |
=1
and then since P € A and Uy ; € A’ for each k, j,
Ny,
Tr[Pf(Ch(A)] < Y prjTr [Un,; PHAUL ]
j=1

= S T [PF (A)
=1

= Te[Pf(A)].
Therefore,
Tr[Pf(Ea(A))] = lim Tr[Pf(Cy(A))] < Tr[Pf(A)] .
Combining this with (4.22) proves (4.21). |

Let us apply this to the von Neumann entropy. First of all, note that since Eg
is the orthogonal projection onto 2, it is continuous. Thus, Eg not only preserves
the class of positive definite operators, as asserted in (4.12), it also preserves the
class of positive semidefinite operators:

(4.24) A>0 = Eg(4)>0.

This, together with (4.11) implies that if p € M,, is a density matrix, then so is
Ea(p).

Now we may apply Theorem 4.16 to see that for any x-subalgebra of M,,, and
any p € S, the von Neumann entropy of Eg(p), S(Ex(p)), is no less than the von
Neumann entropy of p, S(p):

S(Ealp)) = S(p) -

In later sections, where we shall encounter jointly convex functions on M,,, we
shall apply the same sort of reasoning. Towards that end, the following simple
observation is useful: For any A, B in M,,, there is a single sequence {Cj}ren of
operators of the form (4.23) such that both

k—oo k—o0
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There is a very simple way to see that this is possible: Consider the %-subalgebra
M3 (2() of My, consisting of block matrices of the form
{ A B

- D} , AB,C,De.

Then the same computations which show that the only matrices in My that
commute with all other matrices in My are multiples of the identity show that
(M2(20))’ consists of matrices of the form

X 0
0 X

} , Xed,

and hence the unitaries in (M2(2))’ have the form
U o0

ved ,UU* =1
[ 0 U ] ) e ) )

One readily computes that for any A, B,C,D € M,, (M,, now, not only ),
and any U € 2/,

U 0][A B|[U 0] [UAU* UBU*
o Uullc p|lo vu| | vcur UDU*

and moreover,

a3l
C D |l

From this and Theorem 4.13, one readily concludes that

cwo ([ 4 0]) [ 20 £ ]

and that there exists a sequence {Ci }ren of operators of the form (4.23) such that

[ Ea(4) Eux(B) ] Cr(A) Cr(B) ]
Ea(C) Ea(D) Ce(C) Cr(D) |

= 1 Allixs + [1BliAs + IC1As + DIl -

= lim {
k—o0
The same argument clearly applies to the larger block-matrix algebras M, (1),
m > 2, and we draw the following conclusion:

4.17. LEMMA. For any m matrices A1, ..., Am € M,,, and any *-subalgebra A
of M,,, there exists a sequence {Ci}ren of operators of the form (4.23) such that ,

Ex(4,) = leIEOCk(Aj) foreach j=1,...,m.

The block matrix construction that has led to the proof of Lemma 4.17 pro-
vides a powerful perspective on a great many problems, and it will turn out to be
important for far more than the proof of this lemma. In the meantime however, let
us turn to some concrete examples of conditional expectations.



106 ERIC CARLEN

4.4. Pinching, conditional expectations, and the Operator Jensen In-
equality.

4.18. EXAMPLE (Pinching). Let A € H,, have the spectral representation A =
ZI;=1 AjP;, with ZI;=1 P; = 1. (That is, we include the zero eigenvalue in the sum
if zero is an eigenvalue.) Let 24 denote the commutant of A, which, as we have

observed is a *-subalgebra of M,,. For simplicity of notation, let E4 denote the
conditional expectation given A 4; i.e.,

EA = EQ{A .

We now claim that for any B € M,,,
k
(4.25) Ea(B) =Y P;BP; .
7=1

To prove this, note that P;A = AP; = \; P}, so that

k k k
> PBP;| A=) \P;BPj=A|Y P;BP;| ,
j=1 =1 i=1

and thus the right hand side of (4.25) belongs to 2 4.

Next, ss we have seen in (4.8), each of the spectral projections P; can be written
as a polynomial in A, and hence belongs to 2 4. Furthermore, for all C € 2/ 4, and
eachj=1...,k, CP; = P;C.

Therefore, for such C,

k k
> PBP;| C =) P,BCP,
j=1 j=1
so that
k k
Tr||B- (> _PBP | |C| =T |BC— (> PBCP;|| =0
j=1 j=1

since Z?:l P; = I. This shows that the right hand side of (4.25) is in fact the
orthogonal projection of B onto 24, and proves (4.25).

Davis [8] refers to the operation B +— Z?zl P;BP; for a set of orthogonal pro-
jections Py, ..., Py satisfying Z?zl P; = I as a pinching operation. The calculation
we have just made shows that pinching is a conditional expectation: Indeed, given
the orthogonal projections Pi, ..., Py satisfying Z?zl P; = I, define the self-adjoint
operator A by A = Z?zl jP; = I. With this definition of A, (4.25) is true using A
on the left and Pi,..., P; on the right.

It now follows from Theorem 4.16 that for any operator convex function f, and
any set of orthogonal projections P4, ..., Py satisfying Z?:l P =1,

k
(4.26) f|>_FBP; | < f(B)
j=1
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for all B in H,,.
The fact that “pinching” is actually a conditional expectation has several useful
consequences, with which we close this section. (I

4.19. THEOREM (Sherman-Davis Inequality). For all operator convez functions
f, and all orthogonal projectios P € M,,,

(4.27) Pf(PAP)P < Pf(A)P
forall A e H,.

Proof: We take P = P; and let P, = I — P;. Then using (4.26) for P, + P, =1
and

2
Pif | Y P;BP; | PL=Pif(PLBPy)P,
=1

we obtain (4.27). |

Theorem 4.19 is due to Davis and Sherman [7, 8]. Note that if f(0) =0, (4.27)
may be shortened to

f(PAP) < Pf(A)P,

but one case that comes up in applications is f(s) = s~ where (4.27) must be used
as is.
The next inequality is a variant of Theorem 4.19 due to Davis [8].

4.20. THEOREM (The Operator Jensen Inequality). Let Vi,..., Vi € M,, satisfy

k
(4.28) SN VVi=1
=1
Then for any operator convex function f, and any Ba, ..., By € HY,
k k
(4.29) FIDSViBV; | <D V(B

Proof: Let U be any kn x kn unitary matrix which, when viewed as a k x k block
matrix with n x n blocks U; ; has

(4.30) U=V, i=1,....n.

Since (4.28) is satisfied, there are many ways to construct such a matrix U: (4.30)
specifies the final n columns, which are unit vectors in C** by (4.28), and then
the remaining columns can be filled in by extending these n unit vectors to an
orthonormal basis of C*”,

Next, let B be the kn x kn matrix, again viewed as an k X k block matrix, which
has B; for its jth diagonal block, and zero for all off-diagonal blocks. Finally, let P
by the kn x kn orthogonal projection with I,,x, in the upper left block, and zeros
elsewhere.
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Note that f(B) has f(Bj;) as its jth diagonal block, and zeros elsewhere. A
simple calculation now shows that U/*BU has E?zl Vi B;V; as its upper left n x n
block, and

fUBU) =uU"f(BU
has Z?zl 7 f(B;)V; as its upper left n x n block.
By (4.27),
Pf(PUBUP)P <PfUBU)P,
which, by the calculation we have just made, and by the definition of P, is equivalent
to (4.29). |

4.21. REMARK. It is clear, upon taking each V; to be a positive multiple of
the identity, that the operator convexity of f is not only a sufficient condition for
(4.29) to hold whenever Vi,..., Vi, € M, satisfy (4.28); it is also necessary. It
is remarkable that the class of functions f with the operator convezity property
of Theorem 4.20, in which the convex combination is taken using operator valued
weights, is not a proper subclass of the class of operator convex functions we have
already defined using scalar valued weights.

5. Tensor products

5.1. Basic definitions and elementary properties of tensor products.
If V and W are two finite dimensional vector spaces, their tensor product is the
space of all bilinear forms on V* x W*, where V* and W* are the dual spaces of V'
and W respectively. That is, V* consists of the linear functionals f on V', with the
usual vector space structure ascribed to spaces of functions, and similarly for .

Of course, in any inner product space, we have an identification of V* with V'
provided by the inner product. However, certain formulas for the tensor product
that we shall make much use of will be most clear if we introduce the tensor prod-
uct in its purest form as a vector space construct, without reference to any inner
product.

The next few paragraphs recall some elementary facts about dual spaces and
matrix representations. Many readers may prefer to skip ahead to the formal defini-
tion of the tensor product, but we include the material to ensure that our notation
is absolutely unambiguous.

If {v1,..., v} is any basis of V, let { f1, ..., f} denote the corresponding dual
basis of V*. That is, for any v € V', write

m
vzg ajv; , ai,...,6m €C.
=1

Since the coefficients a1, ..., a; are uniquely determined by v, the map
fitvea;

is well defined and is clearly a linear transformation from V to C; i.e., an element
of V*. Tt is easy to see that {f1,..., fin} spans V*, and also that

filvj)=46i; , 1<i,j<m
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from which linear independence easily follows. Thus, {f1,..., fim} is a basis of V*,
and is, by definition, the basis dual to {v1,..., v}
The coordinate maps

v (fl(v)v ) fm(v)) eC”
and

[ (flu),o flom)) € CT
are the isomorphisms of V' and V* respectively with C™ that are induced by the
dual bases {v1,...,vm} and {f1,..., fm}, and ultimately by the basis {v1,...,vm},
since this determines its dual basis. In particular, for any v € V and any f € V*,

(5.1) v=> filvyy; and  f=> fv;)f;.
j=1 j=1

The dual basis is useful for many purposes. One is writing down matrix repre-
sentations of linear transformations. If T': V' — V is any linear transformation of
V, let [T] € M,,, be defined by

(Tlij = fi(T(v5)) ,
For any fixed basis, the matrix [T] gives the action of T on coordinate vectors for
that basis: If a vector v € V has jth coordinate a;; i.e., a; = f;(v), j =1,...,m,
then T has ith coordinate » 72, [T]; ja;.

5.1. DEFINITION (Tensor product of two finite dimensional vector spaces). For
two finite dimensional vector spaces V and W, their tensor product space V@ W
is the vector space consisting of all bilinear forms K on V* x W*, equipped with
the usual vector space structure ascribed to spaces of functions.

Given v € V and w € W, v ® w denote the bilinear from on V* x W* given by

(5.2) vew(f,g) = f(v)g(w) forall feV* ,geWr.

If {v1,...,0} and {ws,...,w,} are bases of V and W respectively, let
{fi,---, fm} and {g1,...,9n} denote the corresponding dual bases. By (5.1) and
the definition of v; ® wj, for any bilinear form K on V* x W*,

K(f.9) = D K(f(0i)fisg(w;)gs) = 3 K (fis 9:)f (vi)g )

=Y K(fi,g5)[vi @ w;)(f.9) .

]
That is,
(5.3) K=Y "K(fi,g;)[vi ® w;] .
,J
Thus,
(5.4) {viow;, : 1<i<m,1<j<n}

spans V' ® W. It is also linearly independent, and is therefore a basis of V @ W.
To see this linear independence, suppose that for some numbers b; ;, 1 < i <
m, 1<j<mn, >, biv®@w;=0;ie, >, b ;v ®w; is the bilinear map on
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V' x W sending everything to zero. But then applying >, . b; jv; ® w; to (fx, ge)
we see

0= bijvi@w; | (frsge) = bij fr(vi)ge(w;) = e
i,j 0,J
which shows the linear independence. We are now in a position to define a key

isomorphism:
5.2. DEFINITION (Matrix isomorphism). Given any two bases {v1, ..., v} and
{wi,...,wy} of V and W respectively, and hence the corresponding dual bases

{fi, -, fm} and {g1,...,gn} of V* and W* respectively, the matriz isomorphism
is the identification of V @ W with the space M,,,x» of m X n matrices given by

where
(5.6) (Kli; = K(fi 95) -

The fact that (5.5) is an isomorphism follows directly from (5.3) and the fact
that (5.4) is a basis of V. ® W. Of course, this isomorphism depends on the choice
of bases, but that shall not diminish its utility.

5.3. EXAMPLE. For any v € V and w € W, what is the matrix corresponding
to v ® w? (Of course we assume that the bases {v1,...,v,} and {wy,...,w,} of
V and W, and their corresponding dual bases are specified.) Since v ® w(f;, g;) =
fi(v)g;(w), we have
(5.7) [v@wli; =[vew](fi,g;) = fi(v)g;(w) = [v]:[w];
where [v]; := f;(v) is the ith coordinate of v, while [w]; := g;(w) is the jth coor-
dinate of w. In other words, the matrix corresponding to v ® w, for this choice of
bases, is the rank one matrix with entries [v];[w];.

Every rank one matrix arises this way, and thus the matrix isomorphism identi-
fies the set of product vectorsin V @ W with the set of rank one matrices in M, xx.
Since we know how to compute the rank of matrices by row reduction, this gives

us a means to determine whether or not any given element of V® W is a product
vector on not. (]

5.4. DEFINITION (Entanglement). The Schmidt rank of a vector K in V@ W
is the rank of the corresponding matrix [K] € M,,x,. (Note that this rank is
independent of the choice of bases used to determine [K].) If the Schmidt rank of
K is greater than one, then K is an entangled vector, and otherwise, if the Schmidt
rank of K equals one, K is a product vector, in which case one may say K is
unentangled. As noted above, the matrix isomorphism provides an effective means
to determine whether a given K € V ® W is entangled or not.

Now let T:V — V and S : W — W be linear transformations. This pair,
(T, S), induces a linear transformation T® S: V@ W — V @ W by

[T @ SEK)|(f,9) = K(foS,goT),
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where of course foT € V* is given by foT(v) = f(T(v)), and similarly for go S.
By (5.1),

fioT =Y ((fioT)(w)fx = Y filT () fie = Y _[Thinfr
k=1 k=1 k=1
and likewise .
gioS = [Sljege -
=1
Therefore,
(5.8) (T® S)K (fir9;) = Y _[T)ilS].eK (frs ge)
k.l
which means that
(5.9) (T & S)Kli; = [T)ilS); e[k -
k£

In other words, under the isometry K — [K] of V ® W with the space of m x n
matrices, the action of T ® S on V ® W has a very simple matrix expression: The
matrix [T] of T acts on the left index of [K], and the matrix [S] of S acts on the
right index of K.

5.2. Tensor products and inner products. Now suppose that V and W
are inner product spaces; i.e., finite dimensional Hilbert spaces. We denote the
inner product on either space by (-, ). At this stage we may as well identify V' with
C™ and W with C”, so let us suppose that V = C™ and W = C™, both equipped
with their standard Euclidean inner products.

Now let {v1,...,vn} and {wy,...,w,} be orthonormal bases for V. and W
respectively. We can now express the dual basis elements in terms of the inner
product: For any v € V and w € W, f;(v) = (v;,v), i = 1,...,m and g;(w) =
(wj,w), j =1,...,n. In particular, from (5.7) we have that

(510) [v®w]m:<vz,v><wj,w> I1<i<m, 1§]§7’L

As above, for K € V @ W, let [K] denote the m X n matrix corresponding
to K under the matrix isomorphism that is induced by our choice of orthonormal
bases. Now use the Hilbert-Schmidt inner product on the space of m x n matrices
to induce an inner product on V ® W. Define, for B,C' € V@ W,

(5.11) (B,C) =Tr ([B]"[C]) = Z[BT]m[C]j,i :

Combining (5.10) and (5.11), we see that for any v,v" € V and any w,w’ € W,

vew v @uw) = Zm<vi,v’><wi,v’>
= (o) (St
=1 i=1

(5.12) = (v, ) {w,w’) .



112 ERIC CARLEN

Notice that the right hand side does not depend on our choices of orthonormal
bases. Thus, while our inner product on V@ W defined by (5.11) might at first
sight seem to depend on the choice of the orthonormal bases used to identify V@ W
with the space of m x n matrices, we see that this is not the case.

There is one more important conclusion to be drawn from (5.12): For any
orthonormal bases {v1,..., vy} and {w1,...,w,} of V and W respectively,

{vi®wj c1<i<m, 1§j§n}

is an orthonormal basis of V' @ W.

When V and W are inner product spaces, we can quantify the degree of en-
tanglement of vectors in V ® W in a meaningful way, independent of the choice
of bases. The Schmidt rank gives one such quantification, but as rank is not a
continuous function on M, «,, it has limited use beyond its fundamental role in
defining entanglement.

Recall that any K € M,,,x,, has a singular value decomposition

(5.13) K=UxV*

where ¥ is an r x r diagonal matrix with strictly positive entries o7 > --- > o,
known as the singular values of K, and where U and V are isometries from C” into
C™ and C” respectively. That is U = [uq, ..., u,] where each u; is a unit vector in
C™, and V = [v1,...,v,] where each v; is a unit vector in C”. In other words,

(5.14) UU = V*V = L, .

Evidently r is the rank of K.

While the matrices U and V are “essentially uniquely” determined by K, what
is important to us here is that the matrix X is absolutely uniquely determined by
K: Tt makes sense to speak of the singular values of K.

By the definition of the inner product on V ® W, if K is any unit vector in
V ® W, then

(5.15) Tr[K*K) = Te[KK*] =1,

and so both K*K and KK™* are density matrices, on C™ and C™ respectively.
Notice that by (5.14)

K*K =VY?v* and KK*=UXU*

so the squares of the singular values of K are the non-zero eigenvalues of these two

density matrices, and in particular Z;Zl UJ2- = 1. Computing the von Neumann

entropies of these two density matrices, we find
S(K*K)=S(KK*) ==Y 07log(07) .
=1

Thus, we come to the conclusion that K is a product state if and only if
S(K*K) = 0, and otherwise, if S(K*K) > 0, K is entangled. Since S(K*K)
depends continuously on K, this provides us with a useful measure of the degree of
entanglement.
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5.3. Tensor products of matrices. In this subsection, we focus on the ten-
sor product of C™ and C™, each equipped with their usual Euclidean inner products.

Given matrices A € M,,, and B € M,,, identify these matrices with the linear
transformations that they induce on C™ and C™ respectively. It then follows from
(5.7) and (5.9) that the map

(5.16) v@w— Av® Bw

extends to a linear transformation on C™ ® C™. This linear transformation is
denoted by A ® B. Expressing it more generally and concretely, it follows from
(5.9) that for any K € M, «, regarded as a vector in C™ @ C",

(5.17) (A®B)Klij = > AixBjiKyy .
k.0
Thus, for all A,C € M,,, and B, D € M,,,
(5.18) (A® B)(C ® D) = (AC) ® (BD) .

In particular, if A and B are invertible, then so is A ® B, and
(AeB)t=A1eB?t.
It follows from (5.12) that for all A € M,,,, B € M,,, v1,v2 € C™ and wy,w, €
c,
(v1 @ w1, (A® B)vz @ wa) = (v1, Ava) (w1, Bwz) = (A%v1,v2) (B w1, wy)
= ((A* ® B*)v1 @ w1, v2 @ wy) .
That is,
(5.19) (A B)* = A" ® B* .

Consequently, suppose A € H and B € H}. Then we can write A = C*C
and B = D*D for C € M,, and D € M,,. Then A® B = (C ® D)*(C ® D), so
(A ® B) is at least positive semi-definite. Since A and B are both invertible, so
is A® B, and hence (A ® B) is positive definite. That is, whenever A € H} and
B e H}, then A® B is positive definite.

The equation (5.17) provides one useful way to represent the action of the
operator A ® B, but there is another that is also often useful: a representation of

the operator A ® B in terms of block matrices. If K = [v1,...,v,] is the m x n
matrix whose jth column is v; € C™, let us “vertically stack” K as a vector in
cmm.

U1
(5.20) Kyec =

Un

Then A ® B is represented by the block matrix

BiiA -+ BinA
(5.21) TR
B,1A -+ Bp,A
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5.4. The partial trace. Let D be any operator on C"™ ® C", regarded as an
mn dimensional inner product space, as described above. Let Tr denote the trace
on C™ ® C", and consider the linear functional

A Tr[DA]

defined on A := L(C™ & C™), the operators on C™ @ C™.

Let 24; and %A, be the subalgebras of 2 consisting of operators of the form
B ® Iy and I xm @ C respectively. (In what follows, we shall usually simply
write I in place of I, xm or I, x, where the meaning is clear.)

The maps

B~ Tr[D(B®I)] and Cw— Tr[DI ® C)]

are then linear functionals on M,,, and M, respectively.
Since M, is an inner product space with the inner product (X,Y’) = Tr[X*Y],
for every linear functional ¢ on M, there is a unique X, € M,, such that

p(Y) = (X,,Y) =Tr[X,Y] forall Y €M, .
This justifies the following definition:

5.5. DEFINITION. For any operator D on C™®C", Tr1[D] is the unique element
of M,, such that

(5.22) Tr[D(I @ C)] = (I © C%), D) = (C*, Tr1 [D]) = Tr [Tra [DIC]

where the trace on the left hand side of (5.22) is taken on C™ ® C™, and the trace
on the right is taken on C". We refer to Tr1[D] as the partial trace of D onto M,,.
In the same way, we define Trz[D] so that

(5.23) Tr[(TroD)B] = Te[D(B ® I)]

for all B € M,,,.

If we represent K € C™ @ C™ as a vector in C™" as in (5.20) then D can be
represented as a block matrix with n? blocks
Day -+ Daw
(5.24) : : )
Dy - Do
where each D¢, ;) € My,. Then by (5.20),

DanB -+ DanB
(5.25) DB®I) = : : ,
DB -+ DB

and therefore
n

Tr[D(B®I)] =Y _ Ti[D 5Bl ,

j=1
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where the trace on the left is taken in C™ ® C", and on the right in C™. Thus we
see

Tro[D] =Y " Dyjy -
j=1

That is, if D is written in block matrix form, then the partial trace is simply the
sum of the diagonal blocks.

The partial trace has an important physical interpretation. In quantum me-
chanics, the density matrices p on C™ ® C™ represent the possible states of a system
whose observables are operators A on C™ @ C™. Then the value Tr[pA] represents
the expected value of a measurement of the observable A, at least in the case that .S
is self-adjoint, in which case a well-defined measurement procedure is supposed to
exist. Let 2 denote the algebra of observables on the whole system, i.e., 20 denotes
the linear transformations from C™ ® C™ into itself.

The tensor product structure of our (finite dimensional) Hilbert space C™ @ C™
arises whenever our quantum mechanical system is composed of two subsystems:
The first may consist of some degrees of freedom that we are trying to measure;
i.e., that are coupled to some experimental apparatus, and the second may be the
“environment”, a heat bath of some sort, or just some other degrees of freedom
that are not directly coupled to our measurement apparatus.

In this circumstance, the subalgebra 2[; of observables of the form B ® I; i.e.,
observables on the first subsystem is of obvious interest. And clearly, it is of obvious
interest to restrict the linear functional

A TrlpA]

which gives expected values, to the subalgebra 2(; of observables that our apparatus
might measure. This restriction is evidently given by

(B®I)— Tr[p(B®I)] .

The partial trace allows us to express this restriction in terms of a density
matrix on the subsystem. By the definition of the partial trace,

Trlp(B @ I)] = Tt [Trz[p] B] .

The fact that Trz[p] is a density matrix on C™ whenever p is a density matrix
on C™ ® C" is clear from the fact that

B>0=B®I>0—-Tr[p(BI)]>0= Tr[Tr[p|B] >0,
so that Trp[p] > 0, and taking B = I, we see that Tr[Trz[p]] = 1. In summary:

5.6. THEOREM (The partial traces preserve positivity and traces). For all op-
erators D on C™ @ C™, the map D — Tr;(D), j = 1,2 satisfies

(5.26) Tr[Tr;(D)] = Tr[D] ,
and
(5.27) D>0 = Tr(D)>0.

That is, D — Trj(D), j = 1,2, is trace preserving and positivity preserving.
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We now make an observation that may already have occurred to the reader:
The partial trace is nothing but a special case of the conditional expectation: Using
the notation introduced above, consider Eg,, the conditional expectation that is
the orthogonal projection onto the x-subalgebra 2(, consisting of operators in 2 of
the form I ® C, C € M,,. Then, by the definition of the conditional expectation as
an orthogonal projection, for any D € 2, and any C € M,,,

(5.28) (I®C*, D) = (I®C*, Eq,(D)) .

By definition, Eg, (D) has the form I ® D for some D € M,,. Thus, we can rewrite
(5.28) as

Trcmgen [(I® C)D] = Tremeen[(I @ C)(I ® D)) = mTrea[CD]

where the subscripts indicate the different Hilbert spaces over which the traces are
taken. Comparing this with (5.22), we see that D = Tr1[D]. That is,

1
—I®Tr1|D] = Eg.,(D) .
m®r1[] 21, (D)

This result, combined with Theorem 4.13 allows us to express partial traces as
averages over unitary conjugations, and this will be useful in many applications of
convexity. Therefore, we summarize in a theorem:

5.7. THEOREM. Let 2 := L(C™ ® C"), the x-algebra of linear transformations
from C™ & C™ into itself. Let Ay and Ay be the x-subalgebras of A consisting of
operators of the form B ® I,xyn and Lyxm ® C respectively, with B € M,, and
C e M,,. Then, for any D € 2,

1 1
(520) Lk @ T[D] =Ex,(D)  and  ~Tro[D] @ Lusn = Eny (D) -

Continuing with the notation of Theorem 5.7, we observe that 2 = 2, and
A, = ;. In particular, the unitaries in 25 are the unitaries in 21, which means
they have the form U ® I, where U is a unitary in M,,.

We also mention at this point that the maps D — Tr;(D), j = 1,2 are not
only positivity preserving, but that they also have a stronger property known as
complete positivity. This is physically very significant, and we shall explain this
later. In the meantime, let us make one more definition, and then turn to examples
and digest what has been introduced so far.

5.8. DEFINITION. The map B — B on M,,x, is defined so that each entry
of B is the complex conjugate of the corresponding entry of B. This map is an
antilinear isometry from M, ., to itself.

The map B — B preserves positivity: From the spectral representation written
in the form B = Z?:l Ajujuy, one sees that B is unitarily equivalent to B under
the unitary transformation that takes each wu; to its complex conjugate @w;. In
particular, if B € H} | then B € H} as well, and for any f: R — R,

fB)=f(B).
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5.9. EXAMPLE (Tr1 (| Kvec){(Kvec|) and Tra (| Kyec) (Kvec|)). For K € M, «,, with
Tr[K*K] = 1, considered as a unit vector Kyec in C™ ®@ C”, let | Kyec) (Kvec| denote
the rank one projection onto the span of Kyec in C™ ® C™. In the language and
notation of quantum statistical mechanics, this projection is a pure state density
matrix on C" ® C". .

By definition, for all A € M,,,

Tr[Tro(| Kvec) (Kvec|) Al = Tr[|Kvec) (Kvec|(A @ Inxn)]
= <Kvec7 (A ® Inxn)Kvec>

ZKL ZAi,kKk,j
i3 %

= Tr[K*AK] = Tr[(KK*)A] .

Thus, we have the useful identity Tra(|Kyec){Kvec|) = KK*. Likewise, for all
BeM,,

Tr[Try (| Kvee) (Kvec|) Bl = (Kvec; (Imxm @ B)Kvec)
= D KGi) BuKie=) ) KjiKiBi
] 14 i, £
- EE)B
and hence Tr1(|Kvec><Kvec|) = K*K. O

This computation that
Tr]_(|Kvec><Kvec|) = K*K and Tr2(|Kvec><Kvec|) = KK*
has a significant consequence:

5.10. THEOREM. For any pure state p on C™ @ C", the two restricted density
matrices Tr1p and Trap have the same non-zero spectrum, including multiplicities.
In particular, S(Tr1p) = S(Tr2p).

Proof: For any m x n matrix K, KK*, K*K and K*K have the same non-zero
spectrum, including multiplicities, and the statement about entropy follows directly
from this. |

5.11. EXAMPLE (Mixed states as partial traces of pure states). Consider any
p €S,. Let {ug,...,u,} be any orthonormal basis for C. Let Kyec € C" ® C™ by
given by

n
Kyec = Zuj 2y pl/zuj .
j=1
‘We now claim that

Tr1(|Kvec><Kvec|) =p.

This shows that every mixed state; i.e., density matrix on C™ is the partial trace
of a pure state on C" ® C".
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To verify the claim, consider any B € M,,. Then
Tr[Tra (| Kvec) (Kvec|)B] = Tr[(| Kvec) (Kvec|(Imxm @ B)]
- <KveC7 (Imxm ® B)Kvec>

n n
<Z“i ®pPui, Y uy @ Bf’l/z“j>
i=1 =1
n

= 3 (wsyug)p?us, Bp?u;) = Te[Bp)] .
i,j=1

(5.30)
O

5.5. Ando’s identity. The next lemma records an important observation of
Ando.

5.12. LEMMA (Ando’s identity). Let A € H}, B € HY and let K be any m xn
matriz considered as a vector in C™ ® C™. Then

(5.31) (K,(A® B)K) = Tr(K*AKB) .
Proof: (A® B)K, considered as an m X n matrix, has the entries

(A® B)K];; = Z Ai kB oK .
W)

Since B € H,,, Bj¢ = By, and so

(A® B)KJij = AixKiBr; =[AKBl; .
k,l

Then since (K, (A ® B)K) = Tr(K*[(A ® B)K]), the result is proved. |
One easy consequence of this identity is the following: For A € H, B € H|
by cyclicity of the trace,

(K,(A® B)K) = To(B"*K*AKB"?) = Te(AY2K BK*AY?)
and so the map
(A,B) — (A® B)
on H' x HY is monotone in each argument.
6. Lieb’s Concavity Theorem and related results

6.1. Lieb’s Concavity Theorem. In this section, we prove the following
fundamental theorem of Lieb [18]:

6.1. THEOREM (Lieb’s Concavity Theorem). For all m x n matrices K, and all
0<gq,r <1, withq+r <1 the real valued map on HY x H given by

(6.1) (A, B) — Tr(K*AYK B")

1S concave.
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The following proof is due to Ando [1]
Proof of Theorem 6.1: Since the map B +— B is linear over R, Theorem 5.12
shows that an equivalent formulation of Lieb’s Concavity Theorem is that for 0 <
¢,r<1,

(6.2) (A,B) — Al® B

is concave from HY x HY to HY

Let Q be the subset of (0,00) x (0,00) consisting of points (g,r) such that
(A,B) — A?® B" is concave. Obviously, (0,1), (1,0) and (0,0) all belong to £2,
and hence it suffices to show that 2 is convex. By continuity, it suffices to show
that if (q1,71), (g2,72) € Q, then so is

(g,r) = gr+q T+
3 N 2 3 2 N

The key to this is to use the joint concavity properties of the em operator
geometric mean Mo that we have studied in Section 3 of these notes: Observe that

by (5.18), for such (p,q), (p1,q1) and (p2, ¢2),
A1@ B" = Mo(A" ® B™, A" @ B™) .
Since (q1,71), (g2,72) € €,

A+C\Y B+D\"”7 _ A% ®@B"i +C% @ D"
2 ® 2 = 2

j=12.

Then by the monotonicity and concavity of the operator geometric mean,

(F55) e (557) =l (55) =(557) - (555) = (552) )

<A(11 QB +(C1 @ D" A% @ B™ + (% ® DT2>

%
5

2 ’ 2

1
> MO(Alh ® Bh, A2 ® B?“z) + §M0(C(h ® Dh, 12 ® D?“z)

— N =

1
—_AYQB +-C1®D".
SAT® B+ 50

This proves the midpoint concavity of (4, B) — AY® B", and now the full concavity
follows by continuity. Thus, (¢,7) € €, as was to be shown. |

6.2. Ando’s Convexity Theorem. Ando’s proof [1] of Lieb’s Concavity
Theorem leads to the following significant complement to it:

6.2. THEOREM (Ando’s Convexity Theorem). For all m x n matrices K, and
all1<q<2and0<r <1 withq—r > 1, the real valued map on H}. x HY given

by
(6.3) (A,B) — Tr(K*ATKB™")

1S convex.
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Proof of Theorem 6.2: First note that

1
6.4 Al B "=AQ————ARI.
( ) ® ® A2-q ® BT ®
Next, for 1 < ¢ <2, 0<r<landg—7r >1, we have 0 < 2 —¢q < 1 and
0 < (2 —q) +r < 1. Therefore, by Theorem 6.1, (A4, B) — A%279® B" is concave,
so that for all A,C € H and all B,D € H,

(6.5)

A+C\*" [B+D\" A 9@B +C?>9@D"
2 © 2 = 2 ’

Thus, by the obvious monotonicity of X — Y*X 1Y,

-1
A+C\'_(A+C\ " [(A+C A+C\! (B+D\" A+C
(555) «(55) - [(59) ] |(555) = (557) ] 1(55)1

[ (a5)es

Finally, by Theorem 3.1, which asserts the joint convexity of (X,Y) — Y*XVY, and
then (6.4) once more, we have

A+C\? B+D\ " A1®BT"+Ci®@D"
2 © 2 = 2 ’

which is the midpoint version of the desired convexity statement. The general case
follows by continuity. |

6.3. Lieb’s Concavity Theorem and joint convexity of the relative
entropy. Consider the map

(6.6) (A, B) — Tr[Alog A] — Tr[Alog(B)] := H(A|B)

on HY x HY. In particular, for density matrices p and o, H(p|lo) = S(p|o), the
relative entropy of p with respect to o. We shall prove:

6.3. THEOREM. The map (A, B) — Tr[Alog A] — Tr[Alog(B)] from HY x H}
to R is jointly convex.

Proof: For all 0 < p < 1, (A, B) — Tr(B*"PAP) is jointly concave, by Lieb’s
Concavity Theorem, and thus

(4, B) — ﬁ (Te(B*PAP) — Te(4))

is convex. But

1 L —DP AP —
ngl — (Tr(B*"PAP) — Tr(A)) = H(A|B) ,

and convexity is preserved in the limit. |
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6.4. Monotonicity of the relative entropy.

6.4. THEOREM. Let U be any *-subalgebra of My,. Then for any two density
matrices p,o € Sy,

(6.7) S(plo) > S(Ex(p)[Ea(0)) .

Proof: We suppose first that p and o are both positive definite, so that (p,o) —
S(p|o) is continuous in a neighborhood of (p, o). By Lemma 4.17, there is a sequence
{Ck }nen of operators of the form (4.23) such that

E, (o) = klgr;() Ci(p) and E.(0) = klgr;() Ci(o) .

Then by the joint convexity of the relative entropy from Theorem 6.3, and the
unitary invariance of the relative entropy; i.e., S(UpU*|UcU*) = S(p|o), and the
specific form (4.23) of Ci, we have that for each k,

S(Cr(p)ICk()) < S(plo) -

Now taking k to infinity, we obtain the result for positive definite p and o.

To pass to the general case, first note that unless the nullspace of ¢ is contained
in the nullspace of p, S(p|o) = oo, and there is nothing to prove.

Hence we assume that the nullspace of ¢ is contained in the nullspace of p.
This implies that the nullspace of Eg (o) is contained in the nullspace of Eg(p). To
see this, let P denote the orthogonal projection onto the nullspace of Eg (o). Then
P e, and so

0 = Tr(PEgy(0)) = Tr(Po) ,
and then since the nullspace of ¢ is contained in the nullspace of p,
0 = Tr(Pp) = Tr(PEa(p)) -

Now replace p and o by p. :== (1 — €)p+ (¢/n)I and o, := (1 —€)o + (¢/n)I
respectively with 1 > € > 0. Note that since I € 2,

Ea((1 —€)p+(¢/n)I) = (1 — €)Ealp) + (¢/n)I = (Ea(p))e ,
and likewise, Eg(c.) = (Eg(0))e. Therefore

S(peloe) = S(Ealpe)|Ealoe))
S((Ea(p))el(Ealo))e) -

(6.8)

It is easy to show that when the nullspace of ¢ is contained in the nullspace
of p, S(plo) = lime_o S(pc|oe). By what we have shown above, we then also have
S(Eu(p)|Ea(o)) = lime_o S((Ea(p))e|(Ea(o))e). This together with (6.8) proves
the result in the general case. |
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6.5. Subadditivity and strong subadditivity of the entropy. Consider
a density matrix p on the tensor product Hi ® H> of two finite dimensional Hilbert
spaces. To be concrete, we may as well suppose that for some m and n, Hy = C™
and Hz = C". Let p; = Tryp be the density matrix on H; obtained by taking the
partial trace over Hz of p, and let p2 be defined in the analogous way.

Then p1 ® p2 is a density matrix on Hi ® Haz, and by Klein’s inequality,

S(plpr ® p2) >0

with equality if and only if p1 ® p2 = p. Let us assume that p is strictly positive,
so that p1 and p, are also strictly positive, and compute the left hand side.
Then since log(p1) ® Iy, and I, ® log(pz) commute, it is clear that

(6.9)
exp(log(p1) ® Iy, + Iy, ®log(p2)) = exp(log(p1) ® I, ) exp(ly, @ log(pz)) =
(pl ® IHz) (IHl ® pz) =p1®p2 .

It follows that

log(p1 @ p2) = log(p1) @ Iy, + I, ®log(pz2) ,
and hence that

S(plpr @ p2) = —S(p) —Tr[p(log(p1) @ Ip, + I3, @ log(p2))]
= =S(p) +S(p1) + S(p2)

where we have used the definition of the partial trace in the second equality. Since
the left hand side is non-negative by Klein’s inequality, we conclude that S(p) <
S(p1)+S(p2). This inequality is known as the subadditivity of the quantum entropy.
We summarize our conclusions in the following theorem:

6.5. THEOREM (Subadditivity of quantum entropy). Let p be a density matriz
on the tensor product H1®Haz of two finite dimensional Hilbert spaces. Forj = 1,2,
let p; denote the density matriz on 'H; obtained by taking the partial trace of p over
the other Hilbert space. Then

(6.10) S(p) < S(p1) + S(p2) ,
and there is equality if and only if p1 ® p2 = p.

Note that the dimension does not really enter our considerations, and so this
inequaity is easily generalized to the infinite dimensional case. In the spirit of these
notes, we leave this to the reader.

There is a much deeper subadditivity inequality for density matrices on a tensor
product of three Hilbert spaces H1 ® Ho ® H3. Let p be a density matrix. By taking
the various partial traces of p, we obtain various density matrices from p. We shall
use the following notation for these:

p123:=p pz3:=Trip, p3:=Trizp

and so forth, where Tr; denotes the partial trace over Hi, Tr1» denotes the partial
trace over H; ® Hz and so forth. (That is, the subscripts indicate the spaces
“remaining” after the traces.)
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6.6. THEOREM (Strong subadditivity of quantum entropy). Let p be a density
matriz on the tensor product H1 Q@ H2®Hs of three finite dimensional Hilbert spaces.
Then, using the notation introduced above

(6.11) S(pas) + S(p23) = S(p23) + S(ps) -

This theorem was conjectured by Lanford, Robinson and Ruelle [25], and was
proved by Lieb and Ruskai [20].

Proof of Theorem 6.6: As in the proof of Theorem 6.5, we compute that

(6.12) S(p1zslp12 ® p3) = —S(p123) + S(p12) + S(ps3) -

Now let 2 be the *-subalgebra of operators on H; ® Hz ® Hs of the form Iy, ® A
where A is an operator on Hy ® H3z. Then by the monotonicity of the relative
entropy, Thoerem 6.4,

(6.13) S(p123|p12 @ p3) > S(Ea(p123)|Ealp1z ® p3)) .
But by Theorem 6.4,
(6.14)
1 1
E = T d E = —7T .
2 (p123) dim () ® p23 an 2(p12®p3) dim () M ®(p2®p3)

Therefore, by Theorem 6.5,
S(Ea(p123)[Ea(p12 ® p3)) = —S(p23) + S(p2) + S(ps) -
Combining this with (6.13) and (6.12) yields (6.11). |
7. L? norms for matrices and entropy inequalities

In this section, we shall prove various LP norm inequalities for matrices that
have a connection with quantum entropy. The basic idea is this: Let p € S,,. Then

the map
p— Tr[p”]
is differentiable at p = 1, and
d
3, Tl = Tr[plog(p)] = =S(p)-
p p=1

The inequalities we obtain in this section will be of interest in their own right, but
shall also lead to new proofs of entropy inequalities such as strong subadditivitiy
of quantum entropy. We begin with an elementary introduction to the matricial
analogs of the LP norms.

7.1. The matricial analogs of the L? norms. Let M,, denote the set of
n X n matrices with complex entries, and let A* denote the Hermitian conjugate of
AeM,. For 0 < q< oo, and A € M, define

(7.1) 14l = (Te[(A* A) /2]

For g = 0o, we define ||A|lo to be the operator norm of A.
For ¢ > 1, (7.1) defines a norm on M,,, but not for ¢ < 1. Nonetheless, it will
be convenient here to use this notation for all ¢ > 0.
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We shall now show that || - ||; is in fact a norm for 1 leqg < oo. Let |A]
denote (A*A)Y2 and let {us,...,u,} be an orthonormal basis of C"* consisting of
eigenvectors of |A| with |A|u; = A\ju;. Then

n 1/q
1Al = (T[(A* Q)2 = (Tel|A|T)M = | N
j=1

The eigenvalues of |A| are the singular values of A. Thus, ||A||, is the £, norm of
the sequence of singular values of A.

7.1. THEOREM (Duality formula for |A|,). For all ¢ > 1, define p by 1/q +
1/p=1. Then for all A in M,,

[Allg = sup {Tx[B*A] : [[Bl,=11}.
BeM,

Proof: For any invertible A, B € M,, let A = U|A| and B = V|B| be their polar
decompositions, and let W = V*U. Let {uj,...,u,} be an orthonormal basis of
C™ consisting of eigenvectors of |B| with |Blu; = A\ju;. Then

n n

(7.2) Tr(B*A) = Z%a |BIW|Aluy) = Z)\j%a W|Alu;) .

J=1 Jj=1

Now let us suppose that ¢ > 1. By Holder’s inequality, for any ¢ > 1 and
p=q/(g—1),

" 1/p N 1/q
>N > g, WAug)|?
=1 j=1

1/q

1Bl { > (s, W] Aug)|”

J=1

n

Z (u;W|Aluj;)

=1

IN

(7.3)

Now define v; = W*u;. Then by the Schwarz inequality twice , and then
Peierl’s inequality,

> Kuy, WIAJug) <Y (v, [ Aoy (u, | Alug)q/2
j=1 j=1
1/2 1/2
< D, 1Ay > (g, |Afuy)?
j=1 j=1
(7.4) < (Te[| A2 (Te{| A1) = ||Alg

Combining (7.2), (7.3) and (7.4), we have
(7.5) Tr(B*A)| < [[BllpllAllq
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which is the tracial version of Hélder’s inequality, and we note that if B =
|\AH$*‘1U|A|‘1*1, then ||B||, =1 and

Te(B*A) = | A7 T [[A1 U UIA[] = A7 T [|A]9) = || 4], -
Combining this with (7.5) yields the result for ¢ > 1. The easy extension to ¢ =1
is left to the reader. |

Starting from Theorem 7.1, the proof of the Minkowski inequality for || - ||,
proceeds exactly as it does for the LP norms: Given A,C € M,,,

[A+Clly = sup {[Tx[B*(A+C)]| : [IB], =1}
BeM,,
< sup {|Tr[B*A]| : [[Bl, =1} + sup {[Tx[B*C]| : [|Bll, =1}
BeM,, BeM,
= [l Alg+1Clq -

7.2. Convexity of A — Tr [(B*APB)¥?] and certain of its applications.
For any fixed B € M,, and any numbers p,q > 0, define T, ; on H;, by

(7.6) T,q(A) = Tr [(B*APB)Q/P] .

7.2. THEOREM. For all1 <p < 2, and for all ¢ > 1, T}, 4 is convex on H; .
For0<p<gq<1,7Y,, is concave on H,,. For p > 2, there exist B such that Y, 4
is not convex or concave for any values of q # p.

7.3. REMARK. The function Tll){g has the same converity and concavity prop-
erties as Tp 4. To see this, note that T, ;, is homogeneous of degree ¢ > 1. Recall
that a function f that is homogeneous of degree one is convex if and only if the
level set {x : f(z) < 1} is convex, while it is concave if and only if the level set
{z : f(z) > 1} is convex. Hence, if g(x) is homogeneous of degree q, and convet,
so that {x : g(x) <1} is conver, g*/9 is convex, and similarly for concavity.

The concavity of T}, 1 for 0 < p < 1 was proved by Epstein [11]. The convexity
of T, 1 was conjectured for 1 < p < 2 and proved for p = 2 in [3], where it was also
proved that neither concavity nor convexity held for p > 2. Finally the convexity
1 < p < 2 was proved in [4], where the generalization to ¢ # 1 was also treated.

Before giving the proof of Theorem 7.2, we give several applications.

7.4. THEOREM (Lieb-Thirring trace inequality). For all A,B € H} and all
t>1,

(7.7) Tr [(Bl/ZABl/Z)t} < Tr [Bf/ZAth/Z} :
Proof: Define C = A and p =1/t <1, so that A = CP. Then
Tr (Bl/ZABl/Z)t} —Tr [Bt/ZAtBt/Z} — Ty [(Bl/ZCpBl/Z)l/p} T [CBl/pjl ,

and by Epstein’s part of Theorem 7.2 the right hand side is a concave function
of C. Now we apply Example 4.15: Choose an orthonormal basis {u1,...,u,}
diagonalizing B. Let 2 be the x-subalgebra of M,, consisting of matrices that are
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diagonal in this basis. Then as shown in Example 4.15, Eg(C) is an average over
unitary conjugates of C, by unitaries that commute with B. It follows that

Te [(BY2CP BY2) e | — e [CBY7]
> Tr |(BY2(Ea(C)) BY2)M?| = Tr | (Ba(C) BY7] .

However, since Eg(C) and B commute, the right hand side is zero. |
Theorem 7.4 was first proved in [22], and has had many applications since then.
The next application is taken from [3, 4]. We first define another trace function:
For any numbers p, ¢ > 0, and any positive integer m, define ®, , on (H})™,
the m-fold cartesian product of H;, with itself by

(7.8) Pp (A1, Ap) = | (Z;nzl A?)l/p ”q :

7.5. THEOREM. For all1 < p <2, and for all ¢ > 1, ®, 4 is jointly convex on
(H)™, while for 0 < p < q <1, ®,, is jointly concave on (H,y)™. Forp > 2,
®, 4 is not convex or concave, even separately, for any value of ¢ # p.

A; 0
Proof : Define the mn x mn matrices A= and
0 Am
1 0 0
B=| . : © |. (A is block diagonal with A; as the jth diagonal block,
I 0 ... 0

and B has n x n identities in each block in the first column, and zeros elsewhere.)
Then BAPB is the block matrix with Z;nzl A? in its upper left block, and zeros
elsewhere. Thus,

(] )])" = (o)

By Theorem 7.2 and Remark 7.3, the right hand side is convex in A forall 1 < p < 2,
g > 1, and concavein A for 0 <p < g < 1.
We now show, by means of a Taylor expansion, that both convexity and con-

cavity fail for p > 2 and any ¢ # p. By simple differentiation one finds that for any
A,BeHT,

P

(7.9) ®pq(tA, B) = ||Bllq + ;lIBHé_qTprBq_p +0(t?) .
Keeping B fixed, but replacing A by A;, Ay and (A1 + Az)/2, we find

1 1 A1+ A

5@;07(1(15141, B) + 5@;07(1(15142, B) - ¢;D7(1 <t%, B> =

P P
7 I1BII5 %Tr (A} BTP) + %Tr (A5BTP) — Tr (<7A1 ;r Az) quﬂ +0(t?).
p
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Now if p > 2, A — AP is not operator convex, and so we can find A; and Az
in H} and a unit vector v in C™ such that

p
(7.10) %@,Ag’m + %@,Agm _ <U, (%) U> <0,

and of course since A — Tr(AP) is convex for p > 2, we can find v so that the left
hand side in (7.10) is positive. For ¢ # p, take BY7P to be (a close approximation
of) the rank one projection onto v. |

7.6. REMARK. We showed in the proof of Theorem 7.5 that ®,, is convex or
concave for given p and q whenever Y, 4 is. Thus our proof that ®, 4 is not convex
or concave for p > 2 and q # p implies this part of Theorem 7.2.

We now define one more trace function, and make a simple reformulation of
Theorem 7.5 that will lead to another proof of the strong subadditivity of quantum
entropy.

For any numbers p,q > 0, and any positive integers m and n, define ¥, , on

H; ., viewed as the space of linear operators on C"™ @ C" by

(7.11) Uy q(A) = || (Trp 4P)Y7 |,

7.7. THEOREM. For 1 <p <2 andq > 1, ¥, , is convexr on H' . while for

mn?’

0<p<q<1,V,, is concave on H; .

Proof: We shall apply Theorem 5.7. Let 2 be the subalgebra of M,,,,, identified
with C™ ® C™, consisting of operators of the form I,,x, ® B, B € M,,. By
Theorem 5.7,

1
_Imxm ® ’I‘rlAp = EQI(AP) 3
m

and so

(7.12) Uy q(AP) = m/?|| (B (A7) 7|, .

The factor of n'/? does not affect the convexity properties of ¥, ,, and so it suffices
to consider the convexity properties of A — || (Eg[(Ap))l/p Ilq-

By Theorem 4.13 and the remark following its proof, Eg(AP) is a limit of
operators Cy(AP) of the form

Ny,
(7.13) Cr(AP) = prjlmxm @ Wi jA L @ Wit

=1
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where each Wy ; is a unitary matrix in 2’ (which means that it has the form
Lsm ® U where U is unitary in M,,). But then

1/p
Ny
”71/p¢p=q(A) = klinolo Zpkvjwk’jApW’:’j
=1
q
~ ) 1/p
. . 1/p
= (S (i)
J=1
q
= lim ®,, (pr/PWi AW} Y Wi, AW
= M P \Pera WELIAWEL 5 5 P N WENe AW R Ny )

Since a limit of convex functions is convex, we see that ¥, , is convex or concave
whenever ®,, , is. The reverse implication is even more elementary: To see this,
suppose that the matrix A in Theorem 7.7 is the block diagonal matrix whose jth
diagonal block is A;. Then, clearly, U, ,(A4) = ®, (A1, Ao, ..., An). |

We now return to the theme with which we began this section, and explain
how to deduce the strong subadditivity of quantum entropy from Theorem 7.7.

Let p be a density matrix on H1 ® Hy = C™ @ C*. Let p1 = Try,p and
p2 = Tryy, p be its two partial traces. As in our previous discussion of subadditivity,
we shall also use p12 to denote the full density matrix p.

Then a simple calculation shows that

d
(7.14) —Vpa(p)|  =8S(p2) — S(pr2) -
dp p=1
To see this, observe that for a positive operator A, and e close to zero,
A = A4 cAlnA+ O(?) .

At least in finite dimensions, one can take a partial trace of both sides, and the
resulting identity still holds.
Applying this with A = p = p12, we compute

Try, (P1+E) = p2 + Ty, (pr2 Inp12) + O(?) .
Then, since to leading order in ¢, 1/(1 +¢) is 1 — ¢,
[TrH1 (pl_hsﬂ
Thus,
1/a
(7.15) Tl“Hz(([Tle((PHEﬂ a +E)> =1—eS(p12) +S(p2) + O(?) .

1/(1
(0% + eTrng, ((p12 1 pr2) — epaln pp + O(2) .

This proves (7.14).

Now we apply Theorem 7.7. Let us take the case where H; is replaced by
a tensor product of two finite dimensional Hilbert spaces H, ® Hsz, so that we
identify operators on H; ® Hy ® Hz with M,,,, where m = dim(H;) and n =
dim(H2) x dim(H3). Let 2 denote the *-subalgebra of M,,,, consisting of operators
of the form A ® I3, where A is an operator on H1 ® Ha.
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We now claim that for any density matrix pi23 on H1 @ Ho ® Has,

(7.16) Vp1(p123) > Vp1(Ea(p123)) -

To see this, we apply Theorem 4.13 as in the proof of Theorem 7.7, together with
the fact that the unitaries in 2 are of the form I3, g3, ® U, where U is unitary on
Hs.

Then by (7.14) and Theorem 5.7,

i‘I’zn.,l(Em(Plza))

ap = S(Try, [Ea(pizs)]) — S(Ea(p123))

= S(p2) = S(p12) .

p=1

Also, directly from (7.14),

d

(7.17) — W, 1(p123)

& = S(p2s) — S(p123) -

p=1

Then, since at p = 1, both sides of (7.16) equal one,
S(p23) — S(p123) > S(p2) — S(p12) ,

which of course is equivalent to (6.11).

This shows that the strong subadditivity of quantum entropy can be viewed as
a consequence, via differentiation in p, of the inequality of Theorem 7.7. One may
therefore view the inequality of Theorem 7.7 as a generlaization of the strong sub-
additivity inequality. For another LP inequality that can be differentiated to yield
strong subadditivity, namely a Minkowski type inequality for traces of operators
on a tensor product of three Hilbert spaces, see [3, 4]. For other applications of
Theorem 7.2, see [4].

7.3. Proof of the convexity of A — Tr[(B*APB)%/?]. We now close this
section by proving Theorem 7.2, and thus completing the proofs of all of the theo-
rems in this subsection.

We prepare the way for the proof of Theorem 7.2 with some lemmas. The proof
of convexity of T, , divides into two cases, namely 1 < ¢ <p<2and1<p<2
with ¢ > p.

The latter case, g > p, is the easier one, and the next lemma takes care of it:

7.8. LEMMA. For1<p<2andq>p, Tp,, is conver on HY.

Proof: Since r := ¢/p > 1 and since B*APB > 0, we can write

(7.18) |B*APB||, = sup Tr(B*APBY)
1Yil,o< 1,
Y >0

where 1/r + 1/r' = 1. Since AP is well known to be operator convex in A for
1 <p <2, sois B*APB. Since the right side of (7.18) is the supremum of a family
of convex functions (note that Y > 0 is needed here) we conclude that || B* AP B,
is convex. (Y, 4(A) is the rth power of this quantity and is therefore convex.) W

The case g < p requires more tools. The first of these is a variational formula
for pth roots.
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For r > 1, and ¢,z > 0, the arithmetic-geometric mean inequality says

1 r r—1 r r—1
—c 4+ x> cx ,
r r
and hence
(7.19) Lintd < 4 e — 1) >0
. c=—1in r—lz : x .
r xr—1

With the infimum replaced by a supremum, the resulting formula is valid for
0 <7 < 1, as one easily checks.

We shall build this into a variational formula for Y, 4. It is first useful to note
that since B*APB and AP/2 BB* AP/2 have the same spectrum,

(7.20) Tpq(A) = Tr [(AP/ZBB*AP/Z)‘?/F} .

7.9. LEMMA. For any positive n X n matriz A, and with r =p/q > 1,

(7.21)  Tp4(A) = %inf{Tr [AP/ZB%B*AP/Z + (r — 1)X] X >0 }

where the infimum is taken over all positive n x n matrices X. Likewise, if the
infimum replaced by a supremum, the resulting formula is valid for r = p/q < 1.

Proof: Let C = B*AP/2. By continuity we may assume that C*C is strictly
positive. Then, for r > 1, there is a minimizing X. Let

Y = ler

and note that minimizing
1
Tr {AP/ZBFB*AP/Z +(r— 1)X}
with respect to X > 0 is the same as minimizing
Tr (CC*Y +(r— 1)Y*1/<T*1>)

with respect to Y > 0. Since the minimizing Y is strictly positive, we may replace
the minimizing Y by Y +tD, with D self adjoint, and set the derivative with respect
to t equal to 0 at t = 0. This leads to TrD[CC* — Y~"/0=D] = 0. Therefore
Y —"/C—1 = CC* and we are done. The variational formula for p/q < 1 is proved
in the same manner. |

7.10. LEMMA. If f(x,y) is jointly convez, then g(x) defined by g(x) =
infy f(z,y) is convex. The analogous statement with convex replaced by concave
and infimum replaced by supremum is also true.

Proof: For € > 0, choose (zo,yo) and (x1,y1) so that

f(zo,y0) < g(wo) +e  and  f(x1,y1) < g(a1) +¢ .
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Then:
g((1 = Nzo +Az1) < f((1—N)zo + Az, (1 = N)yo + Ays)
< (I=XN)f(zo,y0) + Af(w1,91)
< (1=XNg(zo) +Ag(x1) +e . [

On account of Lemmas 7.9 and 7.10 we shall be easily able to prove the stated
convexity and concavity properties of T, , once we have proved:

7.11. LEMMA. The map
(7.22) (A, X) — (A”/zB* BAP/2>

is jointly convexr on H x HY for all 1 <r < p < 2 and is jointly concave for all
O<p<r<l.

Proof: We first rewrite the right hand side of (7.22) in a more convenient form:
Define

0 X B 0

* yv1—p
Z_{A O] and K_[O 0] so that K*leK_[BXO B 8]

1
Then, by cyclicity of the trace, Tr(ZPK*ZY"K) = Tr AP/ZB*FBAW).

Note that convexity/concavity of the left hand side in Z is the same as convex-
ity /concavity of the right hand side in (A, X). The result now follows from The-
orem 6.1, the Lieb Concavity Theorem and Theorem 6.2, the Ando Convexity
Theorem. |
Proof of Theorem 7.2: By Lemma 7.11, the mapping in (7.22) is jointly convex
for 1 <r < p < 2. Then taking r = p/q, we have from Lemma 7.9 and Lemma
7.10 T, 4(A) = infx f(A, X) where f(A,X) is jointly convex in A and X. The
convexity of T, , now follows by Lemma 7.10. The concavity statement is proved
in the same way. We have already observed that ®, , inherits its convexity and
concavity properties from those of Y, 4, and thus, having shown in the proof of
Theorem 7.5 that ®,, , is neither convex nor concave for p > 2 and ¢ # p, the same
is true for T, 4. |

8. Brascamp-Lieb type inequalities for traces

We recall the original Young’s inequality: For non-negative measurable func-
tions f1, fo and fzon R, and 1/p1+ 1/p2+1/p3 =2

80 [ A =) fs)dady <

(o)™ (o)™ (o)™

Define the maps ¢; : R? = R, j =1,2,3, by
p(zy) = da(zy) =z —y and  da(z,y) =y
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Then (8.1) can be rewritten as

(8.2) / Hfj &, d2x<H</pr >l/pj.

There is now no particular reason to limit ourselves to products of only three
functions, or to integrals over R? and R, or even any Euclidean space for that
matter:

8.1. DEFINITION. Given measure spaces (,S,u) and (M;,M;,v,), j =
1,..., N, not necessarily distinct, together with measurable functions ¢; : Q@ — M;
and numbers p1,...,py with 1 < p; < 00, 1 < j < N, we say that a generalized
Young’s inequality holds for {¢1,...,én} and {p1,...,pn} in case there is a finite
constant C such that

N N
(33) [ 115065t < L1 lemscs
Q=1 j=1
holds whenever f; is non-negative and measurable on M;, j =1,...,N.

8.1. A generalized Young’s inequality in the context of non-
commutative integration.
In non-commutative integration theory, as expounded by I. Segal [28, 30] and J.
Dixmier [10], the basic data is an operator algebra A equipped with a positive
linear functional A. (For more information, see especially Nelson’s paper [23].)

The algebra A corresponds to the algebra of bounded measurable functions,
and applying the positive linear functional A to a positive operator corresponds to
taking the integral of a positive function. That is,

A— A(A) corresponds to fe / fdv .
M
To frame an analog of (8.3) in an operator algebra setting, we replace the
measure spaces by non-commutative integration spaces:
(Mj,Mj,Uj)—>(Aj,/\j) jZl,...,N
and
(stalu) - (BaA) .

The right hand side of (8.3) is easy to generalize to the operator algebra setting;
for A€ (A, N), and 1 < g < oo, we define

1
JAllox = A(ADDY
Then the natural analog of the right hand side of (8.3) is

N
LT 1145 g -
=1

As for the left hand side of (8.3), regard f; — f; o ¢; can easily be interpreted
in operator algebra terms: Think of L>°(£2) and L*>°(M;) as (commuative) operator
algebras. Indeed, we can consider their elements as multiplication operators in the
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obvious way. Then the map f; — f; o ¢; is an operator algebra homomorphism;
i.e. , a linear transformation respecting the product and the conjugation .
Therefore, suppose we are given operator algebra homomorphisms

gf)j : .Aj —A.
Then each ¢;(A;) belongs to A, however in the non-commutative case, the product
of the ¢;(A;) depends on the order, and need not be self adjoint even — let alone
positive — even if each of the A; are positive.
Therefore, let us return to the left side of (8.3), and suppose that each f; is
strictly positive. Then defining
hj =1In(f;) so that fiop; =eli%%i

we can rewrite (8.3) as

N N
(8.4) / exp (S hiody | du< 1™ sy -
j=1 j=1

We can now formulate our operator algebra analog of (8.3):

8.2. DEFINITION. Given non-commutative integration spaces (A, A) and
(A, X)), 5=1,..., N, together with operator algebra homomorphisms ¢; : A; —
A, j=1,...,N, and indices 1 < p; < o0, j = 1,...,N, a generalized Young’s
inequality holds for {¢1,...,¢n} and {p1,...,pn} if there is a finite constant C so
that

N N
(8.5) Mexp | o(Hy) | | < O] lexp lp;H,))M
=1 =1

whenever H; is self adjoint in A;, j =1,...,N.

We are concerned with determining the indices and the best constant C' for
which such an inequality holds, and shall focus on one example arising in mathe-
matical physics.

8.2. A generalized Young’s inequality for tensor products. Let H;,
j=1,..., N be separable Hilbert spaces, and let I denote the tensor product
K=H1® - ®@Hn .

Define A to be B(K), the algebra of bounded linear operators on K, and define
A to be the trace Tr on K, so that (A, ) = (B(K), Tr).

For any non-empty subset J of {1,...,n}, let K, denote the tensor product
Kjy= ®jieH; .

Define A; to be B(K ), the algebra of bounded linear operators on K ;, and define
A be the trace on Ky, so that (As, Ay) = (B(Ky), Try).

There are natural endomorphisms ¢; embedding the 2V — 1 algebras .A; into
A. For instance, if J = {1, 2},

(8.6) 112} (A1 @A) = A1 @ A2 @ I, @ -+ ® Iy
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and is extended linearly.
It is obvious that in case JN K = ) and JU K = {1,...,n}, then for all
H;ye Ay and Hyg € Ag,

(8.7) Tr (eM7 1) = Try (eM7) Trg (e75)

but things are more interesting when J N K # @ and J and K are both proper
subsets of {1,..., N}. The following is proved in [6]:

8.3. THEOREM (Generalized Young’s Inequality for Tensor Products). Let
J1,...,Jn be N non-empty subsets of {1,...,n} Foreachi € {1,...,n}, let p(i) de-
note the number of the sets Ji, ..., Jn that contain i, and let p denote the minimum
of the p(i). Then, for self adjoint operators Hy on Kj,, j=1,...,N,

N
(8.8) Tr | exp | Y b, (Hj) H g, €)
j=1

for all 1 < q < p, while for all ¢ > p, it is possible for the left hand side to be
infinite, while the right hand side is finite.

Note that in the generalized Young’s inequality in Theorem 8.3, the constant
C' in Definition (8.2) is 1.

The fact that the constant C' = 1 is best possible, and that the inequality
cannot hold for ¢ > p is easy to see by considering the case that each H; has finite
dimension d;, and H; = 0 for each j. Then

N n
exp [ Y oo (Hy) | | =[] d
j=1 k=1
N
Tr ’.eqH 1/q dl/q dp(k)/q '
j=H1( 7 H 11 H

j=1lkeJ;
. N1 ) .
Moreover, since for ¢ > p, (Tr epHJ) /P > (Tr eqHJ) /q, it suffices to prove the
inequality (8.8) for ¢ = p. We will do this later in this section.
As an example, consider the case of overlapping pairs with a periodic boundary
condition:

Ji={j,5+1} j=1...,n—1 and Jp, ={n,1}.
Here, N = n, and obviously p = 2. Therefore,

N

N
(8.9) Tr | exp [ S ¢;(H;) H Tr e2H5)"%
j=1

The inequality (8.9) has an interesting statistical mechanical interpretation as a
bound on the partition function of an arbitrarily long chain of interacting spins in
terms of a product of partition functions of simple constituent two—spin systems.

Again, the inequality (8.9) is non-trivial due to the “overlap” in the algebras
Aj;.
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8.3. Subadditivity of Entropy and Generalized Young’s Inequalities.
In the examples we consider, the positive linear functionals A under consideration
are either traces or normalized traces. Throughout this section, we assume that
our non-commutative integration spaces (A, \) are based on tracial positive linear
functionals A\. That is, we require that for all A, B € A,

A(AB) = A(BA) .

In such a non-commutative integration space (A, \), a probability density is a
non-negative element p of A such that A(p) = 1. Indeed, the tracial property of A
ensures that

MpA) = M(Ap) = A(pt/2ApY/?)

so that A — A(pA) is a positive linear functional that is 1 on the identity.

Now suppose we have N non-commutative integration spaces (A;, A;) and op-
erator algebra homomorphisms ¢; : A4; — A. Then these homomorphisms induce
maps from the space of probability densities on A to the spaces of probability
densities on the Aj;, as follows:

For any probability density p on (A, A), let p; be the probability density on
(Aj, A7) by

Aj(piA) = Mpd; (A))
for all A € A;.

For example, in the setting we are discussing here, p;, is just the partial trace
of p over ®kerch leaving an operator on ®ge s, Hy.

In this section, we are concerned with the relations between the entropies of p
and the p1, ..., pn. The entropy of a probability density p, S(p), is defined by

S(p) ==Alplnp) .
Evidently, the entropy functional is concave on the set of probability densities.

8.4. DEFINITION. Given tracial non-commutative integration spaces (2, A) and
(25,X), 5 =1,...,N, together with C* algebra endomorphisms ¢; : 2A; — 2,
j=1,...,N, and numbers 1 < p; < o0, j =1,..., N, a generalized subadditivity
of entropy inequality holds if there is a finite constant C' so that

N
1
(8.10) > =S(p;) = S(p) —InC
=1 i
for all probability densities p in .

The following is a non-commutative version of theorem proved in [5]. The
non-commuative version is proved in [6].

8.5. THEOREM (Duality for Generalized Youngs Inequalities and Entropy). Let
(2, X)) and (U;,X;), 5 =1,...,N, be tracial non-commutative integration spaces.
Let pj :A; = A, j=1,...,N be C* algebra endomorphisms.
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Then for any numbers 1 < p; < oo, j =1,...,N, and any finite constant C,
the generalized subadditivity of entropy inequality

Mg

> =S(pj) = S(p) —InC
=1 P

is true for all probability densities p on A if and only if the generalized Young’s
inequality

N N
exp | ¢;(H;) H (\s exp [p; H;))YP

is true for all self-adjoint H; € A , 7 =1,..., N, with the same p1,...,pn and the
same C'.

Proof of Theorem 8.5: We make use of the duality formula for the entropy
given in Theorem 2.13. Suppose first that the generalized Young’s inequality (8.5)
holds. Then, for any probability density p in 2, and any self adjoint H; € A;,
j=1,...,N, we have

=S(p)

Y

N N
Moo D eiH)| | —In | X[ exp | oi(H))
7=1 =

N
Ni(pjHj) —In [ A | exp Zng(H

I
WE

Jj=1 L ]
N F N . 1

> S (o Hy) =t | C T A (ens )™
j=1 =1

LA [ i(pjlp; Hjl) —In (/\j (e[ijj]))] —he

pj

|
AMZA

<
Il
-

Now choosing p; H; to maximize \;(p;[p;H;]) — In (A; (elP771)), we get

Aj(pilp;Hj]) —In (/\j (e[ijj])) = —=5(p;) = Aj(pjInpj) .

Next, suppose that the subadditivity inequality is true. Let the self adjoint
operators Hy, ..., Hy be given, and define

-1

N N
p=|A|exp Zqﬁj(HJ—) exp Zng(H
j=1 j=1
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Then by Theorem 2.13,

I
>
)
[]=
<
<.
I
+
=
2

N
In |A | exp Zng(HJ)
Jj=1

j=1
N

= ; plj (A [pi(p;H))] + S(pj)] + InC
N

< ; pij In [A; (exp(p; H;))] +InC

|
Proof of Theorem 8.3:

By Theorem 8.5, in order to prove Theorem 8.3, it suffices to prove the cor-
responding generalized subadditivity of entropy inequality for tensor products of
Hilbert spaces, which we now formulate and prove.

The crucial tool that we use here is the strong subadditivity of the entropy; i.e.,
Theorem 6.6, except that we shall use a slightly different indexing of the various
partial traces that is better adapted to our application.

Suppose, as in the case we are discussing, that we are given n separable Hilbert
spaces Hi,...,Hn. As before, let IC denote their tensor product, and for any non-
empty subset J of {1,...,n}, let £ denote ®,c,H;.

For a density matrix p on K, and any non-empty subset J of {1,...,n}, define
pJg = Trjep to be the density matrix on K induced by the natural injection of
B(K ;) into B(K). As noted above, p; is nothing other than the partial trace of p
over the complementary product of Hilbert spaces, ®;¢ ;H;.

The strong subadditivity of the entropy of Theorem 6.6 can be formulated as
the statement that for all non-empty J, K C {1,...,n},

(8.11) S(ps) +S(px) = S(psuk) + S(pank) -

In case JN K = (), it reduces to the ordinary subadditivity of the entropy, which is
the elementary inequality

(8.12) S(ps) +S(pr) = S(psuk) for JNK=0.
Combining these, we have

S(pg12y) +S(pr23)) + S(pgzy) = Slpgrzsy) +S(pgzy) + S(pa3y)
25(0{1,2,3}) s

Y

(8.13)

where the first inequality is the strong subadditivity (8.11) and the second is the
ordinary subadditivity (8.12). Thus, for n = 3 and J1 = {1,2}, J» = {2,3} and
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J3 = {3,1}, we obtain
N

%ZS(M) > S(p) -

Jj=1

8.6. THEOREM. Let Ji,...,Jn be N non-empty subsets of {1,...,n}. For each
i€ {l,...,n}, let p(i) denote the number of the sets Ji,...,Jy that contain i, and
let p denote the minimum of the p(i). Then

| N
(8.14) =" S(ps,) = S(p)
Pi=3
j
for all density matrices p on K=H1 ® --- @ Hy,.

Proof: Simply use strong subadditivity to combine overlapping sets to produce as
many “complete” sets as possible, as in the example above. Clearly, there can be
no more than p of these. If p(i) > p for some indices i, there will be “left over”
partial sets. The entropy is always non-negative, and therefore, discarding the
corresponding entropies gives us Z;V:l S(ps;) > pS(p), and hence the inequality.

|
Proof of Theorem 8.3: This now follows directly from Theorem 8.5 and Theo-
rem 8.6. |
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